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PEEFACE 


This book is neitlier a laboratory manual in the ordinary sense 
of the term, nor yet is it simply a class-room text. It is intended 
to take the place of both. It represents the first portion of a 
college course in General Physics in which the primary object 
has been to establish an immediate and vital connection between 
theory and experiment. Of course such connection always exists 
wherever Physics is well taught ; but the , use in class-room 
and laboratory of separate texts, separate courses, and separate 
instructors is on the whole unfavorable to it. The student who 
takes an experimental course which is out of immediate con- 
nection with class-room discussion, who is provided in the labo- 
ratory with an isolated set of directions, or with a laboratory 
manual which is essentially a compendium of directions for all 
conceivable experiments, may perhaps in some cases obtain, with 
the aid of references to text-books, a comprehensive grasp of 
the theory and bearings of his experiment; but it is safe to say 
that in a great majority of cases he does not do so. The most 
serious criticism which can be urged against modern laboratory 
work in Physics is that it often degenerates into a servile following 
of directions, and thus loses all save a purely manipulative value. 
Important as is dexterity in the handling and adjustment of 
apparatus, it can not he too strongly emphasized that it is (jTaH;p of 
principles^ not shill in manipulation which should be the primary 
object of General Physics courses. 

Furthermore, an intimate connection between lecture and 
laboratory work is no less important from the standpoint of the 
former than of the latter. Without the fixing power of laboratory 
applications, a thorough grasp of physical principles is seldom, or 
never, gained. This is particularly true in Mechanics, the most 
fundamental of all the branches of Physics, for it is only through 
it that the door is opened to insight into the theories of Heat. 
Sound, Light, and Electricity. 
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In the second place, this book represents an attempt to teach 
fern ftmdamental principles than to present 

snperficially a large mass of facts. Most of the general texts 
which combine a full presentation of facts, with a satisfactory 
discussion of their relation to theory, have grown too bulky for 
general class-room use. On the other hand, other texts have 
appeared in which the necessity for condensation has resulted in 
such abridgment of discussion that there is little left but a 
skeleton of experimental and theoretical results. 

In attempting to avoid both of these extremes, a selection has 
been made for the present course of such principles only as can be 
most effectively presented in connection with laboratory demon- 
strations. This course is presented in the first third (twelve 
weeks) of a year of General Physics in the Junior College at the 
Ilniversity of Chicago. The time is divided nearly equally between 
class-room and laboratory work ; but the former is wholly occupied 
with the discussion and application to practical problems, of the 
twenty "three principles presented in the text, Ho demonstration 
lectures whatever are given. The second third of the college year 
is occupied with the presentation, by the same general plan, of 
those parts of Electricity, Light, and Sound which can bo most 
profitably studied in connection with laboratory instruments and 
methods. This course is embodied in a second volume. The 
last third of the year is devoted wholly to demonstration lectures 
upon subjects which have been omitted from the preceding courses 
because they are more suitable to lecture than to laboratory 
methods of presentation. Such are, for example, Static Elec- 
tricity, Electric Radiation, the Discharge of Electricity through 
Gases, the Radiation, Absorption, Polarization, and Interfer- 
ence of Light, Physiological Optics and Acoustics; in a word, 
all phenomena the presentation of which requires primarily quali- 
tative rather than quantitative experiment. This demonstration 
lecture course is given last instead of first because a thorough 
grounding in the fundamental principles of physical measurement 
is deemed absolutely essential to the intelligent following of lec- 
tures of college grade in any branch of Physics. 

A third aim has been to prepare a book which should emphasize 
the course idea, and in so doing should subordinate the study of the 
methods to the study of the principles of experimental Physics. 
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Hence, in the first place, all /purely ' mampnlativ© :experim^ 
have been altogether opiitted. ' A student is not required to maha 
a useless measurement for the sake of learning to us© an instru- 
ment ; he rather learns to use the instrument for the sake of making 
a needed measurement. The inversion of this order has invariably 
weakened interest in laboratory work. In the second place, all 
needless repetition of slight variations of the same experiment has 
been avoided. For example, in the subject of Heat, there is but 
one general principle involved in the method of mixtures, whether 
it be applied to the determination of the specific heat of a solid, or 
of a liquid, the latent heat of fusion, or of vaporization. Hence 
it has been illustrated in this course by but one laboratory exercise. 
Similarly, the usual half-dozen or more experiments upon the den- 
sities of liquids and solids have been reduced to two. In a word, 
experiments have been made incidental to the study of principles, 
not principles incidental to the study of experimentSo 

Fourthly, an especial effort has been made Physics 

as a science of exact measurement done by 

attempting to teach a course in an exact science with the aid of 
instruments capable of giving results which can be called quanti- 
tative by courtesy only, and which therefore foster the impression 
that science is after all very inexact. The apparatus which is 
used in this course has therefore been selected and designed with 
a special reference to its ability to yield accurate results in the 
hands of average students. All of the new pieces, such as the 
acceleration machine (p. 11), the model balance (p. 36), the bal- 
listic pendulums (pp. 54 and 62), the Young’s modulus (p. 67), 
the torsion machines (p. 75), the inertia disc (p. 82), the 
pendulum arrangement (p. 97), the centripetal machine (p. 102), 
the pressure apparatus (p. 117), the form of air thermometer 
(p. 131), the vapor pressure arrangement (p. 158), have been 
designed in this laboratory, slight modifications having in some 
instances been introduced by the instrument maker, William 
Gaertner, from whom any of the special pieces used in the course 
may he obtained. Furthermore, in nearly all of the exercises, the 
quantity sought is obtained by two distinct methods and the 
results compared. 

Finally, since the hook represenfes a college, not a high school, 
course, the aim has been, not so much to acquaint the student 





with bieresting' and strildng plienomam, a him an insight 

into the real.' Bignifioaiic© of physical things'— to introduce him to 
the very heart of the subject by putting him in touch with the 
methods and instruments of modern physical investigation, and/ by 
carrying him through the processes of close reasoning by which 
the present science of Physics has been developed. .Students who 
enter upon the course are expected both to have completed a year 
of secondary school Physics, and to have gained soi!i.e familiarity 
with the principles of Trigonometry* 

The author’s justification for the publication of this, the first 
book in the series, is the hope that the presentation of a method 
of instruction which has been found most satisfactory in the Uni- 
versity of Chicago may not be altogether without usefulness, or at 
least suggestiveness, to teachers of Physics in other institutions. 
The custom usually followed is to hold lectures and quizzes upon 
a group of eight experiments, before taking up the laboratory 
work. The problems are of course invaluable aids in the fixing 
of principles. In the laboratory not more than twenty students 
are ever permitted in a single section. hTo more than two dupli- 
cate pieces of apparatus are ever used. Duplicates of the forms of 
record which have been inserted in the manual are filled out by 
the student and handed to the instructor as each experiment is 
completed. In addition to filling out these record slips each 
student keeps a systematic note-book, in which are entered in 
the laboratory, not at home, all observations and all calcula- 
tions of whatever kind. This note-book is a complete record of 
the student’s work, and should of course be so arranged as to 
be easily intelligible to anyone, even though he he unfamiliar with 
the course. 

This hook is the successor of A College Course of Laboratory 
Experiments in General Physics^ published by the present director 
of the National Bureau of Standards, Professor S. W. Stratton, 
and the author. It is to Professor Stratton that the design of 
much of the apparatus is due. In the preparation of the present 
course the author has had the invaluable assistance not only of 
Professor Stratton, but also of Mr. G. M. Hobbs and Dr. H. G. 
Gale, both instructors in Physics at the University of Chicago* 

Univeesity of Chicago, 

August 27, 1902. 
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INTRODUCTORY NOTE 


A OD.e-jear course in General Physics, the first third of which 
is included in the present volume, has been very carc3i;ully worked 
out in this laboratory with especial reference to a closer coordina- 
tion than is usually obtained between the laboratory and the lecture 
phases of Physics instruction. The method which is |)5‘^‘Seuted by 
the author in his preface has been in use for a number of }'ears and 
has yielded most satisfactory results. It represents in my opinion 
a step in the direction of needed reforms in the teaching of College 
Physics. The elimination from the laboratory of all instniinents 
and methods which are not suited to the demonstration of the exact- 
ness of modern physical science ; the omission from the text-book of 
minute descriptions of antiquated forms of apparatus and the intro- 
duction in their place of instruments and methods actually in use 
in the determination of physical constants ; the establishment of an 
intimate relation between the teaching of Mechanics and that of 
other branches of Physics, and the vitalizafcion of both class-room 
and laboratory work through closer mutual contact, — are all 
important needs in modern instruction in Physics. 


Kyerson Physical Laboratory, 
January, 1903. 
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TnnFOEMLT AOOELIEATBD MOTIOS 


Theory 

Conceive of a body moving in a straight line with eontintially 
changing velocity. Its motion is said to be uniformly accelerated 
Uniform makes equal gains of velocity in equal intervals 

acceleration of time. The rate of change of velocity, or, for the 
present case, the gain in velocity per unit of time is 
called the acceleration of the body. 

Laws os' U^n^ifoemly Agcbleeated Motiok.— The following 
laws are derived at once from the above definition ; 

1, If V represent the velocity of the body at the end of t units 
of time, a its acceleration and % its velocity at the beginning of 

the i units, then 

Velocity in 

(1) 

and time. jj j jj ^ 

v='at. (2) 

This law is nothing more than the mathematical statement of the 
definition. 

2. If § 1 , 52, 53, 5a, and 5n + i represent the distances traversed 

Acceieror during the 1st, 2d, Sd, ^^th and l)t]i 

ofsmc^-^^ units of time respectively, then 

sivespace « « « « « « £» /qV 

intervals, a — S2— Si - 53 — 52 — Sjx + 1 “ 5 n 


^0 
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Proof , — Let the straight line (Fig. 1) he the x)ath of a body 
moying with iiiiiform acceleration, and let t’a, etc., be the veloc- 
ities at the ends of the units of time 1,, 2, etc., and % the 

spaces traversed during these units. The space ■ passed over during 
any interval of time must always be the 'mean '2;^Z{)6"%,,m,!i!tiplied • 
by the number of units of time in the interval In case the; 
velocity increases uniformly this mean velocity is evidently the 
..half sum of the velocities at. the beginning and at the end .of th^^ 
interval. Hence, e.g. (See Fig. 1),' 


^4 = 


a 

= ^' 2+0 


«3+(t'3 + «) , « 


Si ~ But ■ 


(A 

- P 2 .is by defi- 


terms of 
acceleration 
and time. 


Similarly 

nition a, Si - = a. Similarly for .? 2 , etc. Q. E. I). 

The acceleration can therefore be most directly determined by 
measuring distances traversed in successive units of time. 

3. If S represent the total space traversed during l imits of 
Svaoein time, then 

« I ; (5) 

or, if the body start from rest 

8^lat\ ( 6 ) 

Proof . — Total space =* mean velocity x time « (initial velocity 

4- final velocity) x time = xt - ^.aP Q. E. D. 

A! 

4. If V represent the velocity of a body after it has moved 
over a space 8 with an acceleration a, and if z?o represent the 

velocity which the body had at the point from which 
8 is measured, then 

or, if the body start from rest, (i.e.,if z;o = 0) ^ 

. . V- \^2a8. (8)' ' 


VeJocitif in 
terms of 
space and 
accelera- 
tion. 


Proof — From (1), v = at + VQ .\ i 


V - Vq 
a ■ 


How if V be used to 


represent the average velocity with which the body traverses the 
space thenz?: 
solving for 


^ cr -.r V +Vq V ■ 




Hence 


V MS -h or if Vq = 


0,t? = 




Q. E.D. 
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''■'“Experiment 

The object of this experiment is to study the motion of a 
freely falling body ; in particular, (1) to ascertain whether a freely 
falling body moTes with uniformly accelerated motion, 
and (2) to determine the acceleration of this motion 
in centimeters per second. , 

The falling body is a brass frame a, (Fig. 2), which weighs 
about 1 kgm. and falls a dis- 


tance of some 120 cm. through 
guides which offer very 
friction. The 
cord, which is shown 
in the figure passing over the pul- 
ley and supporting balancing 
weights, is in this experiment de- 
tached from the frame uf, so that 
the latter falls freely. The fall- 
ing frame carries with it a tuning 
fork Z>, one prong of which is pro- 
vided with a light stylus which, 
during the descent, traces a wavy 
line upon the blackened glass 
plate M (see Fig. 3). The frame 
is first raised to the top of the 
ways where it is held in place by 
an eccentric catch, which keeps 
the prongs slightly spread. Turn- 
ing the lever I draws the eccentric 
up into the crossbar o, releases 
the prongs, and allows the frame 
and vibrating fork to fall. The 
plate M can be shifted sidewise so 
that a number of traces can be 
obtained. Two dash-pots at the 
jjbase of the instrument catch the 
^ falling frame and take up the jar. 

DiEECTioijrs.— Hang a plumb- 
bob from r and adjust the level- 
ing screws in the base until a 



FlGITBE 2 


FiGXJjaE 3 
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strictly yertical fall is assured.. ' . EemoTe,' the glass plate ,Jf and 
smoke it evenly from top to bottom in a gum-ciiinphor flame. 

Eeplace it and adjust the stylus so that it will follow 
SmSre- behind the falling fork, pressing very lightly 

w-eneo/hie against the plate.' Then release the fork. Having 
obtained at least two good traces, remove the plate, set 
it in the horizontal wooden frame provided (see Pig. 4), and count 
off the waves by tens from top to bottom of each trace, marking 



as accurately as possible the crest of each tenth wave by means of 
a pin-scratch (see Pig. 3). Hext turn the plate over, smoked side 
down, and hold a meter stick on edge upon the unsmoked side of 
the plate Just over the trace. It will then be easy to read upon 
the scale the distances between successive pin-marks. 

Although the scale and the trace are the thickness of tlie glass 
apart, the error of parallax, i. e., the error in reading arising 
because the line of sight is not perpendicular to the 
plate, may be avoided entirely. For, since the 
blackened plate acts as a mirror, it is only necessary, 
in taking a reading, to place the eye so that the images of the 
scale divisions and the scale divisions themselves appear in the 
same straight line. In taking the readings estimate in each case 
to tenths mm. 


By subtracting from from from etc. (see 
Fig. 3), obtain from each trace as many values of the acceleration 


as Is possible, when the unit of time chosen is the time 

A.ce6leT(Xtion . 

for different of 10 vibratiOHS of the fork. Eepeat the same opera- 
tion when the unit is the time of 20 vibrations ; then 

when it is the time of 30 vibrations; then of 40. If the motion 
is uniformly accelerated the values of a will not change as you 
move from the top to the bottom ol the plate. 
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By comparison of the mean values of the accelerations for differ- 
ent units of time find the law which connects the 
numerical value of the acceleration with the length of 

Valm of 'g, the unit of time. From this law and tlie rate of the 

fork, as furnished by the instructor, determine the 
acceleration per second of the falling body. 

The true Yalue of g is 980 cm. On account of the slight fric- 
tion in the guides in addition to the air resistance, the value here 
found will fall a trifle short. From the total length of 
r^isSSe. correct value of g calculate what should 

be the total time of descent of the falling body. Com- 
pare this with the observed time obtained from the rate of the fork 
and the total number of waves upon the plate. The diflerence 
represents the retardation due to the friction of the air and of the 
guides. The difference between 980 and the observed value of g 
represents of course the negative acceleration due to friction. 
Since, when force is measured in dynes, force = mass x accelera- 
tion (see Ex. II), it is possible from an observation of the mass of 
the frame and fork to express the value of the retarding frictional 
force in dynes. 

Eeeord 

FIEST TRACE SECOND TRACE 

10 20 30 40 10 20 30 40 

vib’s. vib’s. vib’a vib’s. vib’s. vib’s. vib’s. vib’s. 

Sg— Sg ■. ... ■ 

— ■ ' 

Means reduced * — _ 

Mean of means — « Mean of means 

Eate of fork = vib. per see. , % g g « — 

fo of difference between the two values of g (observational error) = 

% of departure of final mean from correct value of g = . . . 

Total time of fall, calc’d value = — obs’d value % dif. = 

Weight of frame and fork = . *. No. dynes friction = 

Divide mean of 20’s by 4, of 30’s by 9, of 40’s by 16. 
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' tlie law discovered experimentally 

that the numerical value of. the acceleration varies directly as the 
square of the unit of time, can also be obtained tlieoretic.ally from 
the definition nf .acceleration, viz., the velocity (iiieasiirecl in cm, 
per second) which is gained during one second. 

-,.'2.:If the earth’s period of - rotation were to be suddenly, 
'.doubled, and if a, second of time were still to be defined as the 
same, fraction of that period -as at p.resent 5 what effect would be 
observed in the numerical value oi gf 

Disregard all centrifugal tendencies. 

3. If the earth’s period were slowly changing, how could the 
change be detected? 

4. Show that a body shot from the earth upward has at any 
given height the same velocity in the ascent as in the descent, 

5. The Eiffel Tower is 335 meters high. How many seconds 
will elapse before an arrow, shot upward from the tower with a 
velocity of 4000 cm. per sec. reaches the earth? 



II 


POEOB PEOPORTIONAL TO BATE OP CHANGI-E 
OP MOMENTUM (/=ma) 

Theory 

Newtoi^’s Laws of Motion.— The. whole of Mechanics is 
based upon three great experimental principles first clearly stated 
in Newton's laws of motion. As will presently appear, 
the First and Second Laws contain but one experimental 
principle, the Third with the subjoined scholium con- 
tains two, Newton’s statement of these laws is as follows: 

L Every body continues in its state of rest or of uniform 
motion in a straight line except in so far as it is compelled by force 
to change that state, 

II, {Rate of) change of {quantity of ) motion is proportional 
to force and tahes place in the straight line in lohich the force acts, 

III, To every action there is always an equal and contrary 
reaction; or the mutual actions of any two bodies are always equal 
and oppositely directed. 

The First Law is completely contained in the Galilean defini- 
tion of force, viz. ; Force is that which changes the 
uniform motion of a body,^’"'^ It is 
therefore essentially a definition of force, and hence 
requires no proof. 

The Second Law asserts that force is proportional to, and there- 
fore may be measured by, the rate of change of quantity of motion. 
But quantity of motion^ commonly called momentum, 
product of two factors, mass and velocity. Bate 
of change of is therefore mass x rate of 

* Since the existence of forces in equilibrium is denied by this defini- 
tion of force it is often found thus modified. “Force is that which 
changes or tends to change,*’ etc. Newton, however, (and in this most 
modern writers follow him) regarded equilibrium as the balancing of 
motions, not ot forces. Thus according to the Newtonian view each force 
actually produces its proper motion which is neutralized by the equal and 
opposite motion produced by the opposing force. 

15 
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Change ■of Telocityj^'o mass x acceleration. The mathematical 
statement of ' the Second Law is therefore / cc ma. This law is a 
defimtionofihe measure of a force;- but a little con- 
sideration will show that it is a definition , which 
presupposes experimental knowledge, and conse- 
quently finds its justification in experiment only. 

Thus, suppose two bodies whose jnasses are mi 
and ^2 (see Fig. 5) are dropped together toward the 
earth. The fact that they fall shows that 
^ecmi^Law. certain forces act upon them (see First 
Law). Let these forces he denoted by/i 
and /a. 5Tow observation shows that the two bodies 
fall at the same rate, i. e. , that they have 
a common acceleration. Call this accel- ^ [-] 

eration Then the assertion made in the 

statement of the Second Law is that fioubi; b\ 

(g\ 

Next suppose that the two bodies are brought back to their 
original positions, where, necessarily, the same two original forces, 
fi and/2, act upon them. Let now each body descend again, but 
this time let each be obliged to drag along with it some third mass 
which would otherwise remain at rest. Thus let 7% be placed upon 
either one of the two equal masses m3, which hang over a pulley 
of negligible weight and friction (see Fig. 5). In this case the 
moving force is evidently /i, the mass moved is mt + 2/%, and 
the acceleration is some measurable quantity Then let the 
masses m3 be brought back to their original positions and m2 
placed upon one of them. The moving force is now /s, the mass 
moved m2 4* ^mg, and the acceleration some measurable quantity, 
«2. The assertion made by the Second Law in regard to these two 
motions is 



^ ^ (^i4 2m3) ai 

FTbw (9) and (10) cannot both be true unless 

mi __ (mi + 2?%) a x 
” {mz + %ms) Uz 

Since there is no sort of a priori ground for 


( 10 ) 

( 11 ) 

asserting the correct- 


HEWTON^S SECOKD LAW - ; ' 

ness ol this relation, it is , only the experimental proof of it vMch 
furnishes the j astification for the Second Law. This proof can be 
made in any laboratory. But the most conyincing evidence of the 
absolute correctness of the Second and Third Laws is furnished 
by astronomical observations. Predictions of eclipses made years 
in advance are wholly based upon these laws taken in connection 
with the law of gravitation. 

L Fokge.— I f ’#e arbitrarily choose as the absolute 

unit of force the force which is required to impart to unit mass 
one unit of acceleration the expression / oc ma changes 
to/= ma; for if, by definition, / = 1 when m = 1 and 
a = 1, then evidently /== 4 when m = 2 and a = 2, etc. 
The equation/” ma is then merely the statement of Newton’s 
Second Law. Note, however, that it holds in this form only when 
the force is expressed in the units defined above, i. e., in absolute 
units. If the unit of acceleration be taken as 1 cm. per see., and 
the unit of mass as the mass of 1 cc. of water at 4° 0. (i. e., 1 
gram) the absolute unit of force is called a ^^dyneJ^'* A dyne of 
force is then defined as the force required to impart to 1 gram of 
mass an acceleration of 1 centimeter per second. 

There is another unit of force in common use, which is called 
the gram of force. It must not be confused with the gram of 
mass. The gram of force is defined as the force of the 

‘ja^UWiTjCT of ' * 

dmiesi7ia earth’s ' attraction upon a gram of mass. Since this 
gnim. jg able to impart to the gram of mass an accelera- 

tion of 980 cm. per second, it is evident that one gram of force is 
equivalent to 980 dynes of force. 

Experiment 

omect To prove that/ cc ma. 

The apparatus is the same as’that used in Ex. I, save that the 
cord 0 (Eig. 2) is attached to the frame and fork, carried over the 
pulley p and fastened at the other end to the weights 
Metiiod. -vsrhich is adjiistahle. If the weights m just 

balance the frame and fork, the removal of any weight nix from m 
will cause the frame and fork to descend with an acceleration 
which may be measured as in Ex. I. The moving force will be Mx 
grams, the mass moved will be the mass of frame and fork plus 
{m — mi). 
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After leveling the instrument as in Ek, I, adjust the mass m until 
the;;lork,'When,'given,a slight downward movement^ will Just con- 
... V' ' ^ ' ^ to move, hut without acceleration. This elimi- 
mections. friction ot the pulley and guides. Ifow 

remove a massmi. {say 400 gm.) .from m and obtain two traces 
precisely as in Ex. L Bepeat when m has been diminished by a 
second 400,,gm. so that the moving force is now, say, 800 gm. 
(= Measure the accelerations in the two cases according to 
the method given in Ex. I, using, however, but one unit of time, 
say that of 20 vibrations of the fork. The mass of the frame and 
fork* as well as the masses and nh are to be determined 

by weighing upon a pair of trip scales. The test here made of the 
Second Law consists in verifying equation (11). 


Eeeord 


Weight of frame and fork ( TF)'== 

. == 

1st trace 2d trace 

spaces spaces 



Means 


Final means Uj = 


Balancing weight (m) = 

W2'= — 

1st trace 2cl trace 

spaces a* spaces 



'CTji sssss 


[Ty-f.(TO— TOi)] X 

ft ^[W^+(w— m5)]xag 


* ^ of error = 


*The mass which, at the circumference of the wheel, would have 
a moment of inertia (see Ex. X) equal to that of the wheel should theo- 
retically be included in this weight. Thismusually a negligible quantity. 

+ Do not simply indicate the division. This blank is for the result of 
the division. 


N-EWTO^’S SECOND LAW 
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Problems 

. : 1 . OTer a weigMless and frictionless pulley (see Fig. 5) are 
suspended masses of 200 gm. each, A weight of 100 gm. is 
added to one side. Find the acceleration thus imparted to the 
weights. 

Take g, the acceleration of free fall, as 980; the acting force is then 
100 X 980 dynes. . 

2. To the ends of a rope passing over a weightless pulley are 
attached two bodies of unequal masses, one of 200 gm., the other 
of something more than 200 gm. The acceleration imparted to the 
masses is observed to be 245 cm. per second. Find (1) the exact 
mass of the larger body ; (2) the tension in the string. Express 
the tension both in dynes and grams. 

Suggestion (1). — If the difference between the two masses, 

then the acting force is scg dynes and the mass moved is 400 + x. 

Suggestion (2). —Since all freely falling bodies have the acceleration 
g, the force of gravity acting upon any mass of m grams is mgr dynes. If, 
because of some retarding force (e.g. tension in a string), the downwa?^d 
acceleration is not g but some smaller quantity a, it is at once clear from 
the statement of the Second Law that the value of the upward or retard- 
ing force is m{g — a) dynes. Thus, if the body is at rest, the upward force 
is mg dynes. If it has an upward acceleration amounting to a units the 
upward force is w(g + a) dynes. 

S. A 10 gm. mass is moving with a velocity of 40 meters per 
second. A force of 2000 dynes opposes its motion. How soon will 
it be brought to rest? 

Find a from Second Law, then t from Ex. I. 

4. A 900 kgm. projectile struck an embankment with a velocity 
of 400 meters per second. It penetrated 4 meters. Find the 
resistance in kgms. which the embankment opposed to its motion. 

Find a from Ex. L 

5. A 50-lb. mass hangs from a spring balance in an elevator. 
How much does it appear to weigh at the instant at which the 
elevator begins to descend with an acceleration of 400 cm. per 
second? (1 kilo = 2.2 ib.) 

See problem 2, suggestion (2). 

8. A man pushes steadily upon a car weighing 1000 kilos. 
After 5 seconds it is moving with a velocity of .5 meters per 
second. Find the man’s force in kilos. , 

Find a from Ex. I. 
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7. A man wlio can jump three feet high on the earth could 
jump how high on the moon? The mass of the earth is 80 times 
that of the moon. The diameter of the earth is 3| times that of 
the moon. 

Stooestion.— T he mathematical statement of Newton’s law of gray- 

miM 

itatioD. !s/oc in which / is the force acting between any two bodies, 

.m aind M their respective masses and r the distance between their 'centers 
, of 'gravity. By the application of this law first find the relative values 
of ■ the acceleration of a body at the surfaces of the earth ' and iiiooii 
respectively, then note that the 'initial velocity produced by the spring 
is always the s£iine. ' 
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COMPOSITION AND EESOLUTION OP FORGES 

Theory 

OoMPOsmoK OE Forces — Restjltakt. — ^From the statement 
that change of motion is proportional to, and in the direction of 
the impressed force,” it follows, by implication at 
secmdT^^ ^ given force always produces the same 

change of motion in the direction of its action, whether 
the body npon which it acts is at rest or in motion, whether it is 
acted upon by other forces at the same time or not. 

Consider, for example, a very short interval of time, say one- 
millionth of a second, during which a force /j, acting in the 
direction AB (see Fig. 6), is accelerating a body at A. 
At the end of the interval the body will have acquired 
^cceiemtioi ^ Velocity by virtue of which, during the second which 
begins at the close of this interval, it will move uni- 
formly and in a straight line (see First Law) to some point If 
the interval of time be taken suffi- 
ciently small the acceleration 
during the interval may always 
be considered constant; and if, 
in all cases considered, the in- 
terval chosen be of the same 
length, then even for a variable 
force the acceleration will be sim- 
ply the velocity acquired in one 
of these intervals divided by the length of the interval. Since, 
then, the velocity acquired in an interval is always proportional to 
the acceleration, the line A ^ may be taken as representing the 
acceleration % due to the force /i. 

If, instead of receiving an acceleration represented in magnitude 
and direction by the body were acted upon by a force /a acting 
in the direction AI)^ it would receive, in the interval considered. 
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a velocity which would carry it in' one' second to some point i?* 
AD would: then; represent the ' acceleration due to 

If^ noWj the two forces and /a act ;siniultai:ieoiisl}% the 
Second Law asserts (by iinplication) that the effect of each force is 
the same as though the other did not act ; i. e* jthatin the short 
interval considered, the body will 'receive, a velocity which will 
carry it at one and, the same time a distance AS in the direction 
of (i. ^e.,. p.arallel to) AB and a distanee AD in the 
direction of AD. ■ .This' is merely saying that the veloc- 
ity acquired in the interval will carry the body in one 
second to 0. Further, the path between A and G must be a 
straight line, because a body can move, by virtue of an acquired 
velocity, only in a straight line. Hence the line AC represents 
the joint, or resultant, acceleration due to the Joint action of the 
two forces /i and/g. 

But one single force /a can be found which, acting in the 
direction AG^ would produce this acceleration Such a single 
force is called the resultant of the two given forces. 

resultant of any number of forces is defined 
as that single force whose action would produce the same 
change of motion'^'* as is produced bg the joint action of the several 
forces. 

It is evident from the above, since, for a given mass, forces are 
proportional to accelerations, that the resultant of any two forces 

Resultant of a particle is represented 

muy number in intensity and' '.direction ■ ' by • the ^ 

of fOTC&in «/ 

diagonal of Die paraMdogrmn 
sides of which represent Bie' imo.forces.^''. ■"Bfr 
the successive application of this rule to the 
case of the simultaneous action of three or mo7*e 
forces, such as 5, c (see Fig. 7), the follow- 
ing general rule is obtained: The res%iUant 
(B) of any mmber of forces is represented in 
magnitude and direction by the line which closes 
{he polygon whose sides represent the several forces when the latter 
are conceived as acting successively. 

The problem, then, of finding the magnitude and direction 
of the resultant of two forces a and b which include an angle 
^ (see Fig. 8) resolves itself into the trigonometrical problem 



NEWTOST’S SEOOITD LAW 


23 


of finding the length of 
the line e and the value of 
the angle 0 in 

Calculation , ^ , 

of resultant terms of the 
of two forces, , 

giTen magni- 
tudes 5j and 

To find the length of c 
■in terms of 5, and drop 
a perpendicular j?r upon a. 

. ■ Then 

Hence 
How 
Hence 



Figubb 8 

——2 

« 0* — rs . 


But 

Hence 


c® = or + pr . But 

c®='5r -7?+5». 

^ = {a—rsf a a*— 2ars +7s*. 
tf® = a* + J* — Sa rs. 

f*8 , . 

« COS ^=s-7cos^l e. r5« — 5 cos 

a 4 * 4- 2e3ji cos (12) 

Again to find the angle 0 in terms of J, and 

e 


6 sin and « sin ^ « sin 


Hence 


sin (? 


or sm 


i 


’ =5 —Sin A, 


( 13 ) 


sin ' 

The resultant of three or more forces may he found hy com- 
bining the resultant of the first and second with the third, this 
resultant with the fourth, etc. A better method, howeTer, is giyen 
in a following paragraph. 

Resolotioh of Foboes— Oompokeot.— component of a 
force in any specified direction is defined as that force which^ act- 
ing in the direction specified^ would produce the same 
fomponmif SO far as motion in this direction is concerned^ as 

is produced ly the action of the given force. Thus if 
A C (Fig, 9) represents the distance over which a body would move in 
one second by virtue of a velocity acquired 



one of the infinitesimal intervals above consid- 
ered, AB evidently represents the distance 
, moved over toward the east during this second ; 
i. e.,if A (7 represents the actual acceleration. 
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J.5- represeiits' acceleration. Or^ finally, a force 

represented by Jli is' equivalent, -so far as motion toward tlie east 
is concernedV to the given . force , yl-B is tlioreforo the coin* 
poiient of J. (7 in tlie easterly direction. ■ 

■ Tims, if tlie/body wbicli is acted upon by the force AO is free 
to move only ill the direction AJj (conceive, for example, of a car 
: on /overhead rails' pulled forward with the aid of a rope by a man 
on the ground), its motion under the action of the force d6hnust 
be precisely the same as 'though the force AB were acting instead 
'oijo.''": 

The process of finding the component of a givan force in any 
direction consists, then, in finding the in the required 

direction of the line which represents tlio given force. 
o/compmmL l-d) is the component in the direction 

AB of the force AF. Bat AM = A.F cos A Hence, 
in general, the comfonmt in any specified direction of a given force 
is the product of the given force into the cosine of the angle included 
letween the specified direction and the direction of the given force. 

Just as AM is the component in the direction AE of the force 
AF (see Fig. 10) so AG is tlie component of AF in the direction 

Definition of How, If AE and AE are at 

■9' remhiuon right angles to each other, then the 

figure AGFM is a parallelogram of 
which d J' is the diagonal and ./Ilf and Jd? the 
sides. Hence, (see above under EESiTLTA;NrT) the 
single force might entirely replace two forces 
represented by AM and AG. (3oBversely the 
single force AF must he in every i*espect replme- 
able ly the two forces AM and AG. ^Thm^ process' 
of refdacing a given force by its components in. 
any hvo directions at right angles to each other is called the resolu* 
tion of force. 

With the aid of the resolution of forces into their components 
in any two rectangular directions, the resultant of any number of 
forces maybe easily obtained. Thus: Eeplaee ail of 
ofmfre-^ forces Fi, .fg, etc. (see Fig. 11), by their eom- 
mmTforces. P^nents along any two rectangular axes X and Y. 

Find the algebraic sum x, of all the x components 
aig, etc. Similarly let y represent the algebraic sum of all of 
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tlie y compoEents yi, ©to. The resultant of x and y (see 

Fig. 11) will then be the resultant of the forces li, -Ps, etc. 
The direction 0 and the intensity r of this resultant may be obtained 
from any two of the following simple relations: 

T y/x = tan 0 y/r = sin 6 

X®4-Y^t=R2 



(14) 


If a particle 
which is subjected 
to the action of 
forces is at rest, the 
total effectiveness 
of the forces in pro- 
ducing motion along any particular line 
must be 2 ;ero,> i.e. , the algebraic sum of the 
components of the forces in 
each particular direction must 
be zero. If the position of the 
particle be taken as the origin 
of a system of rectangular coordinates this 
condition is evidently fulfilled when the 
sum of the x components is zero and the 
sum of the y components is zero. Sym- 
bolically the ^jondition of equilibrium of 
a particle is therefore 

Sa: = 0 and % = 0 (15) 

in which S is the sign of summation. 


Condition of 
equilihrium 
of a particle. 


Figitre 11 


Experiment 

To verify the laws of composition and resolution of 
force. 

The apparatus consists of a horizontal force table (see Fig. 12) 
about the circumference of which may be set at any desired angles 
the four pulleys a, over which any desired 

weights may be hung. A pin holds the interseotion of 
the cords in position at the center. When a test for equilibrium 
is to be made the pin is removed. 


Object 


Method. 
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. 1. Bet two of the pill* 
lays; at the angles inarkeci 

nemrntntof 

twoforces, ' ai:ui.ap;ply 
weights of 100 gin* an.d, 
150 gm* res|)ecti¥elyj re-' 
member ing not to Ofer- 
look the weights of the,: 
pans them selves* ; .Then 
calculate, with the aid of 
equations 12 .and ' 1,3, the 
direction and iiiagii.it'ude 
of the I’esiiltaiit* ■ Set a 
third pulley ISO® -from 
the calculated, angle,, -ap- 
ply the calculated weight 
and remoYe the center-pin. To show that the equilibrium is not 
due to friction, displace the Junction of the cords and tap the 
table. ■ The junction should return to the center. 

2. Eesolye each of the three forces into its x and y com* 

Condition of and Yoiify the condition of equilibrium ex- 

equiiibrium. pressed in (15). 

3. Insert the center-pin, "set three of the pulleys at any angles, 
nrnmntof apply any weights. Calculate by mejins of a 
many forces, resolution of all of the forces into their x and y com* 
fonents the direction and magnitude of 
the force requisite to produce equilibrium. 

Test as in 1. 

4. Fasten one end of a spring balance 
to the hook in the wall at o (see Fig. 13) 

Vertimi other end to the ring 

extremity of the stick 
force, From the ring hang 

weights, and adjust the other end of the 
stick until it is perpendicular to the wall 
(see Fig. 13). Calculate the force in the 
spring balance and compare with the ob- 
served value. Do not overlook the weight 
of the stick itself. 
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1. Forces 
' 1st' 

, 2d, , , 

. % Restiltant 


Eecord 

Direction Magnitude 3. Forces 


Comp. ^ Comp, 


2. Forces 
1st 
. 2d 
3d 
Sum 


1st 
2d ” 
3d 
Sum 


X Comp, y Comp. 


Resultant magnitude = * 
Resultant direction = - 


Force in spring bal. caFd 
Foi’ce in spring bal. obs’d 


Problems 

1. Show that the acceleration of a body sliding without friction 

down an inclined plane of length I and height h is g x y- 

i 

2. Show that the Telocity acquired in sliding down the plane is 
the same as that acquired in falling through the vertical height 
A, viz., V = 

3. By dividing the "arc al (Big. 14) of a vertical 
circle into a large number of small inclined planes 
and applying the result of Problem 2, show that a 
body sliding without friction down the arc ab acquires 
the same velocity as though it fell vertically from figueb u 
I to c. 

4. A 150-lb. man standing in the middle of a tight rope 60 ft. 
long depresses the middle 5 feet below the ends. Find the addi- 
tional tension in the rope which is caused hy his weight. 

See Fig. ’^13 for suggestion as to method. 

5. A bridge span is 5 meters high and 20 long (see Fig. 15). 
Find the vertical pressure and 
the horizontal thrust upon each 
of the piers per ton of weight at o. 

6. A bullet is filled from a 
gun with a velocity of 200 meters 
per second at an angle of 30° 
with the horizontal. How high 
will it rise? If the gun is on the 
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surface of the earth ■at ' what distance from, the' gun would the 
bullet strike the earth if there were no air resistance? 

: ' 7. If the' gun mentioned in 6 Were on the top of the Eiffel 
tower" how ,'far from the base would ■■ the bullet strike the' earth? 
(Height of tower = 335 meters.) 

8. , Show that the time of descent down all chords which start 
from the top of a yertical circle is the same. 
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THE PEmOIPLE OF WORK 
THE LAW OP MOMENTS 

Theory 

ScHOXAUM TO Thied Law.* — T he Third Law asserts that force 
is dual in its nature, that a change in the momentum of a body 
never takes place without an equal and opposite change 
o£iMTUrT iix the momentum of some other body or bodies. The 
reasons for this assertion and some of its consequences 
are discussed in Ex. VI. 

An additional and wholly distinct assertion is made in the 
scholium to the Third Law. It is that the work done by the force 
which produces the® motion is always equal to the work 
done against the resistance to the motion. The 
^SraEaw. scholium reads: “If the action (activity) of an agent be 
measured by its amount and its velocity conjointly, and 
if similarly the reaction (counter-activity) of the resistance be 
measured by the velocities of its several parts and their several 
amounts conjointly, whether these arise from friction, molecular 
force, weight, or acceleration, action and reaction in all combina- 
tions of machines will be equal and opposite.” In other words, 
the acting force F times the velocity v of its point of application 
equals the resisting force R times the velocity v* of its point of 
application, SymboUcally Fv - Rv' . 

Now the W ot a force is defined as the product of the 

force acting 'F and the distance s through which its poirut of 
The definition moves during its action. Thus the equation 

ofwovK, W=^FS (16) 

is merely the definition of the quantity which is called work. 

* See Encyclopedia Britanmeay Article on “Mechanics. ” 
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Since velocity is merely rate at wMcli space is traversed, i. e., 
space per second, it is seen that the assertion of . the scholium is 
; „ then simply that in all machines, during any, given 

wor/^ of the acting forces is equal to the work of the 
resisting f orces. Symbolically, 


Fs - Rs\ 


( 17 ) 


This equation represents, then, the briefest possible statement of 
the ^Svork principle,” which is the essence of the scholium to the 
Third Law. The principle is a generalization from experiments 
upon all sorts of machines. It is, however, to be observed, that in 
all experiments in which there is accelei’atioii the resistance to 
acceleration which the body offers because of its inertia must be 
included among the reacting forces, and must be put equal and, 
opposite to that force whose single action would produce the 
observed acceleration, i. e., equal to 7na,m being the mass of the 
body, and a its actual acceleration. 

The PeikcipL'E of Moments. — The great principle above 
asserted can of course be tested only for particular cases. One of 
the simplest of these is that of a rigid but weightless 
^pie^a/pued rotate about a fulcrum. Pig. 16 repre- 

sents the force diagram for the case of such a simple 
lever. F represents a force which is producing a clocks- 
wise rotation. W represents a force which is resisting this rotation. 

P is the upward force exerted by 
the. fulcrum against' the lever.' 
If the fulcrum, be 'a knife-edge, 
and ,the' bar inflexible,." there are 
no' frictional or’ molecular'' forces. 
(Molecular, force is,, such',''',.as".':."is; 
■caile-d into, play by bending''a'.bar,,"::. 
stretching ,.a' spring, etc.)'.' If-tlie'.' 
motion be, 'made "■ so 'slowly,;: that.',: 
the^ acceleration'' '.may ■ ''be:''.':''Consid-''"" 
ered zero, then the weight IF is 
the only resistance, and the work 
principle gives Fs = Ws' (see Pig. 
The force P does not appear in this equation because its 
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16 ). 
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point of application does not move; hence the work of this force 

s 2 

is zero. Now, from Geometry, -7 - y Hence 

S V 


Fi= wv: 


( 18 ) 


Worh 

principle 
applied to 
rotation of 
"body acted 
upon hy any 
number of 
forces in a 
plane. 


This equation is rigorously true only when the acceleration is reduced 
to zero; that is, when the bar is at rest or is moving 'uniformly. It 
represents, therefore, the condition of equilibrium of the bar. 

Next consider any rigid body which is pivoted at 0 and acted 
upon by the forces i^, IFi, and P (see Fig. 17). is produc- 
ing clock- 
wise rota- 
tion, TFi 
and W 2 are 
resisting 
this rota- 
tion, and P, the pres- 
sure of the pivot, has 
no influence upon the 
rotation, since its point 
of application does not 
move. Since the direc- 
tion in which the force 
F acts is not parallel 
to the direction in 
which its point of ap- 
plication moves, the 
force which is elective 
in producing the mo- 
tion along s, the direc- 
tion in which this point 
of application of F 
must move, is not Pbut the component of Pin the direction ol 
s, viz., P cos 0, Similarly the effective resistances, i, e., the 
resistances in the directions Si and Sg in which the points of appli- 
cation of Wi and must move, are not FI and Fa, hut Fi cos ^ 1 , 
and Fs cos $ 2 . The work principle then asserts, provided there 
he no acceleration, that 

(P cos 0) s^( Wt cos ^ 1 ) + ( Fa cos $ 2 ) S 2 , (19) 
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But from similar triangles, s: - hzJiiiJh. , Hence (19) becomes 

, (#cos 6) li := (Ifi cos ^i) 7^1+ (Ifs cos i?^) . (20) 

. But again, ■ if perpendiculars 7, 7i, be dropped . from o upon 

the lines of direction of the forces (see Fig.), tben cos 6 = ^, 

I h 

cos # 1 » cos ^2 = ^ • Hence (20) becomes 

( 2 , 1 )' • 

This is therefore, according to the ‘‘wort” principle (the scholium 
todhe Third Law), the condition of no acceleration about o; i.e., 
a is the condition of rest or uniform motion of rotation {equilih- 
fium) of the lody. 

Now lever arm of a force is ai'bitrarily defined as the per- 
pendictilar distance from the line of direction of the force 


notation. Thus 7, li and are by (lefinitiori 
the lever arms of the forces Wi and }l% respectively. 


The ‘‘moment” of any, force about any axis is defined as the 


Definition of the for ce and its lever arm. Thus FI is by 

of moment, definition the moment of the force about o. 


Hence the condition of rotational equilibrium (21) expressed in 
words is “The sum of the moments of the forces producing ehchtmse 
rotation must ie equal to the sum of the moments qwo- 
rotatymp ^ ducitig coimter-olocTcwise rotation; or, if clockwise rota- 
equiixbrmm. Called negative, and counter-clockwise positive, 

the algelraio sum of the moments of all the forces acting must ie 
zero. Symbolically 

Si?Y = 0. (22) 

Although equation (22) has been developed only with reference 
to moments about the axis passing through o, nevertheless, if the 
E nation 83 P^’^^sure P bo numbered among the acting forces the 
allilr ^Iso holds for moments taken about any ideal 

axis conceived as passing parallel to the original axis 
through any point whatever in the plane of the forces. Thus if 
(see Fig. 18) the equation 

FI+ W^l^+ W^lz^Pl, - 0 (ill which I, = 0) 


be true for a body pivoted at o, then it is also true that, if o' be any 
point whatever in the plane, 

Fr^ w^r^^w,l\■^Pk^o. 
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TMs'. coBclnsion , be- 
comes self-evident 
from.' the consideration 
that, if the body be in 
equilibrium, P is the 
eqnilibr ant of the 
three forces P, PFi, and 
■fFs; i* 0 ., so far as 
any effects produced 
by P, Wi and Ifg, are 
concerned, these three 
forces may be replaced 
by one single force 
equal and opposite to 
P applied at o. The 
moment, then, of this 
resultant force about 
any axis whatever must 
be equal and opposite 
to the moment of P; 
hence the sum of the 
moments of the forces 

which it replaces, viz., P, IFi, and IFg, must be equal and opposite 
to the moment of P. 

If a body of mass 1/be conceived as made up of equal infini- 
tesimal particles each of mass m, then the center of mass of the 

body is defined as 
that point whose 


Definition of 
center of 

inertia or cen- distance from each 
of three coordinate 
planes is the mean of the dis- 
tances of all of the particles 
from each of these planes* 
Thus if n represent the total 
number of particles, and 
...... the distances of these 

particles from the plane, 
then, from the above definition, the center of mass must lie in the 
plane whose distance from the PP plane is such that 
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a?|4“a?2 + 




n 




' mn 


^%m,x 


( 23 ) 


Siniilftrly itunnst li6 iii plsiBOS wlioso rospcctiTo (iifetmiGCS 
froBi'tlie JT^ aiid pliiiies ure such, that 
^my , %niz 

' The.one point which can lie in .all three of these planes is, by defiiii™ 
.tioii, the center of mass' of the body. If. the three 'codrdi,i:iate 
planes be so chosen as to pass through, this point, av = 0, =.0, 

s= 0, Hence for this case 

S'm..r = 0, %my == 0, %u% - 0. (24) 

■ Or, if f he a general symbol rep- 
resenting the distance of a par- 
ticle of the body from any plane 
whatever, the , center of .mass of 
the body is that poi,nt which is, so 
situated that a plane m.ay. be 
passed through it in miy direction 
whatever (see Fig* 20), and yet, 
the following conditio.!!' be always 
satisfied : 

Smr ~ 0. (2d) 

Of course distances to one side of the plane are reckoned as posi- 
tive, to the other side as negative. 

If a body be placed in a uniform field of force, equal forces 
will act upon all the equal elements of mass. Hence the point 
which satisfies the condition %)Ut = 0 must also satisfy the condition 
2/r = 0 (see Fig. 21). ^ 

How the center of 

qravity of 
Definit^n ^ . 

of center of a body IS 

defined as 
that point which is 
so situated that, what- 
ever the position of 
the body, a plane 

^ A uniform field is defined as one in whicii the force acting upon a 
particle does not change as the paiticle moves about in the field. 
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wMch passes through this point and is parallel to the direction ol 
the force always satisfies the; condition ' 

S/f = 0. 

It is evident that if a body has any center of gravity at all this 
point must always coincide with its center of mass; and yet a 
body possesses a center of gravity only when it lies in a uniform 
field of force. Its center of naass, however, is a perfectly definite 
point which depends in no way upon the location of the body. 

Now a rigid body placed in a uniform field must move without 
rotation, for every element tends to move at every instant with 
the same velocity. But the body would also move with- 
tucmurof out rotation if a single force (of any intensity or 
direction) were applied to its center of inertiao For 
let <^> 1 , ^2 ®tc, (see Fig. 22) represent the resistances to accelera- 
tion due to the inertias of the masses 
etc. Since for the center of inertia 
= 0, and since inertias are propor- 
tional to masses, it follows that = 0 ; 
i. e.j the moments of the resistances due 
to inertia are always balanced about the 
center of inertia. Hence a single force 
applied at the center of inertia can 
never cause rotation. It is evident, then, 

that a single force applied at the center of inertia will cause exactly 
tbe same motion as is produced by the uniform field. This force 
must, of course, be equal in intensity to the sum of the forces ex- 
erted by the field upon all of the particles of the body. Hence, so 
far as all effects produced are concerned, it must be possible to replace 
the action of the field by the action of such a single force. It is 
therefore customary to treat a lady which is acted upon ly gravity as 
though it were under the action, of hut one for ce^ that force being ap- 
plied at its center of gravity and being equal in intensity to its 
weight. Thus the center of gravity is sometimes defined as that point 
at which the weight of the body may be conceived as concentrated. 

Experiment 

To find the center of gravity of a body; to verify the prin- 
ciple of moments; and to study the theory of weigh- 
ing* 
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Figure 22 
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The'' apparatus consists, of a meter bar furiiisliecl ' with ' thr^^ 
^knife-edges cti ^5 and c,(see Fig. 23). a and, c are attached to a 
metal frame through which . the beam may be slipped 
which it may be clamped by niea'iis of the 
screw ;?. 1? is adjustable in a vertical plane; 5 is fixed 

to the bar. The beam is also provided wi'th notches m and and 
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with pans P and P' which are supported from the top of the bar 
by knife-edges n and n', A small liole passes vertically through 
each of the knife-edges <?, n, and n\ so as to permit plumb linos to 
be dropped from these points. 

Diuectioks. — 1 . Set the knife-edge e about 1 cm. above a . 
Support the beam from c and adjust the bar, by slipping it through 
the frame, until it balances in a horizontal position. 
wlmL of. Then hang P and P' from the bar, well out toward the 
ends, and slide one of them along until the bar is again 
horizontal. Eead off the lever arms upon the graduated bar and 
write down tbe equation of moments. Xow acid 100 gm. to 
P, and, without altering the position of P% slip P toward tbe ful- 
crum until a balance is again found. Write again the equation of 
moments. The solution of the two equations thus oljtained will 
give the weights P and P'. Check the results by ^veighing on the 
trip scales. 



THE SCHOLIUM TO NBWTOH’S THIED LAW 


37 


2. EemiOTe the pans, support the beam this time from a, and 
adjust the movable knife-edge and the bar until the whole system 

^ is in neutral equilibrium about a; i. e., until the sys- 

Uf of gravity tem sliows no tenaency to move out of any position in 

of system, ^ ^ .. • i t 

wmcn It IS placed. Tins amounts to bringing the cen- 
ter of gravity of the system into coincidence with a, A small bit 
of soft wax, which may be attached to the bar at any desired point j 
greatly facilitates this adjustment. 

3. (a) Having brought the center of gravity of the system into 
coincidence with a, 

support the beam from 
hang the pans from 

To find weight \o 

of beam. and place 

such weights upon y^^yA 

them that the beam yy^^ \ ^ 

assumes a position in- ^'Ky^ ^ 

dined about 45 to the 

horizontal (Fig. 24). ' 

The equation of mo- o 

ments now involves 

the three forces IFi, I 

■fFg, and the weight of e ^ w 

the beam Ws, and the figure 24 ^ 

three corresponding 

lever arms Zg. These latter are to be measured by bringing 
a half meter rule, which rests horizontally upon some firm sup- 
port, up to the plane of the plumb lines which hang from the 
knife-edges. The equation of moments contains but one unknown 

quantity, viz., the weight of the 
beam. Solve for this unknown 
quantity. 

^ - E — I y — t (b) Check the weight thus ob- 

^ ^ tained by supporting the bar upon 

the knife-edge 2 and producing 
a balance by means of a known 
Figure 2o weight (see Fig. 25) . 

♦The weights of the pans and plumb bobs should be ipoluded in Wj, 
Wg, and W, as they occur. 
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(c) As a final check weigh the beam upon the trip scales. 

4 . {&) Wlmi the knife-edges n, nf and c are not inthesmm 
straight line. The “sensitiveness” of a halanco Is deli nod as the 
displacement prodncecl vrhen some arliitr-arily clioson 

for Mffm'mt. siiiall Weight 'is added to one pan. It shoiilil decrease 
as the load iipon the; pansineamses, pixmih the sup- 
porting knife-edge c is above the line connecting t}iC3 pan knife- 
edges aiid/^/Z 2 PP* knife-edge 

■<? three or four centi meters .above;'. the. line connecting n ami u\ 
■Support, the system from.<?. .. Hang the pans fr.Hu iii** In^nm, but 
not ill the notches (a little friction at the ■//. and /i' 

vitiates completely the results of this experiment)^ and bring the 
beam into the horizontal position. Set up a vertical meter stick 
behind one end of tlie beam and read of! upon it tbo exact deflec- 
tion produced by adding very carefully one grain to one of the 
pans. Then add 300 gm. to each 'pan. If the equilibrium is 
destroyed, reestabliKsh it by sliding along tlio pan to which the 
small weight was not added, and again take the sensitiveness. 
Eepeat both observations to make sure that the results can be 
duplicated. 

(b) When the knife-edges n\ and e are in the smm straight 
line. In this case the sensitiveness should be inclepeiicleiit of the 
load (see Problem 2, p. 39). Lower the knife edge e until it is in 
line with n and n\ Observe as in 4 (a). (1.1ie bendirig of the 

beam may still cause a slight dependence of sensitiveness upon the 
load.) 

6, Hang unequal pans P and P" in the notches n and 7 ^', and 
slip the bar through the fi*ame until a balance is obtained. The 
arms of the balance are now unfiqual, the pans are of 
’cmrmtmigfh Weight, and the center of gravity of the beam 

is not beneath the point of support. Hoverthelcss, if 
an unknown weight w be placed in the pan P and the 
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beam broagbt back to its original position by tbe addition of a known, ' 
weight a to the other pan, the following equation must hold: 
wli = a4 Fig. 26). Now place w in P' and balance by means 
of a known weight h placed in P, The equation which now holds 
is = The solution of these two equations for w gives 
w = ^^ab. If a and h have nearly the same value, it is sufficiently 
a-^h 
T“‘ 

eliminated by a double weighing. 


correct to write w = • 


Hence all the errors of a balance are 


Eecord 

1. Beading at a in condition of balance. == - 

Eead’g for P ~ — for P' = for P + 100 = . P == — P' = - 

By trip scales P = P' == — - fo error in Ps = — in P's = - 

a ■ (a) TT, = 4 = — 4 =— .% - 

(b) W = lever arm of W = — — of = - 

(c) By trip scales == - — % error in (a) =; in (b) = - 

4. No load, (a) Beading before adding 1 gm. — — after dif . > 

it tt « << «« . 

With load, (a) " « “ “ “ 

it tt « «« « «« <« . 

5 . ^ — 5 -= . •. — — . By scales w= % error = ■ 


Problems 

1. Explain why a balance beam returns to a horizontal position 
when displaced therefrom. 

2. Fig. 27 represents the case in which the three knife-ed^es 
n, n\ and o are in the same straight line. Show from this figure 




Ip; 


□p' 


i‘ Y 

W 

Fxgube 


pD 


p+pL 


that if in the hori- 
zontal position the 
center of gravity g of 
the beam be directly 
beneath o, i. e. , if P4 
= P'Zg, then in the dis- 
placed position due to 
the addition of a small 
weight p to P, the 
new equation of equi- 
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librium, yiz . , ,(P = P% ^ Wj, . reduces to pl'i = I??,,. Hence 

sliow that ■ the , sensitiveness., which .is the clisplacemeiit of the 
beam produced by (a quantity which may 'be t.aken as the 
.measure), is iiidependerit of the load, i. e., of F and r\ 

3. S h 0 w from 
Fig. 28 that whe.n 
n\ and e are not 
in the '.same straight 
line,, then, after dis- 
placeineiit, P^i is. 

. not equal to .. PT^^ 
and hei/iee , that the 
sensitiveness, i.. e.., 
4, depend. s upon the 
load, decreasing 
ydth the load if c be above the line fm\ increasing with the load if 
6 be below the line nn\ 

4. Does the period of vibration of a balance vary witii the load? 
If so, how and why? 

5- With a given load how should the periot! be affected by a 
diminution in the distance between the knife-edge c and the center 
of gravity r/? 

6. A circular ring weigliing 5 lb. rests hor- 
izontally upon three points of support 120® apart. 
What is the least downward foix'e, aj)plied to the 
ring in a direction perperidiciilar to its plane, 
which will cause it to leave one of the points of 
support? (See Fig. 29.) 

7. A uniform bar weighing 10 lb. is 
pivoted at one end (see Fig. 30). A horn, 
zontal force of 5 lb. is applied to the free 
end. When a condition of equilibrium is 
reached, what angle does the bar make ’with 
the horizontal? 

8.' The axle of awheel carries a, /load . of 
/kilos. What horizontal force must .be .applied to. 
.Aha axle to. raise the wheel over an: obstacle, 12 cm. 
^/high, the radius of the wheel ..' being: 50 cm.. I 
(See Fig. 31.) 



FIGURE 29 
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Figure 31 
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9. A uniform board 3 feet square and weighing 25 
lb. rests on a block at a (see Fig. 32), and is kept 
from falling by a horizontal force at B. Find the 
force at B and the vertical and horizontal pressures 
apon the block at a. 

10. Two men carry between them a weight of 50 
kilos, supported upon a uniform bar weighing 30 kilos. Where 
must the load be placed in order that one man may carry twice as 
much as the other? 

Choose some convenient point as axis and apply the equation Sj'? = 0. 

11. A man wishes to overturn a cubical block which weighs 
100 kilos and has a 5 ft, edge. In what direction and with what 
force must he push in order that he may accomplish his object 
most easily? After the block has once started will the required 
force increase or decrease? Why? 




INEEGY AND EFFICIENCY 


Theory 

Ie the preceding experiment worh was defined as the prod- 
' net of the force acting and the distance tliroiigli which it 
the point to which it is applied. Sjinbolically^ 

If = 

The energy of an agent is defined as its mpacity for doing 
worh. Energy and work must of course be meavsured in the 
same units ; yet it is obvious that they are not synonymous terms, 
for a body may possess energy and yet never apply it to the pro- 
duction of work. Work is done only when energy is expended. 

Since work is a product of force and space, the work unit must of 
course involve a force unit and a space unit. The absolute centi- 
meter-gram-second (c. g. s. ) unit of energy or of work is 

Unii^of ,, _ ^ .. , ^ ^ _ 

energy md the dyiie-centimeter, also called the An erg of 
work is done when a dyne of force moves the point upon 
which it acts through a distance of one eentiineter. Other work 
units are the gram-centimeter, kilogram-meter, foot-pound, etc., 
the definitions of which are evident from their names. Since a 
gram of force is 980 dynes, it is evident that a gram-centimeter is 
equal to 980 ergs. 

It was shown in Ex. IV that Newton’s interpretation of the 
Third Law as given in the scholium is equivalent to the statement 
Kinetic en mechanical operations the energy expended 

ergy. Resist- hv the agent is equivalent to the work done against the 

ancetomotion ^ 

four resistances, friction, molecular force, gravity, 
and inertia. If the first three resistances are absent 
the only effect of the force is to impart velocity to the body. By 
virtue of this velocity the body itself becomes possessed of the 
capacity for doing work, for it can now move itself against a fric* 


* Electrical and magnetic forces are here classed as molecular. 
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tional resistance, compress a spring, raise itself against gravity, or 
by impact overcome the inertia of some other body. This energy 
tvliieh a loay possesses hecause of the motion which has loeen com- 
mnnicated to it is called ^^Icinetic energy,'^'* 

That the Idiietic energy imparted to a body by the action of a 
force is exactly equal to the work done upon it, and 
this is equal, in the absolute system of units, to 
one-half the mass of the body into the square of its 
velocity, may be shown as follows: 

Let a body of mass m acquire a velocity v under the action of 
a constant force jP acting for a time i, and in that time moving the 
body a distance s. The work done upon the body is then by defi- 
nition Fs. Now let the body be brought to rest by being subjected 
to the action of an oppositely directed constant force which 
requires a time f and a space s' in order to destroy the velocity i;. 
The “kinetic energy” of the body, i. e., the work which it is 
capable of doing because of its velocity, is by definition F's* , But 
since every force is measured by the rate of change of momentum 
which it produces, the first force F\^ measured by the rate at 
which it imparts momentum, and the second force F' by the rate 
at which it destroys momentum, i. e,, 

F^ ma and F' = ma\ (27) 

Now, since J^and F' are both constant forces, i. e., forces which 
produce uniformly accelerated motion, by Ex. I 

s = ^at^ and s' = (28) 

Therefore from (27) and (28) * 

Fs = ^maH^ and F's' = (29) 

But by hypothesis the velocity imparted by F and the velocitj 
destroyed hj F' are one and the same velocity. Hence 

V ^ at and d » alf. (30) 

It follows from (29) and (30) that 

Fs « and F's* = 

= = (31) 

Q. E. 'D. . 

If F mi. F' are variaMe forces it is only necessary to conceive 
them as made up each of the same number of very small elements, 


m 


mmuAmm 


Q 


1 1 ; 


each element heing a constant force, p will then, he the Telocit]t 
gained under the action of one of these constant elements of F and 
'.destroyed 'under, the action of the corresponding ele.me.iit of 'F\ 
Hence the above demonstration is perfectly general. , 

Hext suppose that the resistance which the wor,kiiig force 
experiences is gravity alone, as when a body is taken from position 
Potenttai ' ' ^ pla»ced npon a hook i.ii position 5. 

upon the body is the force of the pull 
mfSiar , the distance ai. The pull is a variable force, 
force alone, being a little greater than the weight of the body when 
the motion is starting, and a little less when it is stopping. The 
kinetic energy which is imparted to the body during the first 
instants, when the velocity is being acqixired, is all 
given back during the last instants when the velocity 
is being lost. When the operation is taken as a 
whole no velocity is imparted; hence the only re- 
sistance is gravity. Then by Newton’s interpre- 
tation of the Third Law the work which has been 
done upon the body is equal to the work done against 
gravity, viz., the force of gravity upon the body 
times the distance ai. But, in this case, as in the 
preceding in which the resistance was inertia alone, 
the work may all be regained without the expendi- 
ture of any more work on the part of the agent. For, in returning 
to position the body is capable of lifting through the height 
any other body, e.g. body 2 (see Fig. 33), whose weight does not 
exceed its own. The ability to do work which the body possesses 
by virtue of its position at b is called its potential energy. 

If the work be done against molecular force alone, as when a 
perfectly elastic spring is compressed, the work done can all be 
regained by releasing the spring, which, when compressed, is pos- 
sessed of potential energy. Potential energy is in general any 
energy which %s put into a system by a change in the position of its 
parts. Thus when the resistance is gravity or molecular force 
alone, an amount of potential energy equal to the work done is 
stored up; when the resistance is inertia alone, kinetic energy 
equal in amount to the work done appears. 

But when the resistance is friction, the work done by the 
agent can not be regained. In Newton’s day it was supposed to 
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hsTe disappeared altogetlier; but about the middle of the nine- 
teenth century it ,was proved by Joule that for every 

Heat energy. # , , t I t t 

erg oi work wnich so disappears there always appears a 
friction a one. definite quantity of heat ; hence it is no\Y 

customary to say that the work expended has been transformed 
into heat energy. 

The experiments of Joule, whereby the principle of the equiv- 
alence of heat and work was established, consisted in transforming 
work into heat in as large a variety of ways as possible, 
^f^pjeof by means of the friction of different sorts of sub- 

offmrm^^ stances, by percussion, by compression, by the generation 
of electric currents the energy of which was finally dis- 
sipated in heat, etc. When the experiments were so arranged that 
the heat generated was taken up by a given quantity of water, it 
was observed that a given expenditure of mechanical energy always 
produced the same rise of temperature in the water. These experi- 
ments had much to do with securing general acceptance for the 
principle of conservation of energy^ a principle blindly grasped at 
by philosophers from the earliest times; first stated, in the 
scholium to the Third Law, by hTewtonin 1687, but with respect to 
mechanical only ; first asserted as a principle of universal 

applicability by the German physician J. R, Mayer in 1845 ; first 
generally accepted and universally recognized as the most funda- 
mental and most fruitful principle in all physical science, after 
Joule, by Ms series of experiments extending from 1843 to 1878, 
had demonstrated the equivalence of heat and worh. The present 
accepted value of the mechanical equivalent of heat, i. e., the 
number of ergs of work required to raise 1 gm. of water at 15® 
C. through 1® C. is 

4.19 x10k 

But the principle of conservation of energy is more than the 
assertion of the equivalence of heat and work. It may be stated 
thus : Every pTiysical {or chemical) change of condition 
pH^pUof a fixed mechanical equivalent ^ i. e., can le equated^ 
all circtmstances^ to one and the same amount of 
mechanical work. In other words, whenever a change 
takes place in the condition of a body because of the expenditure 
upon it of mechanical energy (kinetic or potential), the change is 
equivalent to the work done, in the sense that if the body can be 
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brottglit back, to. its original condition, the whole of . the 
expended may, heregairnd either in t|ieforin' of work or the eqniv-. 
alent heat. , ., 

Thus, applying the principle to a mechanical problem, it asserts 
lurntramns at Giice that the kinetic energy of a ' inoTiiig body is 
of principle, to the work done in setting it i.n motion*. 

.Applying it to a chemical problem it asserts, since the burning 
of 1 gram of carbon, i. e., the formation' of carlxm. . dioxidn:. from 
carbon ,and oxygen, generates enough heat to raise 97,000 gni. of 
water through 1° C., that, if it were possible to directly piili apart 
the united carbon .and oxygen atoms,' 97,000 x 4.19 x 10’' ergs of 
work would be required to secure 1 gram of carbon from this 
compound. Applied to an electrical problem the principle asserts 
that if it requires 1000 kilogram-meters of work per second to 
driyc a dynamo, then the work which this dynamo does per second 
in the motors which it runs, plus the mechanical equivalent of the 
heat developed in all of the machines, and in all the connecting 
wires must be exactly equal to 1000 kilogram-meters. 

The principle is perhaps the most important generalization 
which has ever been made. It is merely an extension of the 
Basf« for Scholium to the Third Law, and, like it, rests upon uni- 
assertlmof versal experience rather than upon anyone particular 
experiment. The only kind of direct test of which it 
is capable is of the kind which Joule made, and consists in 
mechanically producing a given change of condition (e, g. , a given 
rise in the temperature of water) in as large a variety of ways as 
possible, and observing whether the work required always comes 
out the same. Of course, such an experimeut tests the law only 
for one particular kind of physical change. 

In all mechanical devices the work which the machine accom- 
plishes is inevitably less than the work which is put into it, for 
the reason that there is always some friction and hence 
a part of the applied work disappears as heat. Mffi- 
ciency is defined as the ratio of the work done hy the machine in 
any given time to the energy expended upon it in the same time. 


Effi,cie7iey, 


OUmt 


Experiment 

To determine the efficiency curve (1) of a system of 
pulleys, (2) of a water motor. 
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Pirections. 




w 

Figxjbb 34 


1, First weigli the movable block of pulleys and each of 
the pans (see Fig 34). Then give to Tf, which includes 

the weight of pan and movable block, succes- 
sive values of about 300, 600, 1000, 1400, 

1800 grams, and find the corresponding values which 
must be given to P, including pan, in order to produce 
■iniacoelerated downward motion of P. Calculate the 
efficiency corresponding to each case, and plot a curve 
with efficiencies as ordinates and loads as abscissae. 

Since the efiiciency is the ratio of the worJc of the force 
IF and the work of the force P, a determination of 
efficiency irmst involve a determination of the ratio of 
the distances through which the points of application of W 
and P move. This can be obtained v;ithout a measure- 
ment, as a little consideration will show, from the number 
of strands between which the weight of If is divided. 

2. In order to determine the energy expended upon a 

water motor in any time, it is necessary to know, first, the pres- 
sure p under which the water issues from the orifice o 
(see Fig. 35); second, the volume of water F which 
issues during this time. The energy expended upon 
the motor is then j?F. This will be evident from the following 
considerations; 

Proof iYo. /.—Suppose a column of water of cross-section o 
be issuing from the orifice with a velocity v. Since “pressure” 
means force per unit area, the force driving the water forward 
is This force carries the water forward a distance v in one 
second; hence the work done per second by the force is pov^ and if 
the experiment last i seconds the total work done is povt. But 
ovt = F. Therefore the total energy expended upon the machine 
during the experiment is j?F. Q. E. D. 

Proof No, — Suppose the pressure j? to be due to a column of 
liquid of height and suppose a mass of if grams of liquid to 
have issued from the orifice o. In order to restore the condi- 
tions existing before the mass M had passed through the orifice, 
it is necessary to raise if through the height h and to return it to 
the liquid in the reservoir, i. e., it is necessary to do a quantity 
of work MK This therefore represents the energy which has 
Deen expended in the passage of the mass M from the orifice. But 


Energii 
expended 
upon motor. 
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if d 1)6 the density of the liquid, p 

F, .\ Mh=pV. 


But 

d 

'■ Q. KD; 


In this experiment friction is applied to the axle by turning 
down the thumbscrew s (see Mg. 35) of a Proiiy brake until the 
tension in the spring S is jnst balanced, i. e., until the 
[= brake rests midway between 

" the stops ^5 f. It is generally impossible to eliminate 
completely oscillation of the le^er arm,j Bat its mean position can 
be estimated with sufficient accuracy. It is ' evident that the ten- 



sion F in the spring represents the constant pull which the 
machine exerts at a distance from the axle. If, therefore, cn 
were the radius of a pulley upon which a cord were being wound 
up, the constant pull which the cord would exert upon any load 
which it were moving would be equal to H One revolution of the 
water wheel would cause this load to move a distance It is 

evident, then, that the work aceomplished by the machine in F 
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revolutions is 2xriVy. In order . tO' determine tlie value of^ i^the 
lower end of tlie spring is detached from the lever arm, after the 
run has been made, and known weights added to the spring until 
it is stretched to the length which it had during the run. 

The' motor is attached to the regular water supply of the room, 
hut irregularities in the pressure of the latter are equalized by 
Constant i^f^oducing before the motor a large air-tight tank T 
pressure (200 liters), the entrance and exit both being at the 

device* ' , o 

' bottom. It is thus the air in the upper part of the 
tank, compressed by the water-works pressure, which is the imme- 
diate source of the pressure applied to the machine. 

The pressure under which the water issues from the orifice o is 
obtained from a reading of the mercury manometer AB. If there 
were no water in either arm, this pressure, measured in 
^eSrement <^®ntimeters of mercury ,would evidently be the difference 
between the mercury levels in the two arms of the 
manometer. This could be reduced to grams by multiplying 
by the density of mercury. However, since the arm A of the 
gauge fills with water, and since it is the pressure at the level of 
0 which is sought, the pressure indicated by the mercury height 
must be diminished by that due to a water column of height equal 
to the difference between the level of o and the mercury level in 
A* In solving for efficiency, it is of course essential that p be 
expressed in the same units as i^. 

Starting with cock JT' closed, partially open cock K and allow 
a considerable pressure to be produced in tank T, Then slowly 
open K' till the difference in the levels of the mercury 

X)'lreGt'tons* ■ 

in the pressure gauge is, e. g., 100 cm. Then, while one 
observer holds the gauge-reading constant by continually adjusting 
JT, let another adjust the screw s till the lever arm cn maintains in 
the mean a horizontal position. These adjustments made, at an 
accurately observed time deflect the discharge-water, by means of 
the flexible rubber tube g, from tank E into the empty tank D, 
and at the same time let a third observer begin to count the revo- 
lutions of the speed counter (7, which is attached to the axle by 
means of a flexible rubber connection. When tank D is about 
two-thirds full, stop the run at an accurately observed time by 
closing cock K'* Determine V by weighing the water in tank D 
upon the platform scales. Determine i^by stretching the spring 
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A? by means of known weights ' to the length .which it, had during 
the run. If both levels of the mercury in the gauge were not read 
during the experiment, reestablish, the pressure and read the lower 
level. Measure the lever arm cn [= r], and compute the efficiency. 
Fext vary the tension in the spring S by raising or lowering the 
support to which the upper end of this spring is attached, and 
again determine the efficiency for this new ^^load,” the pressure 
being kept the same as, before. In- this way make five different, 
runs with loads which vary between zero and the maximum which 
the machine is able to carry without stopping altogether. The 
speed will then vary between ^h’acing” speed and the slowest pos- 
sible speed. Plot a curve with speeds as abscissae and efficiencies 
as ordinates, and thus determine the speed for which, for the 
given pressure, the machine is most efficient. If the time of each 
run be made of exactly the same length the speeds will of course 
be proportional to the total numbers of revolutions iVl In any 
case, if T represent the number of minutes of duration of the 

N 

experiment and n the speed, —• In this experiment it is 

recommended that one observer regulate and read pressure, that 
another attend entirely to the adjustment of the Prony brake 
(it may need to be continually regulated throughout the run), and 
that a third observe the time and the number of revolutions of 
the speed«counter. 
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THE SCHOLIUM i;0 NEWTOK’S THIRD LAW' ' ;';51: 

Problems 

1 If tbe friction ■ between two surfaces be' proportionar to the' 
pressure existing between them, and if, in the experiment with the 
pulleys, the friction due to the bending of the cord in passing 0 ¥er 
the pulley be a wholly negligible quantity, ought the efficiency 
of the system of pulleys to vary with the load? 

2. Solye Problems 2 and 3, page 27, from a consideration 
of the potential and kinetic energies of the body at the top and 
bottom of the plane and arc. 

3. Taking the distance of the sun as 90,000,000 miles, the 
density of the earth as 5.50, its radius as 4000 miles, find the 
kinetic energy in kgm. -(meters)^, which the earth possesses by 
virtue of its orbital motion. Find how many kilograms of water 
it could raise from 0° C. to 100° C. if its energy were suddenly to 
be transformed into heat by a collision. Take 1 kilo'meter as 
equal to .62 miles. 

Carry to three significant figures only and use throughout the expo- 
nential notation, thus 7.14 X 

4. What mean force has been applied to a kilogram weight if it 
has been raised 5 meters and at the same time given an upward 
velocity of 2, meters per second? 

5. A bullet enters a target with a velocity of 120 meters per 
second and penetrates 10 cm. What velocity should it have to 
penetrate 18 cm.? 

6. A Joule is 10’’' ergs. A Watt is an ^'activity” of 1 Joule 
per second. A horse-power is an ‘‘activity’^ of 746 Watts. Find 
the horse-power of a steam pump which lifts 100,000 liters of 
water per hour from a well 30 meters deep. 

7. How many Joules of work are expended by a 200-lb. man in 
climbing stairs 60 ft. high? How much heat would he develop if 
he were to fall to the ground, i. e., how many grams of water 
would the heat generated by the fall raise through 1° C. (1 inch 
« 2.54 cm., 1 kilo, =* 2.2046 lb.) 
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THE LAWS OF IMPACT 
Theory 

If two bodies be connected by a stretched or a compressed 
spring, then if the spring be released, common observation teaches 
that both bodies are set into motion. According to the Second 
Mr’/n and forces which produce these two motions are 

proof of . measured by the rates of change of momentum of the 
Thud aw. ^odies. Hence the Third Law in asserting the 
equality of the two forces asserts the equality at every instant of 
these two rates of change of momentum. Experiment alone can 
furnish proof of the correctness of the assertion. But the Third 
Law is much more than the assertion of this equality in this par- 
ticular case. It asserts that all forces are essentially like those 
existing in stretched or compressed springs; in short, that all 
motioiivS in the universe arise from stresses, and that whenever 
one body is set in motion some other body always receives the same 
quantity of motion in the opposite ^direction. This assertion is 
a generalization from a large number of experiments upon forces 
whose effects can be observed and measured. Astronomical obser- 
vations attest the correctness of the law for gravitational forces. 
Laboratory experiments must be relied upon to furnish evidence 
regardingforcesarising from impact, magnetization, electrification, 
etc. In this experiment the law is put to the test for certain eases 
of impact. 

When any moving mass (see Pig. 36) makes impact with 
any stationary mass it is observed that 
the latter ' is . set into motion. 

The conser^ , , 

vation of while the form er loses part of 
momentum. . , _ .. . 

■ . its velocity, ./.uoiisider any in- 
stant of the impact and let be the accel- 
FIGURE B6 ©ration which the force /g (see Pig.) is 
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imparting at that instant to mg, and ai the negative acceleration 
which the force /j is imparting to mi. The Second Law gives 
= and 

The assertion of the Third Law, then, is - 
/i=/s5 or miai^m^a^. 

Blit if the rates of change of momentum of mi and mg are at every 
instant equal, it follows that the total momentum imparted to mj 
during the whole time of impact is equal to the total (opposite) 
momentum imparted to mg^ or symbolically, if tq represent the 
velocity of mi before impact, Vi its velocity after impact, and % 
the velocity imparted to m^^ 

mii^Ui—v^^m^v^l 

or by transposition 

miUi^MiVi + m^v^^ (3%) 

an equation which asserts that the total momentum iefore impact is 
equal to the total momentum after impact. 

If mg has an initial velocity %, precisely the same line of 
reasoning gives 

= + (33) 

Thus the Third Law asserts that momentum is conserved in all 
impacts^ he it between elastic or inelastic bodies. 

While thus the Third Law asserts that there is never any loss 
of momentum in an impact, it does not assert that there is 
no loss in kinetic energy. The mechanical energy is 
tiomm&r always less after impact than before, and in the case of 
an inelastic impact between two bodies one of which is 
at rest (wg = 0) the loss can be theoretically calculated from a knowl- 
edge of the masses alone. Thus, for this case, since in inelastic 
impact the bodies remain together after the collision, = %, and 
the general equation (38) becomes 

niiUi- {mi -^-m^v^, (34) 

Substituting the value of obtained from (34) in the expression 
which represents the fractional loss I of kinetic energy, via. , 

, K E before -X E after ^ \miu}-\imi^m^v^ (%k\ 

^ JTjS^before "" ^ ^ 

there results, after redaction, the simple formula, 


mg 

mi + mg 
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Tlie Third Law therefore leads to the interestiag conclusion^ that 
the per cent loss in kinetic energy, when one inelastic body 
impinges upon another which is at rest, is altogether independent 
of ' the velocity of the impinging body. 


Experiment 

To test the equality of momenta before and after 
impact for the case of inelastic, impact. 

, It is not easy, to measure, the :, velocities immediately 

before and after an impact. But if the velocity of the^ impinging 
body be acquired 'by a fall from a . known height /^i, and , 
if the struck body expend its velocity in rising to, a 
known height /^g, the. required velocities Ui and can be , easily 
calculated from the measured heights and . 


OlyecL 


Method. 



tions a lead ball ???i, rendered per- 
fectly inelastic by moans of a piece 
of soft wax, is allowed to fall down 
a circular arc from the position d 
to the position d' (see Fig. 37). In 
so doing it acquires the same veloc- 
ity as though it had fallen through 
the vertical distance db (see Ex. 
Ill, Problem 3, and Ex. V, Prob- 
lem 2), After impact the cylin- 
der and ball move together up the 



Figxtke 37a 
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arc Jf, wliicli is' graduated in degrees, to a poiiit wHcli is regis- 
tered bj the light aluminum index 1. The vertical height cor- 
responding to this movement up the arc is calculated from the 
index readings as follows ; 

Let 0 be the index reading when ball and cylinder hang 
together. The center of gravity of the system formed by the ball 
caimiation Cylinder together must then be at some point c 

diagram, Fig. 38) which is directly under- 
rmdings, neath the point of support A. Let o' be the index 
reading when the cylinder hangs alone, i. e., the reading cor- 
responding to the position 
of the system at the instant 
of impact. At this instant 
the center of gravity of the 
system is at some point c\ 
which is to the right of c? a 
distance s.uch that c~c' ^ o 
-o'. Now if the force of 
the blow were zero, as soon 
as the ball and cylinder were 
joined, the force of gravity 
alone would cause the sys- 
tem to move forward, for o, 
not o', is the natural posi- 
tion of its center of gravity. The velocity acquired in falling from 
o' down to 0 would of course carry the center of gravity of the 
system up again to some point o" such that o - o' = o" — o. It is 
evident, then, that only the movement over- the arc o"o'" [= o"/i;] 
can be attributed to the velocity imparted by the blow. Hence 
is the vertical height corresponding to this portion only of the arc, 
i. e. (see. Fig. 38): 



11 


But 

c"s = uv^ and uv - uA — vA. 

(38) 

NOW''";' 

uA -1^-4 /i 

— = cos a, and — - = cos 

; ^ . . . ..J ^ ^ 

(39) 

Hence 

uA - vA = r (cos a - cos B) , 

(40) 


in which B is the angle whose arc is gc'" [= oZ;], and a is the angle 
whose arc is g"c [= cc' = oo']. Since the arc is graduated in degrees, 
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a . and 6 are obtained at once from the readings. Finally, then/ 
from (37), (38), and (40), 

/^2 = r (cos a — cos B). (41) 

The radius r should be measured from the point of support to 
the common center of gravity. Cos a and cos B may be obtained 
from any trigonometrical table. 

The momentum equation which it is sought to verify is mitii 

= (wq 4-^?W2 )v 2. But, since % = v^2y/zi and 

tinmtoiiG this equation may be written in the form 
verified, 1_ , ^ 

(mj + mg) V (42) 

By a similar substitution the expression for the loss of kinetic 
energy (35) may be written 

^ ^ mJh- {mi + nh)7h 

niihi ^ ' 

Make several preliminary trials, adjusting, if need be, the posi- 
tions of the clamp B (Fig. 37), and the suspensions of the ball and 

Directions means of the thumbscrews i (Pig. 37a), 

until, when the ball is released by burning the thread 
/, the cylinder moves smoothly up the arc without wabbling. 
This done, measure the height from the top of the table to the top 
of the ball by means of a meter stick furnished with a sliding clip 
/ (Fig. 37). Then move the index up the arc to nearly the point 
which mil be reached by the cylinder. After the impact take 
very carefully the index readings at o, and o', and also the dis- 
tance from the table or floor to the top of the ball when the latter 
is held at the point of impact. (It must of course be provided 
that the reference plane from which the heights ah and ad are 
measured is accurately horizontal.) 

Obtain at least two sets of readings. Weigh the ball and 
cylinder upon the trip scales. 





Eecord 




1st Trial 




2d Trial 
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Problems 

1. Wbat relation exists .between and when I- of the K' B 
is lost in heat? When ^? When |? 

2. The moon moves toward the earth a distance of 15 ft. per 
minute. Find how far the earth moves toward the moon in the 
same time. (Ratio of masses, 1 to 81.4.) 

3. A rifle bullet weighing 20 gm. was fired into a ballistic pen- 
diilimi weighing 4 kilos. The latter moved up an arc a distance 
corresponding to a vertical rise of 5 cm. Find the velocity of the 
bullet. 

4. Is it true that, at the start, the wagon pulls back with the 
same force with which the horse pulls forward? If so, how is any 
motion produced? If not, reconcile your answer with the Third 
Law. 

5. A bullet weighing 20 gm. and having a speed of 300 meters 
per sec., struck and imbedded itself in a bird weighing 5 kilos, 
which was flying in the same direction as the bullet with a speed 
of 150 kilometers per hour. Find the velocity of the bird, in 
kilometers per hour, the instant after it was shot. 

6. What becomes of the momentum of a meteorite which col- 
lides with the earth? What becomes of its energy? 

7. Two equal inelastic balls moving with equal velocities in 
opposite directions collide. Show that in this case the momentum 
before impact is the same as that after impact. 

Note that velocity is a directed quantity. 

8. A billiard ball weighing 100 gm. and moving east with a 
speed of 2 meters per sec. was struck by a putty ball weighing 4 
gm. and moving south with a speed of 20 meters per sec. Find 
the speed and direction of the ball the instant after the impact. 

9. A 500 gm. bird sat on a pole 30 meters high. A boy 
standing 20 meters from the base of the pole shot the bird with a 
10 gm. bullet which had a speed of 150 meters per sec. How far 
did the bird rise above the pole? How far from the base of the 
pole did it strike the ground? 

Assume that the bullet lodged in the bird. 
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ELASTIC IMPACT. COEFFICIENT OP EESTITUTION 

Theory 

Since force is equal to rate of change of momentimi it follows 
from the Third Law that the mean force acting between two 
impinging bodies is the total change in the momentum 
either divided by the time of duration of the impact. 
Since this time can not in general be determined, it is 
customary to confine attention to the total change in momentum 
which each body experiences by virtue of the impact. This 
quantity is called the ^‘impulse” of the force, and will be here- 
after represented by the letter J?. If, then, Ui and % represent 
the velocities of the first body nii before and after impact 
respectively, and the velocities of the second body 
before and after the impact, then by definition 

( 44 ) 

or (see Third Law), 

E = ( 45 ) 

In the case of elastic impact, it is convenient to divide i? into 
two parts El and ii? 2 , of which Ei represents the impulse during 
the compression^ ddidi impulse the instant of greatest 

cofnpression to the instant of separation. 

In impacts between inelastic bodies 74 = 0. If the colliding 
bodies are perfectly elastic, it might be expected that would be 
equal to i?i. In point of fact this is never the case, 
o/eoemellnt there are losses due to internal friction even with 
bodies which when subjected to static tests show per- 
fect elasticity (see definition of perfect elasticity in 
Ex. VIII). However Newton proved experimentally that for any 

two given bodies the ratio is always a constant so long as the 

Ml 

impact is not so violent as to produce permanent deformation 

68 
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This ratio is called the coefficient of restitution, and will he here- 
after represented by the letter e. It is always less than unity. 


This coefficient of restitution e 


may also be shown to be 


the velocity of recession, of the two colliding bodies divided 

Proof that ^heir velocity of approach, Ui - U2- For it is evident 
e = "that at the instant of greatest deformation mi and mg 

have a common velocity. Call this velocity & Then, 
from the above definitions of Ri and 

Bi^ nil {til — S) == 9712 (S-th), (46) 

B2==m^ {S-v,) = m2iv2-8). (47) 

Division of (47) by (46) gives 

From (48) come the two equations, 

S-Vt^^eiux-S), (49) 

• Vi~3=e{S-u^. (50) 

Addition of (49) and (50) gives 

^2— Vi = e (Wi-Mj). (51) 

Q.B.D. 

In the special case of impact against a fixed plane, % = 0, 
= 0, and Vi is opposite in direction to Ui therefore 

e = ^. .(52) 

ISTewton’s law as to the constancy of 0 may therefore be very easily 
tested by varying the velocity of approach of a body toward a 
fixed plane and measuring the corresponding velocities of rebonnd. 
If the body be dropped vertically upon the fixed plane, the 
velocities th and Vi can easily be determined from the heights of 
fall and of rebonnd. 

The actual loss L of mechanical energy upon impact (not the 
fractional loss Z) is evidently 

^ - (imi?;/ + ; (53) 

Impact, 


L=imi{ut-Vi) (wi-f»i) + iOT2 {th-Vi) {ih + Vi); (54) 
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or from (44) and (45) 

L = y C^X + Vi)-— (M2 + t>3)=y {(“i— (55) 

The combination of (55) with (51) gives 

L = y {^1- '^h) (l-e). (56) 

But substitution in (51) of the values of and Vi obtained from 
(44) and (45) gives 

(l + e)iui-u,). (57) 

mi + 7712 ^ ^ ^ 

Substitution of this value in (56) gives for the loss of kinetic 
energy 

i = i (1 - e^) (% - u,y • (58) 

The fractional loss I is this expression divided by the initial energy^ 
Hence for the simple case in which mg is at rest, i.e. , for which 




7712 

mi + 77h 


( 59 ) 


and for the still simpler case in which mg is not only at rest but 
is also infinitely large, i.e., the case of impact upon a fixed plane, 

(60) 

Equation (59) shows that, as in the case of inelastic impact, 
the loss in kinetic energy is independent of the velocity of the 
striking body provided the struck body is at rest. Whene = 0 
(59) reduces to (36). 

It appears from (58) that the sole condition of no loss of 
kinetic energy in an impact is =s l. The fact that ^ is always 
somewhat less than unity means then that in all impacts there is 
some transformation of mechanical into heat enei’gy. 

It is evident from the general momentum equation (33), viz., 

Velocities 

afkrimpact equation (51) which determines viz., 




( 61 ) 


that the velocities after impact can always be found if the 
coefficient of restitution, the two masses, and the two initial 
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velocities are known. For the- simple case in wHcli e = 1, i. e.., 
for the case of so-called ‘'’perfectly elastic”* impact^ the solution 
of these two equations gives ■ 


^ _ ^^8^2 + ^1 (^1 ^2) 

^mxUx — u'^ (mi — mg) 


^8 = 


mi 4- mg 


( 62 ) 

( 63 ) 


Object 


Di7'eetions. 


Experiment 

1. To test Newton’s law as to the constancy of ej 2. to prove 
the equality of momenta before and after impact and 
to find the coefiicient of restitution and the per cent 
loss of mechanical energy in the impact 
of two steel balls. 

1. Drop steel and glass balls from 
the clamp c (see Fig. 39) through the 
ring 0, and slip the hori- 
zontal rod r up or down the 
vertical support, until, in the rebound 
from the smooth top of the heavy steel 
plate Pf, the bottom of the ball just 
becomes visible above 0. Make obser- 
vations for at least three different 
heights of fall which lie between, say, 

30 cm. and 100 cm. In each case 
make the measurement from the steel 
plate to the boiiom of the ball. 

Since in general for falling bodies 
starting from rest v = V%gh, 


, - iil = 1 
'““wi Al h 


m 



FIGUBE 39 


2. The form of apparatus used in 2 (see Fig. 40) is the same as that 
used in Ex. VI, save that all three heights, viz. , the height oifall of mj 

*The term is rather unfortunate since “perfect elasticity” is often 
used in a somewhat different sense (see Ex. VIII). 

t A slab of slate or any smooth, hard, and heavy body may replace the 
;..steelplate...',' 
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Apparafm, 


Directions. 



Figure 40 


before impact and the heights of rise 
of both mi and after im- 
pact are measured: upon a 

graduated arc. 

First make such adjustment of the' 
lengths of the supporting strings that, 
when the balls hang freely, 
the wire frame carried upon 
the bottom of clears index 1 (see 
Fig. 41), but catches index 2, while 
the like frame on mi catches index 1. 
Then adjust so that when the thread 
which holds mi back is burned, is 
driven straight up the arc by the im- 
pact from mi. Take the reading of 
index 1 when mi is tied in position a. 
Next slide index 1 down nearly to h, 
the point to which mi 
will move after the im- 
pact (this point should be 
approximately located by 
a preliminary trial), and 
place index 2 in the 
neighborhood of c. Then 
burn the thread, catch mj 


with the hand as 
it swings back 
after the impact, 
and take the 
readings at 5 and 
./..Note the zero 
reading of each 
ball, i. e., the 
reading when \ 
each ball hangs 
alone^ and finally 
take the reading 
of index 1 when 
nit is at the point 
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of impact d. This is not the reading when loth halls hang together^ 
but the reading when wig bangs freely and mi is brought down so. 
as just to touch wig. 

If a represent the difference between the zero reading of index 1 
and the reading at the point of impact B the difference between the 

Calculations ^ reading at a, j3 the difference between 

the zero of 1 and the reading at h^ and m the difference 
between the zero of index 2 and the reading at c, it is evident 
f rom the discussion of Ex. VI that the height hi through which mi 
falls before impact, the height /ig through which wig is raised by 
the impact, and the height hi through which m-i rises by virtue of 
the velocity which it retains after the impact, are given by the 
relations (see Pig. 41) 

hi- r (cos a — cos ^) , ) 

^ 2 = ^"(1 — cosw), V (65) 

(cosa-cos^). ) 

The equation to be verified, viz., 

= wigWg + wiiWi, 

may be written, since v = %gh^ 

mi v'/ii = wig V'Ag + wii Wi/ 5 
or 


( 66 ) 


mj-v/ (cos a - cos 0) = mg (1 — cos w) + miV'(cos a -cos 13). (67) 
A similar substitution in the expression for the coeflScient of rest! 
tution [see (61)] gives 


v" (1 — cos 0 )) — v' (cos a — cos jS) 


( 68 ) 


^'(cos a — cos ^ 

The loss of energy is to be obtained from e, wij and wig [see (59)] 


Steel 

1.— Ht. of fall 1st — 
Ht. of rebound ‘‘ — 


■2d- 


Eecord 


-3d- 


1st 


Glass 
2d' — 


3d 


% loss of K E — 

2, — Edg. of index 1 at a at b — — at zero — - at pt. of impact - 

;■ ‘V ■■ — '"'at'C 

Momentum before ^^fter — e = — — % loss of K E — 
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Problems 

1. Show from (57), (44), and (45) that when two equal l3aris, 
for which b = 1, collide centrally, they simply exchange velocities, 
i. e., the result is the same as though one had passed through the 
other without in any way influencing it. 

2. Hence explain why the only effect of a central impact of one 
marble upon a row of marbles is to drive off the end marble. Also 
why the impact of two marbles drives off two from the end, etc. 

3. A 300 gm. ball approaches a bat with a velocity of 50 meters 
per second; it leaves with an opposite velocity of 100 meters, 
Find the mean force of the blow if the impact last second. 

4. A rapid-fire gun shoots 500 30-gm. bullets per minute. 
Find what force is necessary to hold it in place if the velocity of 
the bullets be 500 meters per second. 

For a constant force, or for a succession of impulses so rapid that the 
effect is the same as that of a constant force, “rate of change of mo- 
mentum” is change of momentum per second. 

5. A fire engine throws 400 liters of water per minute from a 
pipe furnished with a nozzle of 4 cm. diameter. What force does 
a wall experience against which the Jet is directed at short range 
(assume inelastic impact)? If each particle of water were ‘^per- 
fectly elastic,” i, e., rebounded with the velocity of approach, what 
would be the value of the force? 

6. A bullet weighing 50 gm. is fired into a block weighing 125 gm. 
Find the per cent loss of mechanical energy. Had ball and block 
been elastic bodies for which ^ =1, what would have been the loss? 

7. <3 is very nearly unity for equal spheres made of perfectly 
elastic materials (steel, glass, ivory, etc.), but it is not unity for 
unequal balls of the same substances. It may be as low as .75 for 
steel balls of greatly difi^rent size. Thus e is a constant of the 
colliding bodies, not of the material. Why? 

Consider vibration losses, and the conditions under which vibrations 
will persist in the bodies after impact. 

8 Find the velocities after impact of two directly impinging 
bodies whose masses are 50 gm. and 100 gm., whose velocities 
before impact are in the same direction and have values of 600 
cm. and 350 cm. respectively, and for which e is unity. Ditto for 
balls for which e = .90. 

9. Explain the rise of a rocket. « 
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HOOKERS LAW: YOUNG’S MODULUS 


Theory 

Most substances possess in greater or less degree two quite dis- 
tinct kinds of elasticity: (1) elasticity of volume, (2) elasticity of 
form. A body is said to have volume elasticity if it 
eimUcitT return to its original volume after being com- 

pressed or dilated by the application of force; i. e., if 
its molecules tend to maintain fixed distances with reference to 
one another, and resist any attempt to increase or decrease these 
distances. A body possesses form elasticity, or rigidity if its 
molecules tend to maintain a fixed configuration^ and resist any 
attempt to produce slipping motions among themselves. 

The volume coefficienf^ or the volume modulus^\oi elasticity 
is a constant which measures the restoring force called 
coefficients ^ given change in the mean distance 

between adjoining molecules, the configuration remainr 
ing unchanged. 

The coefficient of rigidity or ^‘rigidity modukis^ ’ is the constant 
which measures the restoring force called out by a given change 
in the relative positions of the molecules, the mean distance 
remaining unchanged. hTo connection whatever exists between 
the two kinds of elasticity. Thus all liquids possess a volume 
modulus which is enormous, a rigidity modulus which is essentially 
zero. India-rubber has nearly the same volume modulus as 
water, but with a very pronounced rigidity modulus. The metals 
have very large moduluses of both volume and form. 

A body is said to perfectly elastic if it always requires the 
same force to produce the same displacement. Thus a wire would 
show perfect elasticity if the successive removal of a 
eioMcity Mmber of stretching weights caused it to resume 
exactly the lengths which it had during the successive 
addition of the weights, and that no matter how long or how 
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short a time the weights had been in place. If experiments 
only are taken as the test of perfect elasticity, all liquids are per- 
fectly elastic, and most solids also so long as the displacements are 
kept within certain limits. The limits of perfect elasticity, how- 
eyer, difier yery widely for different substances. J ellies and rubber 
show perfect ngulity through yery wide limits, iron through very 
small, lead through smaller still, etc. 

There is no connection between the ^‘degree” of elasticity of 
a body and its elastic constants. The former measures the per- 
fectness of the return to the initial condition, the latter 
iSSSs the magnitude of the force required to produce a given 
displacement. Thus Jelly is nearly perfectly rigid, but 
has a yery'small rigidity coefficient. Lead has large coefficients, 
but a small degree of elasticity. In popular usage a body is said 
to be ‘^yery elastic” which possesses nearly perfect elasticity 
through wide limits. Properly speaking, ability to rebound is a 
measure of resilience, not of ‘^degree of elasticity.” N'everthe- 
less, the former depends in large measure upon the latter,’*' 

Experiment shows that within the limits of perfect elasticity 
the displacement produced is proportional to the force 
applied^ whether it be the bulk or the form elasticity 
which is made the subject of test. 

For the determination of the volume modulus, force must be 
applied in such a way that it will compress or dilate the body 
equally in all directions, hut will not distort it. This 
moduim^^ Can of coiirse be done only by a uniform pressure or 
tension applied to all points of the surface of the body. 
The bulk modulus h is then defined as the ratio between the force 
per unit area (the stress) and the change in volume per unit volume 
(the strain). By Hooke’s Law this ratio must be constant. 
Thus 


Boolie' 

Law. 


yol 


niod / foyce\ ^ / change in voL 


\ area 7 


or symbolically, since by definition 


\ yoL 
force 


)■ 


k • 


R 

V 

r 


area 

PV 


! pressure, 


m 


*Art. on ‘‘Elasticity” by Lord Kelvin in Encyclopcedia Britannica. 
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in wHcli h stands for the volume modulus, P for pressure (i. e.^ 
force per unit area) , V for volume, and -y for change in volume^ 
Unfortunately the direct determination of is not easy. It 
is therefore customary to determine instead a quantity called 
Young’s Young’s modulus, which is a cross between the volume 
moduim. modulus and the rigidity modulus. A known weight is 
hung from a wire and the elongation measured. Toung^s modulus 
is then defined as the ratio between the force per unit cross-section 
of the ivire and the elongation per unit length. It is evident that 
the operation here described tends to produce a change in form as 
well as in volume, for instead of increasing or decreasing all 
dimensions it increases the length and decreases the diameter. 
Analysis which is beyond the scope of this book shows that from 
this hybrid modulus U, and the rigidity modulus n (see Ex. IX) 
the bulk modulus h can be found by the equation 

( 70 ) 

Experiment 

To test Hooke’s Law and to find Young’s modulus for 
steel. 

instrument for determining the elongation produced in a 
wire by a given stretching force is shown in Eig. 

42. The upper end of the wire is 
firmly clamped in a chuck at a. At 5 
the wire is gripped by a second chuck which is 
set into a cylindrical brass piece. This cylinder 
passes, with very little play, through a circular 
hole in the cross piece n is rigidly clamped 



Description. 


Figure 42 
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to ■ the upright rods 11 and and carries a small horkontal 
table upon which rest the front feet of the optical lever m. In 
order to prevent easy displacement of the leyer these feet are 
set ill a groove o. The rear foot of the lever rests upon the face 
of the chuck At a distance of twelve or thirteen feet from 
the instrument a telescope to which is attached a vertical scale 
Sj is so placed that the image of the scale formed by the mirror 
m is visible in the telescope. The addition of a weight to F. 
stretches the wire and lowers the rear foot of the lever a distance 
which will be denoted by e. If I represent the distance from the 
rear foot of the optical lever to the mid-point between its front 
feet, it is evident that the production of the elongation e in the 

wire ah has caused the mirror m to turn through an angle of y 

radians. This angular motion of the mirror causes some point j?' 
instead of p to come under the cross-hairs of the telescope. The 
beam of light reflected by the mirror has thus been turned through 

the angle — radians. But this angle is twice that through which 

o o o 

the mirror turns (see Problem 1 below) ; hence the distance e is 
easily determinable in terms of the measurable quantities 
and L 

Dieectioks. — First locate the image of the scale in the tele- 
scope. To do this move*, the head about near the telescope until 
Fndin the of the cyo is seen in the mirror If the 

scale in the eye caniiot he found at the distance of the telescope, 
move the head up toward the mirror until it is found; 
then move hack again. Keeping the image of the eye in sight, 
move the telescope and scale into, or near to, the position occu- 
pied by the eye. Then adjust positions until, when the eye 
sights over, not the telescope, the image of the scale is 

seen in the mirror. The image of the scale must then fall 
upon the objective of the telescope. Then looking through 
the telescope, focus by means of the rack and pinion r until 
the mirror itself is seen, then slowly push m the eye-piece by 
means of r until the scale is brought into view. If the cross- 
hairs are not in sharp focus, move the eye-piece alone, in or out, 
until they appear perfectly sharp, then refocus upon the scale by 
means of r. 
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Hext turn tlie mirror m until the portion of the scale seen in 
the telescope is that near the objeetiYe, and take a careful reading 
of the position of the cross-hairs upon the scale, esti- 
readings. i^^ting to tenths millimeters. If a slight change in 
the position of the eye changes at all the reading, focus 
again carefully until this error of parallax” is altogether 
remoTed. Add kgm.. weights successively to the pan and take the 
corresponding readings. Make similar records as the weights are 
successively removed. If upon removal of the weights the cross- 
hairs do not return to their original position, the limit of perfect 
elasticity has been overstepped and the readings must be repeated 
with the use of fewer weights. In adding or removing weights, 
use extreme care to prevent jarring the instrument or changing 
the position of the lever-point on chuck. A divergence in succes- 
sive elongations of more than one per cent indicates carelessness. 

In order to determine I take the imprint of the three feet of 
the optical lever upon a sheet of paper. With a knife-edge draw a 
line connecting the centers of the two front feet. The 
distance from the middle point of this line to the center 
of the third foot may he measured with a steel rule held 
on edge. Estimate to tenths millimeters. Measure the distance 
wp with a,; tape. 

Since in this case Young’s modulus involves the sectional area 
of a very small wire, it is necessary that the diameter be measured 
with great care. Measure with micrometer calipers, and let the 
final result be a mean of at least a dozen observations taken at 
equal intervals from top to bottom of the wire. In rising the cali- 
pers always take the zero reading as well as the reading when the 
wire is between the jaws. 

In the calculation of Young’s modulus, the stress (force per 
unit cross-section) must he expressed in dynes per square centi- 
meter, the (elongation per unit length) in centi- 

It is also required to plot a 
curve in which the total weights in the pan at each addi- 
tion shall represent abscissae, and the corresponding total elonga- 
tions, measured from the first reading, shall represent ordinates. 
Asa check upo|i the accuracy of the work, change the position 
of the telescope and scale, and make a second complete determi- 
nation of 


The other 
measure^ 
menu. 


meters per centimeter, 

menu. 
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Eecord 

^ 1st, Beterminatiois 2d Determination . 

Wts. Rdgs. Difs. Diams. Rdgs. Difs. Diams. 



Means .. — 

I — fifip -sr wire length = I = mp = . \ e =' 

.-.Frr:- X 10 “ X 10 


Problems 

1. From the optical law angle of incidence equals angle of 
reflection^ prove that a beam of light reflected by a mirror turns 
through twice the angle through which the mirror turns. 

2. Can a body whose bulk modulus is infinite have a finite 
Young’s modulus? 

3. A wire 80 cm. long and .3 cm. in diameter is stretched .3 
mm. by a force of 2 kilo. How much force would be required to 
stretch a wire of 180 cm. length and 8 mm. diameter through 
1 mm,? 

4. An iron and a brass wire have each the length of 15 cm. 
when each is stretched by a force of 1 kgm. The length of the 
brass wire becomes 15.4 cm. under a stress of 3 kgm. and that of 
the iron wire becomes 15.6 cm. under a stress of 9 kgm. Com- 
pare the modulus of iron with that of brass. 

6. What force is needed to double the lengih of a steel rod 
whose diam. is 2 mm.? Assume perfect elasticity. 


IX 


THE COEFFICIENT OP IIGIDITT 


Theory 

In order to find the coefficient of rigidity of a substance it is 
necessary to apply a force which will cause the molecules to shift 
their relative positions without altering at all their 


Definition 
and 

illmtration 'T'o 
of shear, 

rigid cylindrical shell whose 


distances apart, 
take as 


Such a change is called a ' 


a case as 



shear.” 
possible, imagine a 
wall is one molecule 
in thickness, and let the height of the cylinder be so small 
that it contains but two rows of molecules [see Fig. 43 (1)]. 
Let a tangential force act upon each of the molecules 1, 3, 4, 

etc., of the upper row so as 
to bring them into the posi- 
tions shown in Fig. 43 (2), ^ 
the molecules of the lower 
row being held fast by equal 
and opposite forces. The 
change produced is evi- 
dently a pure shear, since 
configuration alone has been 

changed, all distances re- figure 43 

maining exactly as at first. 

ThQ shearing force is the total force which has acted, or the sum 
of the forces upon the individual molecules. The angle through 
which the line connecting any two molecules which originally lay 
in the same vertical line has been turned by the shearing force, 
is taken as the measure of the shear. This angle ^ is always 
expressed in radians. 

Were 'the cylinder three rows of molecules in height instead of 
two [see Pig. 43 (3)], then, upon the application of the same shear- 
ing force, the upper row would move twice as far as before, but 
the angle of shear ^ would remain the same, for the case would be 

71. 




MEOHAISriCS 


n 

precisely the same as though the middle row were clamped fast 
and the equal and opposite forces on the upper and lower ro-ws 
produced each the same effects which were considered 
independent From an extension of the same line of rea- 

oj^c0nder souing to a still longer cylinder, it is evident that the 
shear produced by the application of a given shearing 
force to the top of the cylinder is independent of the height of the 
cylinder, for the shearing motion ultimately ceases only when the 
restoring force due to the rigid connection between the top row and 
the next to the top row of molecules is equal to the shearing force, 
1. e., when there is a given angular displacement between these 
two rows. In order that the second row from the top may be in 
equilibrium, the same angular displacement must exist between it 
and the third row as exists between rows 1 and 2, and so on to 
the bottom row. Thus a given shearing force must produce a 
given angular tilt in a row of vertical molecules whether the 
cylinder be long or short. 

Conceive now the ideal cylindrical shell to be replaced by an 
actual thill hollow cylinder of length of mean radius r and of 
thickness t [see Fig. 44 (1)]. Divide the]upper surface 
f&SuoJ unit areas, and let a tangential force / be applied 
rigd%tyn, area [see Fig. 44 (2)]. The coefficient of 

rigidity n is mw defined as the ratio behoeen the f orce per %mit area 



{the stress) and the shear {the strain) produced by this force. 
Symbolically [see Fig. 44 (I)], 

« = | ( 71 ) 
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Tlie total shearing force is, however, Af^ A. representing the area of 

the ring. Cali this total force Then n = ^ angular 

area 


displacement; or 


“ Ae 


(72) 


From Hooke’s Law this ratio is the same for all values of /\ 

It is not so easy to measure 0 directly as it is to measure 
3feasurement (I)]? angle through which the end of 

toupw^^ cylinder is twisted by the force/'. Since the arc 

cylinder. ^ [Fig. 44 (1)] is always small in comparison with 
the length of the cylinder, it is possible to write without apprecia- 
ble error, 

^ - 0, But also — = <j>, 

I r 


Hence 

Again 


A = 2irrt. 


Substitution of these values of A and 6 in (72) gives 

f'l 


(73) 

(74) 

(75) 


If the force/' be called into play in the manner shown in Fig. 
44 (3), i. e., by clamping one end of the cylinder, screwing the 
other rigidly to a grooved circular disk and applying a twisting 
force of say F [= Wg] d 3 nies to the circumference of the disk by 
means of weights IF, then by the principle of moments [see Fig. 
44(3)], _ 


Hence finally from (75) 


FM 

2irr^<t>t 


(76) 


This equation, then, expresses the coefficient of rigidity, m 
terms of quantities all of which are easily measurable. 

If, as is usually the case, it is found more convenient to twist 
a solid cylinder rather than a hollow one, formula (76) can be 
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transformed to fit tlie case as follows: Imagine the solid cylinder ■ 
to be made up of a large number of concentric 
liollow cylinders of equal thickness and 

Memurement „ ^ 

tutcZvlCT. ^ 0 - 

The moment of force, say Fh^, which 

it is necessary to apply in order to twist any 
particular hollow cylinder of radius through 
FiGTOB 45 angle is found from (76), viz., 





T—* 


(77) 


The total moment of force Fh which must be applied in order to 
twist the solid cylinder through the angle <?£> is evidently the sum 
of all the moments Fhk, Thus Fh = Fhi + Fth + Fh^ -f . . . Fhn = 

{vi + ri 4-^3® + . . . r/) = X in which R is the radius 
of the solid cylinder.*-^ Hence, finally, for a solid cylinder, 


% Fill 
7rR*<h 


(78) 


an equation which shows that ^e twist ^ produced by a given 
moment of force, or “torque,” Fli^ applied to one end of a cylin- 
drical wire the other end of which is firmly clamped, is directly 
proportional to the length and inversely proportional to the fourth 
power of the diameter of the wire. 

It is evident from the definition of the coefiicient of rigidity n 
(also called the ^^modidus of torsion'^^) that it is a constant which 
is characteristic of the stibstance and is independent of 
^mqmeritof the dimensions of the particular wire used. But for a 
torswn^^ given value of I and R [see (78)], i. e., for each par- 

Fh 

ticularwire, the ratio — must also be constant (Hooke’s Law). 

This constant of the wire is technically called its ^ ^moment of 
forsionf^ and is represented by the symbol T’,,. Thus the equa- 
tion 


*If the student is not familiar with simple integrations he may 
take this summation for granted. Elementary integral calculus gives 

fE 

J T^dr = the thickness t in the above expression being the same as dr. 
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is simply the defimtion of the moment of torsion. Expressed ia 

words, the moment of torsion of a wire is the constant ratio of the 
moment of the restoring force exerted by a twisted wire and the angle 
of twist. If in (79) <^= unity (i. e., 1 radian), then T„ = F7i. 
Hence the moment of torsion of a wire is sometimes defined 
as the moment of force required to twist one end of the wire 
through one radian. * 

It is evident from (78) and (79) that the modulus of torsion n 
may he expressed in terms of the moment of torsion T„ and the 
dimensions I and R. Thus, 


n = 


•itTol 



Experiment 

(1) To test Hooke’s Law for torsion ; (2) to determine the 
owect moments of torsion of steel wires of different lengths 
and diameters; (3) to find n, the coefficient of rigid- 
ity of steel. 

Three steel wires 1, 2, and 3 (Fig. 46) are provided, of 
which 1 and 2 have the same lengths I (about 1 m.) but different 
. diameters, 1 and 3 the same diameters (about 2.5 mm.) 
but different lengths. By means of a set screw at j 
the wires may be clamped rigidly to the grooved and graduated 
circular wheel C. Displacements produced by the weights IF are 
read off by means of an index attached to the frame. Ball bear- 
ings virtually do away with all friction and render possible a high 
degree of nicety in the readings. 





FlOtTBB 46 
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Clamp wire 1 in position and take readings first as 100 giin 
weiglits are successively added to tlie pan, tlien as they are 
removed. Eepeat with wires 2 and 3. Measure the 
Directions. diameters with the micrometer calipers (see Appendix), 
taking a mean of a large number of readings at regular intervals 
along the wire. 

Use the following method in calculating the mean twist per 
100 gm. ; 

If the 'total twist due to 6 hundred grams is, say, 4.32 

Cfi u cc u ct cc 5 U U tc it 

cc u a u C4 cc 4 u a cc 2.89 

CC 44 44 4 4 44 44 3 44 44 44 4 4 2,17 

44 4 4 44 44 44 44 2 4 4 4 4 44 

44 4 4 44 44 44 44 44 44 4 4 44 

sums= 21 and 15.16 

then the most correct value of the”” twist per 100 gm. which can 
be obtained from this set of readings is 15.16 -5- 21 = .722. 

This method gives to each observation precisely the amount of 
consideration which it deserves. Thus it gives a weight of 6 to 
the observed displacement for 600 gm., a weight of 2 to the 
observed displacement for 200 gm., etc. 


Eecord 

Wire No. 1 ' No. 2 ' No. 3' ' . Diameters 

Wts, Beads. Dife.' . Beads. Difs. ■ Reads. Difs. ... No. 1 ' No. 2' .No., 3 
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lofNo. 1__ 

I of No. 3“ 

Diam. of. No. 1 

Diam. of No. 2 

Eadius of wheel C 

. *. n from 1 from 2 


Mean twist of No. 1 __ 
Mean twist of No. 3 
/ Mean twist of No. __ 
VMean twist of No. 1/ * 


To for 1 - 
from 3 - 


for 2 - 
Mean — 


fo of error = - 


7 of error- 

- forg- 
es difs. - 


Problems 

1. If one of the wires had a real diameter of 2.513 mm., hut 
was measured as 2.501 mm., what per cent of error was thus 
introduced into n? 

2. Decide from a study of your ohservations which one of the 
quantities inyolved in n introduces the largest error into the 
result. Why is it needless to take great pains in measuring the 
lengths? 

3. Show from equation (78) that n would he correctly defined 
as the moment of force required to twist a cylinder of 1 cm. 
length and 1 sq. cm, cross-section through 360°. 

4. The moment of torsion of a particular wire is 7.21 x 10® 
absolute units; its diameter is 2.732 mm. ; its length is 50.1 cm. 
Find the moment of force required to twist a wire of the same 
material of 1 mm. diameter and 4 cm. length through 90°. 

5. ■ A man grips upon the circumference of a bar 100 in. long 
and 1 in. in diameter and twists it through 1°. He applies the 
same force (not the same moment of force) to the circumference 
of a bar 2 in. in diameter and 80 in. long. Find the twist. 


^ Blanks are for results of division. 
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MOMENT OE INEETIA 

Theory 

It was experimentally shown in Ex. IV that the condition of 
rotational equilihriiim of a rigid body acted npoii by the two 
forces jP and W (see Fig. 16) is FI = WV. But eqnilib- 
Motimof liiiiii is reached only when the two rates of rotation 
due to the forces i^and W are equal and opposite. It 
follows, then, from Ex. IV, that the rate at which a force can 
impart angular velocity to a rigid body is proportional to the 
product of the force and its lever arm, i. e., to the applied 
moment of force. Thus, while linear acceleration is propor- 
tional to the acting force,^ angular acceleration is proportional to 
the acting moment of force. Hence moment of force” bears 
precisely the same relation to rotary motion which force bears 
to linear motion. 

The inertia of a body is that property by virtue of which it 
offers resistance to acceleration. The measure of inertia is the 
inerm resistance offered to unit acceleration ; or, since this 
resistance is always equal to the force producing the 
acceleration (see scholium), the measure of the inertia of a body 
is the force necessary to impart to it unit acceleration. This was 
experimentally proved in Ex. II to be proportional to mass; in 
the absolute system of imitB equal to mass. Hence a gram of 
mass has one unit of inertia, two grams of mass two units of 
inertia, etc. 

Moment of inertia is tliai froioerty of a rotating body ly virtue 
of toliich it offers resistance to angular acceleration. It is meas- 
ured hy th6^^mome7it of force^^ necessary to impart to 
angtilar acceleration. Th.m^ 0 , rotating 
body has unit moment of inertia if it requires the 
application of a unit moment of force (1 dyne-centimeter) to 
increase or decrease its angular velocity at the rate of one radian 
per second; it has two units of moment of inertia if it requires 
two dyne-centimeters to impart one radian of acceleration, 10 
units if it requires 5 dyne-centimeters to impart an acceleration 
of i radian per sec., etc. Symbolically, if I represent moment of 

78 
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inertia, Fh the acting moment of force, and a the angular accel- 
eration, produced. 



This equation is to be regarded merely as the definiUon of J. It is 
thus seen that ‘‘moment of inertia” is a perfectly definite phys- 
ical quantity which can be determined for any body whateYer by 
merely applying a known moment of force and measuring the 
angular acceleration produced. The definition of I might be put 
in the following form: Moment of inertia is that physical prop- 
erty in which two rotating bodies agree when it requires the same 
moment of force to give to each a given angular acceleration. 

It is evident that I is not proportional to mass alone, as is 
inertia, for everyday experience teaches that two rotating bodies 

may have precisely the same mass and yet offer widely 
Caleulatim J ^ a . . . 

of moment different amounts oi resistance to the operation of 
of inertio. . x 

starting or stopping; e.g., two wheels, one of which 
has its mass concentrated near the axle, the other on the circum- 
ference. Thus I is a function both of mass and of the distribution 
of mass, i.e., of the distances of the elements of mass from the 
axis. In order to calculate J, the moment of force necessary to 
impart a radian of acceleration must 
be found in terms of the masses of 
the particles and their distances from 
the axis. Take a single particle 97^1 at 
a distance ri [=omi] (Fig. 47) from the 
axis and think of it as moving inde- 
pendently of all the other particles 
under the action of a force ft which 
gives it a linear acceleration at. The second law gives fi ^miUi 
The moment of the force /i about the axis is/^ri. 

Hence /i?*i = 

But since = a it follows that 

fjri^miarl. 

Similarly the moment of the force /g which is necessary to give to 
mg the angular acceleration a about the axis is 

/grg * mgar^^ 




80 


MBOHAKICS 


The total moment of force Fh which must he applied to give all 
the particles of the body the angular acceleration a is manifestly 
the sum of the moments applied to the several particles. Thus : 
Fh = fiTi + fF% + ®tc. = a + etc.) = al,mr^ (82) 


or 

Fh 

— = (83) 

a \ ' 

i. e. 5 the moment of force necessary to impart unit angular accel- 
eration is 'Znir\ But this is by definition I (see 81). 

Hence I = (84) 


In order, then, to calculate I for any body, it is necessary to 
multiply the mass of each particle in the body by the square of its 
distance from the axis of rotation, and then to find the sum of all 
these products. For an irregular, non-hoinogeneous body, this 
would evidently be an impossible undertaking. Hence for such 
bodies the moment of inertia can not be calculated. It can only 
be obtained by direct experiment, i. e., by applying a known 
moment of force and observing the angular acceleration produced 
(or by means of some experiment which is equivalent to this). But 
for certain regular, homogeneous bodies, it is possible to perform 
the summation indicated and hence to check an experimental 
value of I by means of a calculated one. This summation is done 
with the aid of the integral calculus. Only a few results of such 
summation ’^vill he indicated here. 

The moment of inertia .of a uniform cylinder of radius E and 
mass if rotating about its own axis is 


/ = 


MR\ ^ 


(85) 



*** This may be obtained as follows: If <r represent 
the density of the cylinder and lits length, then with 
the use of polar coordinates . (see Fig. 48), an.' element 
m of mass may be taken as 

m = <rZr dr dO 

Hence 

r ^ 5 ^ 7 la 


The other integrations are somewhat more complicated and will not here 
be attempted. 
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The moment ot inertia of a uniform sphere of radius and mass 
M rotating about an axis passing through its center is 

/ = ( 86 ) 

The moment of inertia of a uniform rectangular bar of length Z, 
width a, thickness and mass Jf, rotating about an axis parallel 
to and passing through its center of gravity is 

J = ^ (? + «=). (87) 

From a comparison of the equations/ = and Fh ~ la li 
appears that I bears precisely the same relation to rotary motion 
which mass bears to linear motion. I is therefore some- 
times called the mass of rotary motion. Whenever m 
appears in an expression which relates to linear motion 
I always appears in the corresponding expression which 
relates to rotary motion. Thus, for example, the kinetic energy of 
linear motion is The kinetic energy of rotary motion is 

CO being the angular velocity of the rotating body. This 
may be shown as follows : The kinetic energy kei of the particle 
mi (see Pig. 47) is \mivf. 

But Vi = corio 

Hence 

Now the total kinetic energy KE of the body must be the sum of 
the kinetic energies of its parts. 

Therefore jO' = = -^-Zco®. (88) 

Q. E.D. 


Experiment/ 

To determine the moment of inertia of a circular disk by apply- 
ing a given moment of force and measuring the corresponding 
angular acceleration, and to compare the result with 
the theoretical value of /. 

A disk weighing several kilograms is mounted upon ball bear- 
ings so as to rotate with very little friction about its own axis (see 
Pig. 49). While a weight m imparts to the disk an 
angular acceleration a, an electrically driven fork of 
known period writes a trace upon the blackened face of the disk. 
The angular acceleration a is determined precisely as were the 
linear accelerations in Exs. l and II, i. e., by subtracting succes- 
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sive angulai’ distances; traversed during successive equal ■ intervals 
of time. These angular intervals are obtained in degrees from 
readings made upon a circular scale with, which the niiblackeiied 

face of the disk is provided. , By 

t the frame which* carries the foii 

the disk, so that the traces made 


' ' ^ small 

bit of wax. To 

the free end attach just enough Aveight to equalize the friction 
of the ball bearings and of the stylus as it bears upon the face 
of the disk. Set the fork in Aubration, adinst the 
stylus, add 100 grams to the thread, and then suddenly 
release the disk, at the same time moving forward, the fork 
by means of s. As soon as m touches the floor, stop the disk, 
remove it from the frame, and carefully mark oft the trace as in 
Ex. I, taking a group of 50 waves as the unit. Eeplace the 
disk in the frame, set the cross-hairs of the low-power microscope 
^.upon the limiting mark of the first group of waves, and take the 
reading of the cross-hairs of the microscope f upon the circular 
scale graduated upon the unblackeiied face of the disk. Then 
turn the disk until the second mark comes underneatli the cross- 
hairs and read again. From such readings a is easily ohtained. 
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It must, of course, be expressed in I'adians (see definition of 
moment of inertia). Take at least two traces, using different 
masses for m; e. g., let mi = 100 gm., mg = 200 gm. 

The force which produces the rotation of the disk is evi- 
dently the tension in the thread q. This is not the force acting 
upon the mass m, viz., for apart of the acting 
Valuation is expended in producing the acceleration 

which is imparted to m. By the scholium to the Third 
Law, mg = i^4- ma, or m{g - a). Since the acceleration of the 
weight is the same as the acceleration at the circumference of the 
disk, <^ = a i?, R being the radius of the disk and aits angular 
acceleration in radians. Hence the acting moment of force WJi 
may be found from the measurement of the three quantities a, 
72, and m. Fh must of course be expressed in dyne-centimeters. 
From Fh and a, I is at once obtained (see definition of /). The 
theoretical value of /, see (85), involves only the mass M and the 
radius R of the disk. M is to be obtained by weighing upon the 
platform scales. 

Eecord 


1st determination 

Chosen interval vihs. 

Angle Angular Angular 

Read’gs Spaces Ace’s 




Mean acc. = 

* '1= 


— . *.calc’djr= 


2d determination 

Pork rate * Interval—— 

Angle Angular Angulaa? 

Eead’gs Spaces Ace’s 



Mean acc. = 
. •. -Jsrs — — — ^ MeaU' I = 
' fo error in obs’d J 


Problems 

1. A constant pull of 200 kgm. acting on the circumference 
of a wheel of 1 m. radius imparts in 30 sec. a speed of two revolu- 
tions per second. Find I for the wheel. 
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2. TiiicI what part of the kinetic energy of a rolling solid 
cylinder is energy of translation, and what part energy of rotation. 

The latter energy, viz. , can in ■ this case be expressed in terms 
of the mass M of the cylinder and its velocity of translation v. (See 85.) 
A simple relation exists between v and w. 

3. Solve Problem 2 for a rolling hoop; for a rolling solid 
sphere. 

4. Find what relation exists between the velocities acquired hy 
a solid cylinder in sliding without frietion down an inclined plane 
and ill rolling without slipping down the plane. 

Equate in each case potential energy at top to total kinetic energy at 
bottom. 

5. The wheel used in the falling body machiiie (Ex. II) has a 
radius of 5 cm. and moment of inertia of 275 gin. cm.‘^ * Find 
what mass at the circumference would oUer the same resistance 
to an accelerating force and therefore what numher of grams 
should he added to the mass of the frame in order to allow for the 
presence of the wheel. 

'6. Find as in Problem 4 the relation between the velocities of 
solid spheres sliding and rolling down an inclined plane. 

See equation (86) and the suggestion under Problem 4. 

7. A bullet weighing 5 gin. and moving 

with a velocity of 100 meters per second in the 

direction (see Fig. oO), strikes the pro- — 

Jection 5 of a fixed wheel whose moment of c 

inertia is 200,000 gm. cm.‘^,*^' and whose radius 
is 20 crii. Fiiid the nu^^ revolutions per pict 

second communicated to the wheel. 


" In order to understand the meaning of this symbol it will be neces- 
sary to consider brieliy the origin and use of dimensional formulae. The 
dimensional formula for any quantity is simply the symbol wliich repre- 
sents the way in which the f undamental units, i.e., the units of Mass, 
Length and Time, enter into the definition of that quantity ; e. g., note 
the following dimensional formulae : 

Since velocity is length divided by time, v = ~ = LT-h 
Since acceleration is velocity divided by time, a = = LT-K 
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Assume inelastic impact. Then if n represent the initial velocity of 
the bullet, w the angular velocity of bullet and wheel after impact, and 
^ the duration of the impact, the velocity lost by the bullet is evidently 
V — ojM, R being the radius of the wheel. Hence the mean force acting 

between bullet and wheel during the impact is / [=:ma] r= , 

The moment of this force imparts to the wheel a mean angular accelera- 
tion a such that at = w. From these equations and that which defines 
J, w may be found. 

8. Hind the iiiimber of revolutions per second wliicli would 
have been imparted to the wheel if the bullet had moved along 
the dotted line (see Hig. 50) and struck the wheel at a point mid- 
way between b and c, 

9. A hoop and a solid disk of the same diameter start down a 
hill together. Which will reach the bottom first? Find the ratio 
of their velocities at the bottom. 

Assume in each case rolling without slipping and neglect air resist- 
ance. See Problem 4. 

10. Why can a heavy man on a bicycle always coast faster than 
a light man on the same wheel? 

In answer disregard friction. 

Since force is mass multiplied by acceleration, / == = MLT-\ 

, JfX2 ' 

Since moment of force is force multiplied by length, Fh = 

Since angular accel. is linear accel. ’divided by length, a =z 

Since moment of inertia is moment of force divided by angular acceler- 
ation J= 

This last result might have been seen at once from the fact that it 
has been shown that I = Enough has been said to show the method 

of procedure for the derivation of dimensional formulae and the meaning 
of such formulae. 

Now when units have been defined but have been given no particu- 
lar names it is customary to write the dimensional formula in place of a 
name, replacing in this formula the general symbols Jf, i, T, by the par- 
ticular units of mass, length, and time which have been used in the defini- 
tion of the unit under consideration. Thus if it were desired to say that 
the moment of inertia of a body was 275 units and to explain that in the 
definition of these units the gram and the centimeter were taken as the 
fundamental units of mass and length and that these were involved in such 
a way in the definition that the dimensional formula for moment of 
inertia was I = If it would only be necessary to write 'hnoment of 
inertia of body = 275 gm. cm.^” 
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11 . Will increasing the weight of the tires increase or decrease 
the coasting speed of a bicycle? What eifect will increasing the 
weight of the frame IiaTe upon the coasting speed? 

■ 12. A clay ball weighing 50 gm.,' and moving with a velocity of 
30 meters per second, struck and stuck to the end of — ^ > n 
a rectangular bar 1 meter long and 5 cm. square 
which was pivoted at its center of gravity o (see Eig. “ ^ 

51). If the weight of the har were 5 kilos and the L 

motion of the hall were at right angles to the length ^^gijee si 
of the bar, what number of revolutions per second would be com- 
municated to the bar? 

See equation (87). 
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Tkeory 

The two Tei'y simple forms of motion thus far con- 
sidered, viz., uniform and uniformly accelerated, belong 
to the general class of non-j^eriodic motions. 

Among periodic motions the simplest and most important type 
is so-called simple Jiarmo7iic motion. This is defined as motion in 
which the oscillating body is at every instant urged toward some 
natural position of rest with 
a force which varies directly 
as its distance from that posi- 
tion. Thus suppose a particle 
to he moving back and forth 
over the path ab (see Mg. 52), under the action of a force which 
has its origin in o, and let the law of action of the force upon the 
particle be expressed by the equation, 

fA ‘TiiaJ ^ d 

in which /i and /a repi’esent the forces acting upon the particle 
when it is at the distances di and d^ respectively from o, and ai and 
^2 represent the accelerations toward o of the particle when it is at 
these distances. The last equation may be written in the form, 


Figubb 53 


d. 


dz 


ds 


etc. ; 


or, in general, if this constant ratio of the acceleration to the dis- 
placement be denoted by the symbol the equation which defines 
simple harmonic motion [see (89)] may be written in the form, 

(90) 

Smce/= wza, (90) may evidently be* written in the form, 

/■= mhd. 

87 ■ 


( 91 ) 
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Any one of equations (89), (90), or (91) may be taken as the defi- 
nition of simple iiarmonic motion. ' These equations express sim- 
ply a proportionality between force and displacement. But, in 
view of a very simple relation which exists between the character- 
istic constant h of the motion and the period of mbration of 
the system, it is possible to express the characteristic equation 
of simple liarinonic motion in still another form. The evalua- 
tion of h in terms of the period will be made in three steps, as fol- 
lows: 


1. The first step will consist in finding Ic in terms of the half 
length B of the path of the particle, the velocity v which it has at 
any particular point of this path, for example at c?, and 
o/vjimiiid. distance d of the chosen point c from o. Since the 
particle comes to rest at the end of its path, i. e., at 
the velocity n is acquired while it is moving f rom b to c under the 
action of the force which has its origin in o. Hence, by equation 
(30), p. 43,^ the kinetic energy which the particle has acquired 
when it reaches viz., equal to the work done by the 

force in moving it from b to c. How it may he seen from (91) that 
the value of the force acting upon the particle when it is at & is 
mhB^ while its value at c is mhd. Since, by the definition of 
simple harmonic motion, the force is always proportional to the 
distance of the particle from o, the mean Ysdue of the force acting 


upon it while it is moving from b to c is 
tanoe bo is equal to R — d. 


mJcR + mhd 


The dis- 


■' Hence 
or 


, ^ mhR + m.hd . ^ 

^ X ■ (if — dj ; 


2 

v^^h {R^^d% 


m 


2. The second step will consist in expressing h in terms of R 
and the speed S "with which a shadow oast b 

by the particle moves about the 
o/bSzs circumference of a circle drawn 
upon ab as a diameter. Imag- 
ine that a distant source of light, situ- 
ated directly below aZ? (Fig. 53), casts a figure 53 

shadow of the moving particle upon the 
circumference ahb. If the velocity ?; of the particle afc any point 
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c he represented by the line ce, then tbe Telocity 5 of the shadow 

upon the circumference is represented by c'e\ But 

oe . . 

— = sin 0, 
ce 

V - S sin 0, 


Hence 

Or 

Or 


sin^ 0 = (1 - cos^ 6 ) = 


(‘- 5 > 


From (92) and (93) there results at once 

S’‘ 


Tc = 




(93) 


(94) 


This equation shows that the shadow travels with uniform speed 
about the circumference, for the expression for 8 is independent 
of d. It involves only the two constants h and R» 

3. Since the shadow has a constant speed, the time which it 
requires to move over the semicircumference Iha is the length of 

kin terms this path divided by the speed, viz., But this 

time is manifestly the time t which the particle con- 
sumes in moving from I to i. e., it is the half -period of the 
vibration. Thus, 

^ ( 95 ) 


t: 


8 


From (94) and (96) it follows at once that 

z. 

f' 


(96) 


Characterise Heiic 6 the characteristic equation (90) of simple liar- 

^ ^ ^ 4 . 

M. monic motion becomes 


tic equations 
ofS,B.r 


ft 

a = ya:, 


( 97 ) 


and (91), which simply represents the combination with (90) of 
the equation /= ma, becomes 


or t 




( 98 ) 


^ is called the /(3rce wistoiJ of the system considered. 
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If. it is. known, t can at once be determined. Thus., if the oscilla« 
to.ry motion is due to . the elasticity of a spring, .the 


The force 
constant 


force constant 


/ 

d 


can be determined once for all 


by 


observing the force required to stretch the spring through a given 
distance. Then the period of oscillation of the system when any 
mass w is hung from the spring can be calculated from, (98). 

The enormous importance of simple harmonic motion in the 
study of Physics arises in part from the fact that ail vibrations 
arising from the elasticity of matter are cases of simple 
fmiure! haririoiiic motion. For, by Exs. VIII and IX, the restor- 
ing forces called into play by any sort of strains in 
material bodies are proportional to the displacements, so long as 
the limits of perfect elasticity are not exceeded. Thus the vibra- 
tions of weights suspended from springs, the vibrations of tuning 
forks, of the strings of any stringed instrument, of masses vibrat- 
ing under the torsion of a wire, are all cases of simple harmonic 
motion. 


A body oscillating about an axis has simple Jiarmo^iiG motion 
of rotation when each of its particles 

CMra^crU. 

monic motion. Thus let the 
rotation, line (Fig, 54) oscilfate be- 

tween the positions or; and oh^ and let each 
point n of the line follow the equation of 
linear simple harmonic motion, viz., 

a = Since the linear quantities d [= ic] and «’[= mp] are 

related to the corresponding angular quantities 0 and a by the 

dt ' a ^ ■ 

equations ~ - B and = a [iZ = um], the equation a may be 

Ji/ It 



at once transformed into 

( 99 ) 

The combination of this simple harmonic rotational equation with 
the general rotational relation = /a [see (81) p. 79], gives 


t - re 



( 100 ) 
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^ is th.Q force comtant of rotational system. In the; case 
in which the rotation was due to torsion this constant 


S.H.M. Of 
rotation^ 


was given the name ‘^moment of torsion” and 


was represented by the symbol To (see Ex. IX). 

It is evident from (100) that the moment of inertia J of any 
body may be experimentally determined by suspending it from a 
I and To from wire of known moment of torsion To and observing the 

vihmmis. half-period of vibration Thus, 




Or again, if the moment of torsion To of the suspending wire be 
not known, the observation first of ft and then of a second period 
4 in which the system is caused to vibrate by the addition to 1 
of a hnown moment of inertia 4, furnishes all necessary data for 
determining either. / or Thus the half -period of the system 
after the addition of lo is given by 

(103) 

The elimination of To from (101) and (102) gives 

Or the elimination of J from (101) and (102) gives 

= ( 104 ) 


f Experiment 

1. To determine the force constant of a spiral spring, and to 
compare the observed and calculated values of the periods of the 
spring for difierent loads. 2. To calculate the periods 
otaect. several “torsion pendulums” from the known T^'s 

of the suspending wires, and to compare with observations. 3. To 
determine I and To by the addition to a vibrating system of a 
hnown moment of inertia J„. 

Diebctioks. — 1. Tirst test Hooke’s Law for the spring and 
determine its force constant by observing the elongations produced 
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By: the successive aclclitioii of lOO'gm., 200 gm.vSOO gm., 400 gm., 
beginning with a load of 50 gm. A graduated iniiTor placed behind 

' . F ree con Spring (sec Fig. 55) enables' 

. the position of the index for any 

‘If i value 01 m to be accurately de- 

■i I terniined. In taking a reading place; the 

'1 ' eye so that the image of the tip of the index 

is brought - into line with .the tip of the 
I I ' index itself. In computing the mean elon- 

gation per hundred grams' use the, method 
; ip'j'' outlined on page '76. In computing the 

force constant -^ express all forces in dynes, 

all lengths in centimeters. 

Now 'replace m by other, masses, e. g,, 
150 ■ gm., 250 ■■ gm., .350 gm., and, from the 
P r' as or constant just determined, 

differmi^\ calculate ill each case wliat should 
BHr ' be . .the period of .the' suspended 
, ' Figure 55 system when, it is set into vertical oscilla- 

tion. . Compare these theoretical values of 
: the periods with observed' values 'obtained by taking with a stop-, 
watch the time of 50 vibrations. .. 


2. The torsion pendulum here used con- 
sists of a large disk suspended as in Fig. 56 

Periods (r wkes ■;:'whose: force 

torsion pin- constant (moment of torsion) w^as 
duiurns. IX, First find the 


weight of the disk by meansmf The' platform 
scales, then measure its diameter and compute 
its moment of inertia I [see (85) p. 80]. From 
I and the value of found in Ex. IX com- 
pute the period. Compare this with the 
observed jieriod obtained by taking with a stop- 
watch the time of 25 vibrations. In setting the 
disk into oscillation, do not twist the wire 
through an arc of more than 5"^ or 10°, 

S. The determination of by the addition 
of a known moment of inertia Ig is accomplished 
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by adding to the plate, P (Fig. 56) the large brass ring D, and 
observing the new period 4 . is then given by (104). can 
T^mdi„ course be easily calculated from its mass and mean 
mommuif^ diameter [see (84) p. 80]. Care must be taken to make 
inertia. the wire pass through the center of the ring; otherwise 
the calculated value of 4 will be incorrect. Determine in this 
manner To for each of the three wires used in Ex. IX, and then cal- 
culate from each wire the coefficient of rigidity ?^of steel. [See 
(80) p. 75]. 

From the same observations calculate with the aid of (103) the 
moment of inertia of the brass disk, and compare with the 
theoretical value (see 85). 

Eecord 

. *. mean d per IGO gm. = — 

*.*. force cons’t of spring = - — 

Masses ^(obs.) ^(calc.) % error 

150 ■ ^ — 

250 — — 

■350 ■ . — , — : 

Radius = J=- — 

4 calc. 4 cbs. — — % error - 

4 calc. 4 cbs. — — — fc error — 

calc. 4 obs. — - % error 

Mean radius = — — Jo === - — 

— ,\n = — • % dif . from mean == — 

' . • ,, 

from 3 Mean — - t error-— 

Problems 

1. Within a solid sphere of uniform density the force varies 
directly as the distance from the center. If the earth were such a 
sphere, and if a hole passed completely through it along a diam- 
eter, how long a time would be required for a body dropped 
through the hole to reach the other side? 

Take the radius of the earth as 4000 miles. 

2. A horizontal wire one meter long clamped at both ends is 
set into vibration in a vertical plane. The amplitude at the niid- 


1 Added Scale 
’ W’ts Read’s Dif’s 

0 

100 1 

200 

300 •} 

400 — ^ 

2. Mass of disk P= — 

Wire 1, To (from IX) .* 

Wire 2, To (from IX)- — — .* 
Wire 3, To (from IX) — . 

3. Mass of ring D =; - — — — 

Wire 1, 4 ==■— — To" — 
Wire2, — 

Wire 3, 4 = — . •. To = — 
I from 1 — — — from 2 — — — 
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die is 4 mm. Find tlie shortest period which is permissible if 
the rider at the mid-point is at no instant to lose contact with 
the, wire. 

3. Show that the apparent motion of a bright point on the rim 
of a distant wheel, rotating at uniform speed about an axis at 
right angles to the obseiwer’s line of sight, is simple harmonic; 



XII 


DETERMINATION OE 


Theory 

Let Fig. 57 represent any irregular body which is oscillating 


Moment of 


niider the action of the force 


grayity about a horizontal 
duiwn. at 0, Let I he the dis- 

tance from 0 to 0 the center of gravity 
of the body. 

In order to find the law which gov- 
erns the motion of the body it is neces- 
sary to express the moment of force Fh 
which is acting upon the body at any 
instant in terms of the angular dis- 
placement at that instant from the 
position of rest. If M be the mass 
of the body, the total force acting upon it is dynes, and this 
force is applied at the center of gravity (see Ex. lY, pp. 34, 
35). The moment of this force is therefore Mg x dc. But since 
do = I sin B. it follows that 



■ 

FIGUEIS 57 


Fh^ 


sin B. 


(105) 


This equation shows that the motion is not simple haz’-monic, 
for the' restoring moment Fh is proportional to the displace- 
The period Sin 0, Nevertheless, as B approaches 

%wyipen- ^ approaches Hence in the limit, i, e., in 

duiiim. Qf vibrations of infinitely small amplitude, 

pendular motions follow the law of simple harmonic motion. The 
simple harmonic formula may then be applied to pendulum problems 
if only the arc be kept so small that the error introduced by the 
approximation sin ^ ^ is smaller than the necessary observa- 

tional errors of the experiment. This means that in the following 
experiment $ should not exceed 5°. Under these conditions, 

95 
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then, the penduluin formula is 

Fh = Mgl 

fTi 

i. e., the force constant of the motion, viz. is equal to Mgl 


Suhstitiition in the S. IL M. formula (100) gives, then, 


This is the general formula for the compound pendulum. If 
Period of ' the pendulum be merely a particle suspended from 
pm&um. weightless thread of length I, then 

I{:=^%nir)^Ml\ (107) 


Therefore, for such a pendulum, (106) becomes 


(108) 


The h7igth of a compound pendulum is defined as 
length of the simple pendulum which has the same 
period. 

The cmiter of oscilhtmi of a compound pendulum is the posi- 
tion of the particle which is oscillating naturally, i. e., Juvst as it 
would oscillate if it alone were suspended as a simple pendulum 
from the point of support. 

The radius of gyratiou Ic of any rotating body is the distance 
from the axis at which the whole mass if might be concentrated 
without changing the value of the moment of inertia /, Thus the 
equation, 

J=:5mr^=JlfF (109) 

defines the radius of gyration Jk. 

Experiment 

To find g by determining the length and the period 
of a simple pendulum. 

A simple pendulum is chosen for the determination, because 
the length of such a pendulum can be measured directly, while 
the length of a compound pendulum is not easily 
mforyf ^^^ obtainable. The time measurement consists in com- 
paring, by the method of comcidences, the period of the 
unknown simple pendulum with that of a compound pendulum 
of known period. The electric circuit of the battery B (see Mg. 
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The length of 


58) is completed through the electro-magnet 
points and 4 and the two pendulums .4 and Q, 
the simple pendnlnm A is adjusted until its 
period is nearly the same as that of the 
known pendulum C. When both pendulums 
strike the mercury contacts at precisely the 
same instant, the click of the sounder (or 
the stroke of the bell) E is heard. Since 
the pendulums haye slightly different pe- 
riods, no further sound is heard' until the 
faster pendulum has gained one half-yibra- 
tion upon the slower, when the conditions 
are right for another click. Theoretically, an 
observation of the interval elapsing between 
these two successive coincidences is sufficient 
for the determination of the half -period t of 
the unknown pendulum. For, division of 
the time interval between coincidences by the 
half-period of C gives the number of vibra- 
tions made by C during the interval. The 
addition (or subtraction) of 1 to this num- 
ber gives the number of half -periods of A 
during the same interval. Hence the divi- 
sion of the length of the interval by this 
number gives the half -period sought, viz. t. 

However, on account of the difficulty of 
observing accurately the exact instant of a 
coincidence, it is preferable to observe the 
time interval between two coincidences which - 

area considerable distance apart, e. g., the interval between the 
1st and the BOth coincidence. The calculation is then made pre- 
cisely as outlined, save that the 1 is replaced by 29. 
This reduces the observational error to ^V^h its former 
value. It is not necessary, however, to watch the 
pendulums through 30 coincidences. For, if the interval between 
two successive coincidences be somewhat accurately observed, the 
number of coincidences which have occurred within any longer 
interval bounded by two coincidences must evidently be the 
nearest whole number obtained by dividing the long interval by 



Figure 58 
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the time between two mccessim coincidences. The di?isor, how- 
ever, must 1)6' determined with such exactness as to remove ail 
luicertaiiity as to \vhat that vvh ole number is. 

The difficulty of determining the exact instant of a coiiicideiice 
is increased by the fact that, on account of the finite width of the 
contact points c and cZ, the clicks will often continue through a 
number of swings. The mean time between the first and last 
click is then taken as the instant of coincidence. 

First very carefully adjust c and d until, when A and C are at 
rest, each pendulum point touches the middle of its contact. 

Then make battery connections as in the diagram. 

, .Of.y V' Y? f:i> "I o 

Next by means of a thread tie back pendulum hi a 
distance of about 2 inches and set it into vibration by burning the 
thread. If a click is lieard at every passage, set the heavier pen- 
dulum C^ into vibration, giving it an amplitude somewhat smaller 
than J[’s. For the determination of t use an ordinary watch, but 
not one wdiich has an error of more than 10 sec. per day. Take, as 
accurately as possible, the times of the first four coincidences; 
then allow the pendulum to swing for 20 or 30 minutes and take 
the time of another coincidence. During the interval watch the 
pendulums very carefully to see which is the faster, observing 
Just after a coincidence and noting which reaches the end of its 
swing first. The length of A. may be taken, without appreciable 
error, as the distance from the knife-edge % to the center of the 
ball. Leaving the pendulum in place, measure the diameter of 
the ball wdth the vernier-calipers (see Appendix), and the distance 
from the top of the ball to the knife-edge with a meter-stick. ' 
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Eecord 
h. m. s. 

1st coincidence began at, ^ - 


n 

it 

ended at ^ 

2d 

a 

it 

&( 

began at 

ended at 

3d 

ft 

began at — 

u 

St 

ended at 

4th 

<< 

it 

Si . 

began at — 

ended at — 


Coino. perfect at 



Last 

a 


began at 

ended at 


Interval bet. 1st and last No. coincidences in interval = » — 


No. vib’s of C in interval == — ~ No. vib’s of t = 

Length of wire Diam. of ball . *. length of pend. . gr = — — 


Problems 

1. The moment of inertia of a long and thin cylindrical body, 

oscillating about one end, is L being 

the length of tlje body and M its mass. Tind 
the radius of gyration of the body in terms of 
L. Find the length of the simple pendulum 
which has the same period. 

See (109) and (106). 

2. A rigid pendulum oscillating about a 
horizontal axis has a period of .75 sec. Find its period when the 
axis is inclined 45° to the horizontal. (See Fig: 59.) 

3. The period of a pendulum at the sea level was 1.002 sec. 
It was carried to the top of a mountain and the period found to 
be 1.005 sec. Find the height of the mountain. 


hri 


6 
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THE LAW OF CENTEIPETAL FORCE 


Accderation 
correspimd- 
ing to change 
in speed 
alone. 


Theory 

Acceleration has been defined as rate of change of velocity. But 
velocity msbdirecied qxiaiitity (a so-called vector) and may change 
either in direction, or in mere numerical value, or in 
both. The term S 2 )eed has been agreed upon to denote 
the nurneHml value of the velocity. If, then, (easel), 
the velocity of a body at any time is represented by the 
line ofi (see Fig. 60), and if its velocity 
after a lapse of t seconds is represented 
by OTs, then there has been no change in 
direction, but only a change in speed, 

and the mean acceleration has been The expression for the 
* t 

acceleration at the instant at which ofi represents the velocity is 
evidently the limit of this quantity as i approaches zero ; thus, 


PiGUHE 60 


__ /nra 

~\T 


’) 


( 110 ) 


But if, (case 2), after the lapse of the seconds, the velocity is 
represented not by or^ but by a line equal in length to ofi, then 
there has been no change in speed, but only a change in 

Aceeleratlon i 4* ‘x* ^ 4* 

mrrespund- direction^ and, by the principle oi composition of 
ln\urectim^' directed quantities (see Ex. Ill, p. 22), the new velocity 
is equivalent to the two simultaneous velocities uri 
and rifo, i. e., to the old velocity orj plus a new velocity 
is then the line wdiich represents the gain in velocity during the 
time t. Hence the mean acceleration during the interval t has been 

t 

represents the velocity is 


l^,and the value of the acceleration at the instant at which orb 


(nn\ 


/n f \ 
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Since, as t approaclies zero, TiT^ becomes more and more nearly per- 
pendicular to Ofi, it is evident that in tlie limit represented by 
(111) the acceleration a is at right angles 
to tbe velocity oti. Now in Ex. II force 
was defined as that which changes the mo- 
tion of a body, and, by the Second Law, 
whether the change is one of direction 
or of speed, the measure of the force is 
always ma^ and the direction of the force 
is the direction of the vector a. Thus, in 

ease 1, the force ma = m J acts 

in the direction of the velocity, i. e. in the 
direction ori. In case % the force 



ma 


[=“(tL.] 


acts in the direction 
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a direction which is rigorously perpendicular to the 
velocity orj. 

Apply these principles to the consideration of the case of a 
body m moving with uniform speed S upon the circumference of 
a circle. (See Fig. 61). Let or^ represent the velocity 
circular at the end of the interval and let o'r, or the equal and 
parallel line Of 1 , represent the velocity at the beginniiig 
of the interval t. Since the velocity is continually changing in direc- 
tion, a force / must continually act, and since the direction of this 
force is always at right angles to the velocity (see preceding para- 
graph), it must act continually toward the center. Its value is then 


/ = ma = m 


t ft 


( 112 ) 


But since 8 represents the constant speed and i the element of 
time considered, it is evident that 

fifg 


But 


0 0 


Hence 


= and 
^0 8 ^ 


8 
8H 

E ■ 

Substitution of this value in (112) gives 

M ‘ 


= 0. 


( 113 ) 
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But ii w represent tlie angular speed, then co = 

Hence f = (114) ■ 

an equation which- asserts that the central force which must 
be applied to .keep a body in a circular orbit is directly propor- 
tional both to the second power of the. angular velocity, and to. the 
first power of the radius of the orbit. 


Experiment 

Object To verify the law of centripetal force. 

The masses m.-i which slip along the rod ab (Fig. 62) are 
attached by cords which pass over pulleys in the case p to the slid- 
MetM collar c. The central force which is necessary to 

keep the weights moving in a circle is represented by 
the tension in the cords. For a certain critical value of the speed 
this tension is equal to the weight of the collar c. In order, there- 



fore, to verify the law stated in (114), it is only necessary to 
measure the radius E, the masses mi and and to observe the speed 
required to lift c. All forces must of course be expressed in 
dynes, all masses in grams, all linear distances in centimeters, all 
angular distances in radians. 

First count the number of rerolutions of the axle to one revo- 
^ ^ lutionof the wheel 15:. Then, from measurements upon 
mi, c, and B, calculate what number of turns of the 
wheel per second is necessary just to lift c*. 
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To obtain an experimental value of tbe same quantity , let one 
experimenter maintain a constant rotation of h at siicb speed that 
the collar c is either held balanced between the upper and lower 
stops, or else continually oscillates back and forth between them 
(the stops are so arranged that c is free to move through only 
about 1 mm.). Then, as soon as this constant condition is 
attained, let a second experimenter take with a stop-watch the 
time of fifty revolutions, repeating several times in order to test 
the accuracy of the observations. Then change both m and 
and repeat. Compare in each case the observed and calculated 
values of the speed. 
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Problems 

1. Taking the radius of the earth as 6370 kilometers, find 
how many dynes of force are required to hold a gram of mass upon 
the surface (1) at the equator; (2) in latitude 45®. Hence, find 
what would be the values of ^ at the equator and in latitude 45® 
if the earth did not rotate. Also find how many times the velocity 
of rotation would need to be increased in order that bodies at the 
equator might have no weight. 

2. The radius of the moon’s orbit is approximately 60 times 
the radius of the earth. Oalculate the force in dynes which must 
act upon each gram of the moon’s mass in order to hold it in its 
orbit, the period of the moon’s rotation being 27 days 8 hours. 
Compare this result with the force of the earth’s attraotioii upon a 
gram of mass at the distance of the moon as computed from the 
law of gravitation. It was precisely this computation which led 
Hewton to assert the law of gravitation. 

3. A skater describes a circle of 10 meters radius with a speed 
of 5 m. per second. What must be his angle of inclination to the 
Vertical in order that he may be in equilibrium? 
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Theory 

The elastic properties of gases were very early made the sub« 
ject of observation and speculation, but the first results of experi- 
ments made for the purpose of discovering the exact 
Boym^aw, which exists between the pressure exerted by a 

confined gas and the volume which it occupies, were 
published by the English physicist Boyle in 1661 in a work 
entitled “Defence of the Doctrine of the Spring and Weight of 
Air.” These experiments brought to light the law which has since 
been called Boyle’s Law; sometimes also called Mariotte’s Law. 
This law asserts that so long as the temperature remains constant, 
the pressure which a gas exerts upon the walls of the containing 
vessel is directly proportional to its density or inversely propor- 
tional to the volume which it occupies ; symbolically, 



or Pi = P2 Fa = A F3 = etc. = constant. ( 116 ) 

The French physicist Mariotte independently discovered the same 
law fifteen years later. 

Before the discovery of Boyle’s Law, in fact before the begin- 
ning of the Christian era, two theories had been advanced to 
account for the elastic properties of air. The first was the repul- 
sion theory, according to which the pressure exerted by confined 
air was attributed to repellent forces existing between the mole-' 
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.ciiles wHch were assumed to be at rest. /This theory 'was held 
by promineiit scientists even as late, as the middle of 'the nine- 
teenth century. In order to reconcile the theory with 
theory of Bojle s Law, it IS 'Hecessary to assume that the niole- 

gabcs. c]2l0S' repel .each other with forces which are inversely 

proportional to the distances between .them. The theory has now 
been altogether abandoned; first, because such a law of molecular 
force is wholly at variance with all modern views as to the nature 
of molecular force ; second,' because 'it necessitates the conclusion 
that the pressure which a gas e.xerts is a fimction not of its 
density and temperature alone, but also - .of th.e shape and size of 
the containing vessel, a conclusion which is directly (contradicted 
by experiment; third, because' the fact that a gas does not 
experience a rise in temperature wlieu it expands into a vacuum, 
proves that no repulsion exists between its molecules. 

According to the kinetic theory, the pressure which a* gas 
exerts against the .walls of a containing vessel is due to the bom- 
bardment of the walls by rapidly .moving .molecules 
thwryof ' which at ordinary pressures ' are so far apart that thev 
exert no forces whatever upon one another, and which 
occupy so little space themselves that. the total. niiniber of impacts 
per second against the walls is simply the product of the number 
of moleciiles present and the number, of- impacts which one single 
molecule would make if it were alone in the vessel and were mov- 
ing with the mean velocity of all the moleeoles. Although a 
'oriideiorm of this theory is as oldasGTeek philosophy, it can not 
be said to have : taken definite ehape before .about IToS, when it 
was advanced by Daniel ,'Bernouilii. " It did not gain general 
acceptance until the middle of the nineteenth century, when the 
labors of Joule in England .and. of. Olansius in Germany won for 
it w’-ell-nigli universal support* 

While the repulsion theory was unable to account for Boyle’s 
Law without the aid of a highly improbable assumption, the 
kinetic theory furnishes an immediate explanation of this law. 
For, manifestly, if gas pressure is due to impacts alone, its value 
at any instant must be the product of the mean force of each 
impact and the niunber of impacts taking place at that instant 
upon a square centimeter of surface. For a given gas, the first 
taotor would depend simply upon the mean velocity of the mole- 
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cules. For a constant mean velocity, tlie second factor would be 
proportional to the number of molecules present in a cubic centi- 
meter; i.e., to the density. If, then, the constancy of the mean 
molecular velocity be taken as the condition of constant teniper- 
atiire, it follows at once from the kinetic theory, that the pressure 
should be directly proportional to the density. This is Boyle’s 
Law. 

Up to 1848 Boyle’s Law was supposed to hold rigorously for 
the so-called permanent gases. In this year, however, the French 
Departures Eegnault performed very careful experiments 

from Boyle’s wMch showed that for air at ten atmospheres pressure, 
the product P V differs by about one-fourth of one per 
cent from its value at one atmosphere. At higher pressures, the 
departure is more marked, amounting at 600 atmospheres to more 
than 25 per cent. These departures are evidence for, rather than 
against, the correctness of the kinetic theory; for when the 
molecules are crowded so close together that the space which they 
themselves occupy is no longer negligible in comparison with the 
total volume of the vessel, then the kinetic theory would require 
that the pressure increase more rapidly than the density; i.e., 
that the product P F increase. This is what actually occurs in 
the case of all gases when the pressures are very high (100 atmos- 
pheres or more). For moderate pressures (1 to 50 atmospheres) , the 
departures are in the opposite direction in the case of all gases 
excepting hydrogen (and probably also helium) ; i.e., the pressure 
increases less rapidly than the density, or, in other words, PV 
decreases. This is due to the fact that the attractive forces 
between the molecules are not wholly negligible in comparison 
with the forces of impact. 

Experiment 

Oh 5 ect To verify Boyle’s Law for ordinary pressures. 

The body of dry air which is to be experimented upon is con- 
tained in the upper part of the graduated tube a (see Fig. 63), 
which has a diameter of about 1 cm. The lower end 
of this tube is beneath the mercury in the cistern 
The air-jacket which surrounds a serves to maintain a constant 
temperature throughout the experiment. If it is desired to take 
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still further precautions, the upper part of AB may 
be filled with water, although this is generally found 
to be unnecessary. The tube a is graduated in cc. 
so that the Tolunie F may be obtained directly by 
reading the scale upon a. The determination of 
the pressure P, which corresponds to any par-^ 
ticiilar volume P", requires the observation, first, of 
the barometer height JT, and second, of the differ- 
ence in level P between the mercury in AB and in a. 
This observation is made by means of the cathetoni- 
eter (see below). It is evident, therefore, that if the 
temperature of the mercury in the barometer is the 
same as that of the mercury in AB, then P, ex- 
pressed in centimeters of mercury, is equal to 
{H-D). If the two temperatures are different, H 
must be corrected by multiplying the observed height 
by the ratio of the density of 
mercury at the temperature 
of the barometer and its 
density at the temperature 
of AB. This correction is 
wholly negligible in this ex- 
periment unless the differ- 
ence in the two temperatures 
amomits to more than 
Directions.— To deter- 
mine the barometric height 
II, proceed as follows: By 
means of the thumbscrew s 
[see Fig. fil-, (1)], raise or 
lower the level of the mercury in the 
cistern Pof the barometer until the ivory 
point n just touches tho mercury surface. 

This setting can be made with great aceu- 
r. by observing when the 

image oi the point which is 
seen in the mercury, just ap- 
pears to come into contact with the point 
itself. This ]ioint n is the zero of the figube 04 


, 3 ^ 
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scale whicli is attached to the upper portion of the metal case 
surrounding the barometer tube. By turning the milled head D, 
move the vernier c with which the scale is provided until its lower 
end is clearly above the convex surface of the mercury. Then 
carefully lower it until it appears to be just in contact with the 
highest point of this convex surface. During this operation, 
keep the eye in such a position that the ^back lower edge of the 
vernier tube seems to coincide with the front lower edge. To 
test the setting, move the head up and down, and see to it that 
the white background behind the barometer never becomes visible 
above the top point of the meniscus. Eead the scale and vernier 
(see Appendix for .theory of vernier). The capillary correction 
for the barometer is to be obtained from the Appendix table, 
which is headed ‘‘Capillary Depression of Mercury’^ (p. 229). 

Adjust the cathetometer (see Pig. 65) in three steps, as fol- 
lows : 

(1) To make the column vertical^ 
loosen the set screw s% and turn 
the column until the tel- 

Adiustment 

of the escope is at right angles 
to the line connecting 
two of the feet; e.g., A and B. Si 

Then bring the bubble to the mid- 
dle by means of the leveling screw 
in the third foot C. ISText rotate 
the column through 180° about its 
own axis, and if, after rotation, the 
bubble is displaced from the middle, 
correct half of the angular error by 
means of the leveling screw in the 
foot 0 and the other half by means of 
the screw which inclines the tele- 
scope. If the bubble is against one 
end of the level-tube, it is impossi- 
ble to know when just half of the 
angular correction has been made. 

Hence it is necessary first to estimate 
roughly these half-corrections, then 
to rotate again through 180°, and figtirb 65 
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again to correct, and tliiis to. proceed until tb.e bubble .remains, 
upon reversal, somewhere near the middle of the tube. The .half- 
corrections can then be read off accurately upon the vscale on the 
level-tube. When this' adjustment has been .made to such a 
degree of .accuracy that a reversal displaces the bubble through 
perhaps one or two divisions, turn the column this time through 
90°, i.e.., until the level is parallel to the line connecting A and 
,,5, and bring the bubble back to. the middle by turning the level- 
ing screws A and B equal amounts in opposite directions. The 
column should now be approximately vertical.' In. order to make 
it accurately vertical, the whole operation must be repeated 
from the beginning with more care. After the completion of the 
second leveling, rotation of the’ column into any position what- 
ever should, not cause a displacement of the bubble of ,mo.re than 
half of a division. 

(2) To, make the line of sight comcident with the atrAs of the 
tehseopey first focus the eye-piece carefully upon the cross-hairs by 
glipping the former forward or back in the draw-tube; then, by 
means of, the rack and pinion ■ tvith which the draw-tube i.s pro- 
vided, focus the telescope sharply upon the .scale' on tube a (see 
.Fig. 63), which should be 'Set at a distance of about a, meter from 
the cathetometer. .If moving the. eye slightly .from, .side to side 
causes: the cross-hairs to appear '.to move at all ...with reference to 
the 'scale,, repeat, both .of ■these’.’focus.ings'’ until this, parallax effect 
is wholly renioved. .^Ifow 'turn'''the telescope iu its socket until 
one of the cross-hairs is parallel to- the scale divisions, and by 
means of the screw whi’ch moves, the wdiole telescope up or 
.down, set this cross-hair upon' 'some .chosen division of the scale; 
then rotate the . telescope in its socket, i.e., about its own axis, 
through 180^". If this operation changes at all the reading of the 
cross-hair upon the scale, correct half of the error by means of 5^ 
and* the other half by means of the small screw wdiich is found at 
one side of the eye-piece and which moves the cross-hair across 
the fi.eld of view. Repeat this adjustment until rotation of the 
telescope through 180® produces no change in the reading. The 
line of sight then coincides with the axis of the telescope. 

(3) To mahe the aMS of the telescope horhontal^ proceed in 
either one of the following ways [method (h) is generally to he 
recommended] : (a) Bring the bubble to the middle by means of 
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screw s, then lift the level carefully from the telescope-tube^ turn 
it end for end and replace. If this operation displaces the bubble, 
correct half of the error by means of the other half by means 
of the screw which adjusts the position of the level-tube in 
its case. The telescope-tube, and hence also the lin« of sight, 
will be horizontal when no displacement of the bubble is produced 
by a reversal of the level, (b) Set the cross-hairs of the telescope 
upon some point on a scale about a meter distant. Then take 
the telesco23e out of its socket, turn it end for end and replace. 
Next rotate the vertical column through 180"^ and look again at 
the chosen point. If the cross-hairs are no longer upon it, correct 
half the displacement by means of the screw s which inclines the 
telescope, and half by means of the screw which raises it 
vertically. The telescope-tube will be horizontal w^hen, after 
reversal and rotation, the same point of the scale comes under the 
cross-hair. 

When the cathetometer is in complete adjustment, carefully 
loosen the set screw slide the telescope up or down the column 
until the cross-hair is near the top of the meniscus of 

Heading the . .i . , . 

mewury the mercury in the cistern AB (see Fig. 63), clamp 

and make the final setting upon the meniscus by means 
of the fine adjustment screw 53 . Then take the reading of the 
vernier upon the scale of the cathetometer column. Next raise 
the telescope, set the crofs-hair upon the top of the mercury 
meniscus in the tube a, and take a second reading. The differ- 
ence between the two readings gives the distance i>. Take a 
number of observations of this height in order to see to what 
degree of accuracy it is obtainable. At the same time read 
through the telescope the volume F upon the scale on tube a. 
This reading should not be taken either at the top or at 
the bottom of the meniscus, but at such an intermediate point 
as would correspond to the same volume if the meniscus were 
flat. This point can be obtained only by careful estimate. 
Starting with a pressure which is but a trifle less than one 
atmosphere, vary the volume by five about equal steps until it 
is as large as can be conveniently obtained with the apparatus, 
and take the five corresponding pressure readings. If the 
barometric height varies during the experin ent, take this fact 
into account. 
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Problems 

1. Make estimates of the probable observational errors in bo tli 
P and F above, and thence deduce the maximum permissible 
error in P F. Compare with last column of the record. 

2. A level is in adjustment when the line joining the points upon 
which it rests is parallel to the tangent 
drawn to the highest point of the level- 
tube, i.e., when the line cd (see Mg. 66) 
is parallel to the line ah. Show why in 
adjusting a level which is ont of ad- 
justment and in leveling the table upon 

which it rests (see Fig.) it is necessary after reversal to correct 
half at s and half at s'. Hence Justify 
throughout the methods used in adjusting 
the eathetometer. 

3. A confined body of air F is placed 
under a pressure of P mm. of mercury 
(see Fig. 67. P = JJ+a5). By means of 
the three-way stopcock 6*, the connection 
between the two arms (see Fig.) is then 
shut ofi* and a volume v of mercury drawn 
from the right arm. The level of the mer- 
cury in this arm thus sinks to the point 
a\ Connection between the arms is then 
reestablished by means of the cock and the 
left arm lowered until the level in the right 
arm is again at a\ The pressure upon 
the air in the bulb is now found to be 
h mm, less than at first. Find F, the 
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volume of tlie bulb down to tbe point a, in terms of 
P, and li, , 

4. In Problem 3, V was found to be 500 cc. A pow- 
der was introduced into Y and tlie mercury in the right 
arm brought back to its original height a. The pressure 
was then found to be 900 mm. 250 cc. of mercury were 
drawn off at s precisely as above, and the pressure was 
found to fall to 500 mm. Find the volume of the powder. 

5. A volume of 30' cc. of air is confined in the closed 
arm of a manometer (see Fig. 68). In the open arm the mercury 
stands 60 cm. higher than in the closed arm. What will be the 
difference in the levels when the volume of the air is reduced to 
10 cc.? (Bar. Ht, = 76 cm.) 
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Theory 

The existence of Boyle’s Law makes the determination of the 
density of air at a given temperature a very simple matter^ at 
^ least ill theory. For, let a globe A of known volume 
air from two F, Containing air under atmospheric pressure Pj, be 
wf^mand'a balanced upon a beam of equal arms against some 
body If (see Fig, 69). Then let air be forced into the 
globe until the pressure within it is Pg. Suppose that the weight 
now needed to balance the globe 
is IF + w. Since it requires the 
same weight to balance the glass 
in each case, it is evident that 
w is the weight of the air which 
has been forced into the globe in 
changing the pressure from Pj 
to Po. If, then, F represent the 
volume of the globe, and di and vJg the densities of air corre- 
sponding to the pressures Pj and Pg respectively, it is evident that 



Vdfi—Vdi^w. 

But by Boyle’s Law, 

dz P2 


(117) 

(118) 


The elimination of from (117) and (118) gives the density 
which is sought, viz., 


d^ = 


V 


wPi 

(P.-Pi) 


(119) 


If the counterpoise W consists of a few small weights and a closed 
glass globe of the same external volume as A, any errors which 
would arise from changes in the barometric height or the tem- 
perature during the experiment are altogether eliminated, pro- 


114 


DENSITY OF AIE 


115 


iri«aecl only that the temperature at which the air wms introduced 
into the bulb under pressure Pg is the same as that which corre- 
sponds to Pi. For, with this arrangement, the buoyant effect of 
the air upon both sides of the balance is the same no matter how 
rapidly the barometric pressure or the temperature may change. 
This device was first used by Eegnault in his classical determina- 
tion of the density of am ' ' 


Experiment 

OMect density of dry air under existing con- 

ditions of temperature and pressure. 

DieectioiiTS. — 1. In order to obtain dry air for the experi- 
ment, first see to it that the stopcock c is well greased, then 
connect the bulb to an air pump through a calcium chloride drying- 
tube in the manner shown in Fig. 70. A pump capable of produc- 



ing a high vacuum is unnecessary. The water pump of Fig. 87 
may be conveniently used. First close the pincheock s and 
exhaust. Then very slowly open 5, and thus fill A with air which 
has been dried by passage through the calcium chloride 
l^his operation from two to six times, 
according to the degree of exhaustion obtainable with 
the pump. Then, in order that the bulb may assume accurately 
the outside temperature, wait about five minutes before removing 
the bulb from the drying-tube or closing the cock c. Observe the 
temperature by means of a thermometer hung near the bulb, then 
carefully close cock <?, remove and weigh as follows: 

2. First remove all dust from the bulb and the pans of the 
analytical balance (see Fig. 71) by means of the camel’ s-hair 
brush which will be found in the bato^^ case. Then very care- 
fully suspend the bnlb from one of the hooks c and place upon 
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tlie other pan the connterpoise and a weight of a few grams from 
the hox of, freights, taking pains, to touch these weights only with 
the pincers, never with the finge,rs. 'IsText release the 
thefirst pans hy pushing in and fastening the hiittoii e which 
weighing. the paii-arrest ; then turn. ve.ry slowly the milled 

head a and thus lower the beam-arrest 311st enough to see, whether 
the pointer begins to move to 
left or right; i.e,, whether the 
chosen weight is too heavy or too 
light, lliis done, raise the beam- 
arrest immediately, but so slowly 
as not to endanger the knife- 
edges hy the slightest jar; re- 
place the chosen weight hy the 
one next heavier or next lighter, 
and try it in the same way* Take 
the utmost care never to place a 
weight on the pans or to take a 
weight off exce’pt when the learn 
is arreste(L Proceeding thus, 
make a systematic trial of the 
between what two consecutive numbers of grams the condition 
of balance must lie; then try in the same iray the milligram 
weights in order of magnitude until a weight is ' found such that 
when the beam-arrest is completely lowered the pointer oscillates 
mar the middle of the scale over from S to 6 divisions* A larger 
swing than this indicates insujSicient care in lowering the arrest. 
.The rider r may he used; in place, of 'the small .milligram weights, 
if desired, but no attempt should ever be made to add fractional 
portions of a milligram by means of the rider. Before taking the 
resting point, raise again the beam-arrest, taking pains to avoid a 
'Jar by raising at a time ,when the' pointer is at. the .middle of,, its 
swing, close the face of the balance ease so as to shut out all air 
currents, and stop all swinging of the pans hy alternately pressing 
..and, releasing the button which controls the pa,ii-ar.rest ,Then 
carefully lower first' the pan-arrest, then the', beam-arrest, and' 
.take the resting point Ri. , -This, is to he, done i}y 'averaging the 
mean of three successive turning points of the pointer on one side 
with the mean of the two intervening turning points on the other 



gram weights until you know 
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side. This use of an odd instead of an even number of turning 
points eliminates completely tlie effect of damping. The following 
example taken in connection with Fig. 72, which represents the 
scale s of Fig. 71, will make clear the method of procedure: 



Figure 72 = 9.28 


Having determined the resting point slowly raise the beam- 
arrest when the pointer is in the middle of a swing, then from the 
absences in the box of weights, count the weights which have 
been used and check by counting again as the weights are 
replaced. Call the sum of these 


weights Tfi. Finally, close the bal- 
ance-case, see that every weight is 
in its proper compartment in the 
box of weights, replace the pincers 
in the box, and place the latter in 
the drawer of the balance-case. 

3. Fill the bulb with air under 
pressure Pg as follows: Attach it 
To fill the securely to the pressure 
Inderpm^^ apparatus shown in Fig. 
swrePs. 73 , This consists of a 
bicycle pump j? attached to an air- 
tight jar J, which is furnished with 
a mercury pressure-gauge ^ and a 
calcium chloride drying-tube t. 
Open communication between the 
jar and the bulb through the dry- 
ing-tube, and produce a difference 
of level of 50 or 60 cm. in the 
manometer arms. After waiting 
about five minutes for the com- 
pressed air to regain the tempera- 
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tiire of the room,' read simoltaiieoHsly the. two arms of the 
manometer, and at the same instant close the' stopcoc3k 6*. , Take 
.the tem,perature, by means of a therm.ometer hung near the bulb. 
If this temperature differs by more than, half a degree from .that 
previously taken, the first weighing must be discarded and another 
taken under the same conditions of' temperature as those which 
here exist. This need not be done until after the completion of 4. 

4. To make the final weighing, place the biilb iipoii the .same 
8mle-])an as before and, proceeding exactly as in 2, liiilance it by 
means of such weights Ilk that the ])ointer again oscil- 
tiie second lates near the middle of the scale. iTieri ta,ko the new 
resting point IL in precisely tlie manner <lescribed 
above. If coincided exactly with i?i, then evidently Ilk — IIV 
would be the weight w which is sought. But, in geiiei’al, will 
not coincide with and it is a very slovenly proceeding to 
attempt to make it do so, as is often done, by repeatedly shifting 
the position of the rider. The most rapid and the only correct 
method of making an accurate weighing is to determine the 
sensifimmss^'^' i.e., the number of scale divisions which ihe^mnter 
is shifted by the addition of one milligrani^ and then to calculate 
by interpolation the exact correction which must be applied to 
IFo in order to bring precisely into coincidence with Ei; this is 
done as follows : Immediately after finding /jk, add to the lighter 
side a small weight, say 2 mg. (1 mg. if the balatice is veiy sensi- 
tive; this may be done by means of the rider if desired), and 
take the corresponding resting point Tills procedure simply 
determines the value in milligrams of the scale divisions. Thus, 


if = 10.63, and if, upon the addition of 


R, 


7.01, then 


the sensitiveness is 


10.63-7.01 
% ■ 


,==.1.81. ■■ .From the.. two resting 


points i?j and Ah, and the sensitiveness it is a very easy m,atter 

^ Since, on account of the bending of the balance arms, the sensitive- 
ness varies with the load, theory i^equires either that it be determined at 
each weighing, or else that a table showing the variation of the sensitive- 
ness with the load be made out once for all and kept for use with the 
balance. Since, iiowever, with good balances, it generally requires a very 
considerable cliange in load to produce an appreciable cliaiige in the 
sensitiveness, it is usually unnecessai'y to make more than one careful 
determination of the sensitiveness so long as the loads involved are of 
about the same magnitude, 
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to calculate the weiglit which would need to he added to or sub- 
tracted from in order that the pointer might be brought . 
exactly to the original resting point Ri, Thus, in this case, the 
number of milligrams which would be required to move the pointer 

from i ^2 [= 10.63] back to Ri [= 9.28] is — = . 74 . This 

number of milligrams must be added to or subtracted from IPa? 
according as the point 10.63 is farther from or nearer to the 
bulb than the point 9.28. Let F 3 represent the corrected value 
of IF 2 . Then W^— Wi is the to of equations (111) and {119). 

5. To find the volume of the bulb, fill it either mth water or 
with mercury, and weigh upon the trip-scales. Take the temper- 
ature of the liquid used and obtain the density from a 
volume table (see Appendix). From the weight and density of 
the liquid calculate V, If the liquid used be mercury, 
the filling can most easily be done by means of a funnel made by 
drawing down one end of a piece of glass tubing so as to form a 
capillary tube long enough to reach into the interior of the bulb. 
When the bulb is full of mercury, it must of course be handled 
with extreme care, the stopcock being always left open so as to 
prevent breakage by expansion. Filling with water may be done 
in the same way if sufficient pressure- be applied to force the water 
through the capillary tube. It may also be done by alternately 
heating and cooling the air in the bulb, the neck being kept 
under water during the cooling. If water be used, the bulb will 
not be again fit for use until it has been thoroughly dried by 
repeatedly exhausting after the temperature has been raised above 
100 ° 0. by carefully heating with a rapidly moving Bunsen fiame. 

The pressures which occur in the numerator and denominator of 
(119), viz. Pi and Pg- Pi, must of course be expressed in the same 
units. If they are expressed in centimeters* of iner- 

Theharom- ,, , ■ 

eter come- cury, the two columns of mercury which they represent 
must have the same temperature.^ It is evident, then, 
that since P 3 — Pi represents the difference in the readings of the 
manometer arms at the temperature of the room, the barometric 
reading Pi should also correspond to the temperature of the 

* A difference in teraperature not exceeding 5° C. leads to a wholly 
inappreciable error. It may tberefore be overlooked (see table of mercury 
densities, in. Appendix). 
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room; i.e. , for iise in (119) the observed barometer height needs 
correction only for capillarity. But in the table of ‘‘Densities of 
Dry Air” given in the Appendix, the pressures all represent 
heights of mercury columns at 0° G. Hence, iii'order to compare 
your value of di with Regnault’s value, which is represented by 
this table, the observed barometric height must be reduced to 
0^^ 0. This reduction is made by multiplying the observed height 
by the ratio of the densities of mercury at the room temperature 
and at the zero temperature. To save labor, this correction is 
worked out for all ordinary temperatures in the table in the 
Appendix entitled “Reduction of the Barometer Height to0° 0.” 
(This table also contains a slight correction for the expansion of 
the brass barometer scale.) 


Record 

Bar. flt. obs’d = corrected for capxrty= Reduced to — - cm. 

Temperature of air corresponding to = to Pg = 

First resting point [Pi ] = — — First weight [ ] = gm. 

Second “ “ [PJ^ Second “ [W^]^- gm. 

Third “ “ [Ps] = Sensitiveness ==:^ — — 

. correction to be applied to ^ — mg. . *. = gm. 

, weight of air w introduced into bulb (TFg — = gm. 

Gauge reading, long arm = short arm =: - — - . Pg ~ Pi = cm. 


Wt. of bulb + Hg . Wt. of Hg — — Tern. — . *. Den. of Hg — 

. •. P's-- — - . •. = — — Regnault’s value = — ■ — fo error = — - — 

Problems 

1. A glass tube open at one end is 60 cm. long. The inside is 
covered with a soluble pigment. After a sea sounding, in which 
the tube was lowered vertically, open end down, the pigment was 
found to be dissolved to within 5 cm. of the top. The density of 
sea water being 1.03, find the depth of the sea. 

2. A tube 100 cm. long is half filled with mercury. It is then 
inverted in a cistern of mercury. How high does the mercury 
stand in the tube above the cistern? (Bar. Ht. = 76 cm.) 

8. A barometer tube was imperfectly filled. When the space 
above the mercury contained 10 cc., the barometer indicated 70 
cm. pressure. When the space above was reduced to 5 cc. by 
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pushing tlie barometer down into the cistern, it indicated 69.5 
cm. What was tlie true barometric height? 

4. Show why the true zero of a yibration which is gradually 
dying down because of damping, is not obtained by taking the 
mean of two successiye turning points, one on the right and one 
on the left. 

5. Show why the true zero is obtained by averaging the mean 
of two successive turning points on one side with the interyening 
turning point on the other. 
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THE MEASUEEMENT OE TEMPEEATUEB 

Theory 

It is a fact of common observation that as a body grows hot it 
increases in volume. Quantitative measurement shows, however, 
that as different bodies pass through the same change 
Qay^rZsfao temperature, e. g., from the freezing to the boiling 
point of water, their expansions per cubic centimeter 
are widely different. In 1787 , however, a Frenchman by the 
name of Charles announced that all gases show the same expan- 
sions as they pass between two fixed temperatures. This result 
was confirmed by Gay-Lussac some twenty years later, in the first 
series of experiments which were sufficiently exact to thoroughly 
justify the conclusion. The law is now most generally known by 
the name of Gay-Lussac, though it is also called the law of 
Charles. This law, like that of Boyle, has been found by later 
experiment to be only approximately correct. For the permanent 
gases, however, the departures are only slight, as will be seen from 
the table on p. 126 . Since the different gases obey Boyle’s Law 
with different degrees of exactness, these departures from the law 
of Gay-Lussac were to have been expected. In fact, the kinetic 
theory requires the result, established by experiment, that the 
gases which show the largest departures from Boyle’s Law, show 
also the largest deviations from the mean value of the coefficient of 
gaseous expansion. (See CO3 and hT^O.) 

Direct knowledge of the temperature, i.e., of the hotness, of 
a body is gained only through the sense of touch. But since, as 
^ a body growls hot to the touch, it also expands, this 
lact 01 expansion has been made the quantitative 
measure of change in temperature, even when the change is too 
slight to be perceived by the touch. Thus, for example, the vol- 
ume of a given weight of iron is observed first at the freezing 
point and afterward at the boiling point of water; the increase in 
volume is then divided into 100 equal parts, and 1 degree rise of 

13 ^ 
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temperattire is arbitrarily defined as any temperature cliange 
which will produce an expansion of the iron equal to one of these 
parts. Thermometers constructed in this way from different 
substances do not exactly agree with one another for temperatures 
other than 0° and 100 *^5 for the reason that the expansions of the 
different substances are not generally the same functions of the 
temperature. Hence, it becomes necessary to choose arbitrarily 
some particular substance whose expansion shall be taken as the 
measure of temperature change. The gases possess peculiar 
advantages for this purpose, first, because all gas thermometers 
agree with one another (see law of Gay-Lussac) and, second, 
because the kinetic theory gives to a degree measured upon a gas 
thermometer a particular physical significance (see below). For 
these reasons the expansion of a gas has been chosen as the 
measure of temperature change, and all correct determinations of 
temperature are now made either by means of gas thermometers 
or else by means of other instruments which have been standard- 
ized by comparison with gas thermometers. 

Gas thermometers take two forms: {1) constant-pressuTB 
form, and (2) the constant-vohme form. The first consists of any 
Constant- arrangement for measuring the expansion of a gas 
thermometers under a Constant pressure. For example, 

pam^n^coeffi- to be Confined within the bulb B and 

dent of oases, g, p^^t of the stem (see Fig. 74) by means of a 
small mercury index ^ which moves without friction forward or 
back as the temperature of 
the bulb rises or falls. Let 
the stem be open at so 
that the confined gas is 
always under the condition 
of pressure which exists outside. One degree of change in tem- 
perature is then defined^ in the centigrade system^ as a?iy tem- 
perature change which ^ starting from aiiy temperature whatever., 
will fTroduce in the confined gas an increase of volume amounting to 

of the increase which takes place tvhen iJie temperat ure of the gas 

passes letween the freezing and the toiling points of neater. If the 
barometric pressure never varied, the stem of such a thermometer 
might easily he graduated so that the instrument would read tern- 
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perature directly. It would only be necessary to place it Iiori' 
zon tally, first in melting ice, then in the steam rising from boiling 
water; to mark the positions of the index at the two temper- 
atures ; and then to divide the increase into 100 equal parts. In 
practice a gas thermometer is never treated in this way, for the 
reason that such a graduation would give correct temperature 
readings only for the particular pressure P (e.g., 76 cm.) at which 
the graduation was made. In general, then, in order to make a 
correct determination of any unknown temperature with such a 
thermometer, it is necessary to know, not only the index reading 
when the hulb is at the unknown temperature but also the 
index readings which correspond, at the exisfmg presstm^ to the 
freezingandboiling temperatures. Prom these three readings the 
temperature t is obtained without any actual determination of any 
one of the three volumes, i.e., the volume at 0® [=Fo]j tho vol- 
ume at 100° [=Fioo]}Or the volume at P [=FJ; for it is only 
the volume differences (Fj- Fo) and (Fioo- Fo) which need be 
known. Thus it is at once evident from the definition of tepper- 
ature given above, that from such observations the temperature 
on the centigrade scale is given by 


Vt-Vo 

100 


( 120 ) 


The observation at 100° can be dispensed with if the actual voh 
ume Fo be determined, and if the coefficient of expansion of the 
gas between 0° and 100° be known. For, the coefficient of 
expansion a between any two temperatures 4 and 4 is defined as 
the increase in volume corresponding to a rise in temperature 
from ti to 4, expressed in terms of the volume at 0°. Thus the 
following equation is arbitrarily taken as the definition of a be- 
tween and 4: 


(4- ifx) Fo 


(131) 


The coefficient of expansion hetween 0° and 100° is then evidentlj 
given by 
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Now, if this equation be combined with (120), there results 


Vf-Vo 

o-Fo 


(123) 


If, then, a be known, it is evident from (123) that a determina- 
tion of the temperature t may be made by means of the constant- 
pressure gas thermometer, by measuring the Yoliime of the gas at 
0°, and the increase in volume between 0° and f . Either of the 
characteristic equations of a constant-pressure gas thermometer, 
(120) or (123), may be taken as the of temperature on 

the centigrade scale. 

Now suppose that the confined air in the btdb 5, after being 
raised at constant pressure Fq from the freezing to the boiling 
Constantrvoh water, i.e., from Fo to Fjoo, had been brought 

mometly^sand again, while at the boiling temperature, from Fioo 
^0 (see Fig. 74) by the application of additional out- 
gases. pressure, the final value of which is represented by 

Pi. Then Boyle’s Law gives 

Vo ^ Fo' 


If this equation be compared with (122), which defines the coeffi- 
cient of expansion a, it is seen that 


““ 100 Fo “ 100 Po’ 


( 124 ) 


Now, since, in the whole operation which has been copsidered, 
the gas has been brought back to its original volume, and the only 
resultant change which has taken place is the change in temper- 
ature from 0° to 100°, it is clear that Fi is 
the final pressure which the gas would have 
exerted if its volume had always remained con- 
stant at Fo, while its temperature was raised 
from the freezing to the boiling point of water, 
i.e., Pi is the pressure which the gas in a 
constant-volume tliermomeUr Fig. 75) would 
have assumed at 100°, if its pressure at 0° was 
Po^ Call it henceforth Fm and write (124) , 

Pl00”“ ^0 


100 Po 


(125) 
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Also coneeiTO the above operation to be replaced by that of raising 
the arm a {Fig. 75) and holding the mercury in b always at the 
same point Vo while the temperature of JS is raised from 0° to 
100°, an operation which corresponds to that usually performed 
in the use of a constant- volume thermometer. Now the expres- 

sion, applied to a constant-volnme tbermoineterj is 

100 x 0 

usually' called pressure coefficient of the gas, and is denoted by 
the letter It thus appears that for a gas tcliich folloius Boyle\s 
Lau) the expansion coefficient a and the pressure coefficient ^ are 
ide^itical quantities^ and hence that the equation 

('*•’> 

applied to a constant-volume gas thermometer^ gives precisely the 
same definition of temperature as does (123) applied to a constant- 
pressure gas thermomoter. 

In practice, the constant-volume thermometer is the more con- 
venient, as well as the more accurate instrument. It is therefore 
The. resent exclusively used. But there are other reasons, 

fh^omeur those of convenience and accuracy, which 

make a choice necessary. As has just been proved, the 
pressure and expansion coefficients must be identical for gases 
which rigorously follow Boyle’s Law. But, since such gases do 
not exist, it was to have been expected that refined measurements 
would show slight differences between these coefficients. The 
following table gives the results of some of the best determina- 
tions, those of Ohappuis at the International Bureau of Weights 
and Measures being probably the most accurate yet made: 

Expansion Pressure 


Gas Coefflcient ot Coefficient /3 Observer Date 

Hydrogen 0036600* .0038835 P. Cbappuis 1887 

Hydrogen 008681 008667 Begnault 1840 

Air 008670 ,008666 Regnault 1840 

Air 003663 Knenen and Eandall 1895 

Carbon dioxide (COj). .003710 .003688 Regnault 1840 

Nitrous oxide (17,0).. .003719 003676 Regnault 1840 

Oxygen 003674 von Jolly 1874 

Nitrogen........ 003667 von Jolly 1874 

Argon .003668 Kuenen and Randall 1895 

Helium .003665 Kuenen and Randall 1895 


#See Travers’ “Experimental Study of Gases,” p, 149. Macmillan & Co., 1901. 
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Because, then, of tlie’ slight difference in tlie two coefficients 
lor the same gas, and because of the slight differences existing 
between the different gases as regards the same coefficient, the 
International Committee of Weights and Measures adopted in 1887 
the constant-volume hydrogen thermometer as the standard of tem- 
per ah^re measurement y Hence, the above approximately correct 
definition of temperature must be replaced by that embodied in (126) 
when applied to a hydrogen thermometer. In other words, since 

^ = .0036625 = gyg, 1°(7. is by definition such a temperature 

change as will cause the pressure of a body of hydrogen which is 

Icept at constant volume to change hy of its zero value. 

273 

According to the kinetic theory, the pressure exerted by a gas 

which follows Boyle’s Law is, at any instant, the product of the 

mean force of each impact and the number of impacts 

moryand occurring at that instant upon each sq. cm. of surface 
temperature. . _ ° __ ,, , ^ t , 

(see Lx. AlV). jNow, the number of impacts which a 

single molecule which is moving within a given enclosure will 
make per second upon the walls is evidently proportional to its 
velocity. Hence, with a fixed number of molecules present in 
the enclosure, the number of impacts occurring at any instant 
must be directly proportional to the average velocity. But the 
mean force of each impact is also proportional to the velocity (see 
second paragraph below). Hence with a given kind of mole- 
cule, i.e., a given gas, the pressure exerted against the walls is 
proportional to the of the molecular velocity. But also, 

for a given kind of molecule, the kinetic energy {i7nv^) of each 
molecule is proportional to the square of the velocity. Hence the 
ratio of the two pressures which a constant volume of gas exerts 
at different temperatures is simply the ratio of the mean molec- 
ular kinetic energies. Since, then, 

it follows that the equation (126) which, when applied to a con- 
stant Tolume of hydrogen, defines temperature, may also be 
written 

{KE%-{KE\ 


t = ' 




(128) 
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Since = 5 ^, and since, when (-O')* - {KE)^ = /3 (-O)o, ^ = 1, 

this maybe expressed in words thus: 1 ° change in temper attire 
means merely the addition {or snbti'achon) of a given amount to the 
mean Mnetic energy of translation of the flying hydrogen molecules^ 

and this amount is ^ of the Mnetic energy which these molecules 

possess at 0^ C, 

It is evident, then, that if, starting from 0 °C., this amount 
were subtracted 273 times, all kinetic energy would be removed 
from the hydrogen molecules; i.e., they would come 
zerooftem- completely to rest. Further, the interpretation of the 
peratiire. 6 ay~Lussac, in the light of the kinetic theory, is 

that the molecules of all other gases would come to rest at the 
same temperature, viz., at - 273°C. This point at which all molec- 
ular motion would cease is called the ahsolute zero of temperature. 
Of course this temperature can never be attained; but within the 
last twenty-five years great strides have been made toward it. Up 
to 1877, the lowest attained temperature was -110°C., produced 
by Faraday in 1845 by the rapid evaporation in vacuo of a mixture 
of ether and solid OO 2 . The temperature of the solid CO 2 alone 
is ~80°C., that of the mixture ordinarily about the same. In 1877 
a Swiss, Pictet, and a Frenchman, Cailletet, independently lique- 
fied oxygen, which has a boiling point of -182.5 °0. But as 
neither of these experimenters obtained the liquid oxygen in a 
static condition, they could make no observation of its temper- 
ature. The lowest measured temperature was —140°0., obtained 
by Pictet by the rapid evaporation of liquid N 2 O. Following these, 
the two Poles, Wroblewski and Olszewski, and the Englishman 
Dewar accomplished the liquefaction of air in quantity, and by its 
evaporation in vacuum produced and measured temperature as 
low as —210*^0. In 1885, Professor Olszewski liquefied hydrogen 
and located its boiling point at -243.5''. It has since been not 
only liquefied in quantity, but also solidified by Dewar (1900), 
according to whose most recent determinations the boiling point 
of hydrogen, measured by means of a hydrogen thermometer, 
is between — 252°C. and — 253''0. Its melting point is between 
— 256^^0. and -257°0. The lowest temperature obtained by evap- 
orating solid hydrogen is — 260°0., only 13'' above absolute zero- 
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Tims far it has been shown that rise in temperature sig< 
nifies an increase in the mean molecular energy amounting to 

Pre,^sure the zcro value of this energy, hut no attempt 

and molec- 

has yet been made to find the actual value of this zero 
energy, or to discover whether any simple relation 
exists between the mean kinetic energies of the molecules of 
different gases which have the same temperature. In 1851, the 
English physicist J oule worked out in the following ivay the precise 
relation which must exist between the pressure exerted by a gafe 
and the mean kinetic energy of the individual molecules. 

Let the gas be contained in the vessel m?i (see Fig. 76), the 
lengths of whose sides are a, 5, c, and let iV* represent the number 
of molecules in the vessel and the 
average velocity of each molecule. The 
particles are, of course, moving in all 
possible directions, but, on the whole, 
the pressure must he just the same 
as though one-third of them were 
moving parallel to each of the three 
edges < 2 , 5, c» If a single particle were alone in the vessel and 
were moving back and forth parallel to one edge, e. g., to 

it would make against the upper wall — impacts per second ; for 

V is the distance which it moves per second and is the distance 
moved between successive impacts against this wall. If there are 
other molecules present in the vessel, the molecule considered 
may, of course, collide with them in its excursions to and fro, but, 
so long as the volume occupied by the molecules themselves is 
negligible in comparison with the volume of the vessel, the num- 
ber of impacts against the wall will be unaltered by these col- 
lisions. For (see Ex. VII, Problem 1) when two equal elastic 
particles collide, the effect is the same as though one particle had 
passed througli the other without influencing it.* Since, then, 

each particle which is moving parallel to u makes — impacts per 

*This was proved only for the case of central impact and can not 
therefore be taken as a complete justification for the preceding statement. 
However, a more rigorous analysis than the one here given leads to pre- 
cisely the same final result. 
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W 
3 ^ 


second against tlie side ah, and since there are — particles so mov- 

ing 5 the total number of impacts per second against ah must be 

Kow, at each impact each molecule first loses all its 

Telocity and then gains an equal opposite velocity. Hence the 
change in velocity which each molecule experiences at each impact 
is 2v. The change in momentum which each particle experiences 
at impact is therefore 2mv, m being the mass of each molecule. 
The total change in momentum experienced by the total mass which 

N V 

impinges per second against ah is then 2mv x — x But rate of 

change of momentum is the measure of force (see Ex. II). Hence 
the force /, which the wall ah experiences because of the molec- 
ular impacts, is given by 

/=2m^;x-^ X— - — (129) 


%c c 

But the pressure p is by definition the force per unit area, 

Mnv^ 


P^i' 


ahc 


Hence, 
(130) 

Hence equation 


But ahc is merely the volume V of the vessel. 

(130) becomes 

(131) 

How, Boyle’s Law asserts that the product of the pressure and 
volume of any gas is constant so long as the temperature remains 
constant. Hence, according to equation (131), the condition for 
constant temperature is a constant mean velocity of molecular 
motion. If n denote the number of molecules in unit volume, 
jSf ' ■ ■ 

then n -y;:, and (131) becomes 

p = ^ nmv^. (132) 

The kinetic energy of the n molecules is Hence the pres- 

sure exerted hy a gas is numerically equal to two^thirds of the 
hinetic energy of translation of the molecules in unit volume. 

Let two gases 1 and 2 be contained in different ves- 
sels, but let them have the same temperature and 
exert the same pressure. According to equation (132) 
the pressure in vessel 1 is 


Equality of 
Mnetic en- 
ergy the con- 
dition of 
equality of 
temp&rature. 
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Similarly in vessel 2, 

Now, according to the law of Avogadro, the xiroof of wnich will 
be advanced in the next section, if the two gases exert the same 

pressure and are at the same 

0 & iii l^ l i ilg | temperature, they contain the 
Ij - I* same number of molecules per 
I . II unit volume, i.e., in this case 
11 iff 11 Hence, 

|S| I I H miV^ = m^vi-, 

I 11 at a gwe7i temperature the 

l| ' II molecules of all gases have the 

Figure 77a 'I || same average hmetic energy of 

,| ' II translation. Thus the kinetic 

^ 11 /“pif 1 II theory leads not only to the 

p— I conclusion that 1° rise of tern- 

^*'**^'*'^^ I "ftB perature means an increase of 

i ~ amounting to 

Figure 77b i:!| I jg 1 

;| : g H of the zero energy, but 

I - 1 II equality of tempera- 

■ ture in gases means equality in 
I III the average kinetic energies of 
I rS 1 1 11 the molecules. 




Experiment 

1 . To determine the pres- 
sure coefficient p of air/ 2. 

To standardize a 
Ofcject T ,, 

* ‘mercury in glass ' 

thermometer by comparing it 

with an air thermometer. 

Fig. 77 show«i. 

the constant - vol- 

fci 7® z f 

' eter which is to be 
used. The volume 
is kept constant by 
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SO adjusting tlie height of the right manometer-arm that the iiier- 
cnry in the left arm is brought, before each reading, exactly into 
coincidence with the platinum point c (see also Fig. 77a). 
Instrument adjustment screw e facilitates this setting. The 

difference in the mercury levels in the two arms is read off upon the 
central graduated scale. A mirror is attached to the back of the 
vernier index i and slides with it so that the readings can be made 
entirely free from the error of parallax. A three-way stopcock s 
makes it possible to put the bulb into communication either with the 
manometer or with the outer air. The form of this cock is shown 
in Fig. 77b, which represents the position when it is in communica- 
tion, through the hole o and the tube with the manometer. 
Turning the cock through 180° brings the bulb into communica- 
tion, through the hole r and the tube with the outside air. 
A rigid arm Z, which is attached to the sliding collar (7, holds the 
bulb in place and protects it from breakage. 

If po represent the observed pressure at 0°, H the barometric 
height and Jiq the difference between the readings in the two arms 
Method surrounded with melting ice and 

the mercury is brought into exact contact with c, 
then evidently 

y?o = ^+7^05 

ho being, of course, negative if the level in the left arm is higher 
than that in the right. Similarly the observed pressure at 100° 
is given by 

pm-S+hioQ^ 

and that at any unknown temperature i, by 

Pt^ E+hf 

Now if the conditions assumed in the deduction of (125) and (126) 
had all been fully realized there would result very simply 

• Fioo — Eq ^ yJioo —’Po ^ hioQ — Jiq 

~ 100 Po 

Pt-Piy 


iS = 


and 




100 Fo 
Pf — Fo 


100 {E+ ho) 

Ilf — ho 


(133) 


(134) 


jBFo 13 Po P (H-^ h^ 

But, in point of fact, p^^ po^ andy?^ are all slightly different from 
jPioos -Foj and P^, for the latter correspond to an absolutely constant 
volume and to a condition in which all of the confined air under- 
goes the heating or cooling operation. Since neither of these 
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conditions is realized in practice two corrections must be applied 

to the observed pressures. The first is the correction for the 

expansion of the bulb. If y represent the cubical 

fnre^*^ Coefficient of expansion of glass, (i.e., the expansion 

P®’^ degree, a quantity which is equal to . 000035), 

then the initial volume F of the bulb will have changed 

at 100° to F+ lOOy F [= F(1 + lOOy)]. In order to reduce this 

volume back to F, it would be necessary to apply some pressure 

a; such that (see Boyle’s Law), 

F(1 4-lOOy) X , , , ' 

y ’ = — ’ or a; (1 4 lOOy). (136) 


Applying this correction then to both (133) and (134) there results: 


/8 = 


t = 


Pm (1 -H lOOy ) -Po ^ Pm-p^ 
100 

Pt (I4y0-y>0 
;8y?o 


Pt 


100y)o 
~ Pa ^ 


+ 


yj^ioo 

Pa 


(136) 

(137) 


and . „ - - 

^Pa-ylh 

But for even moderately accurate results a still further correc- 
tion must be applied to all of the observed pressures in order to 
make allowance for that portion of the confined air 

CjOTt'CiCtijOYl) 

for unheated wliich escapes the changes in temperature which take 
portion of air. within the hulb. Thus it is evident that if the 

air in the capillary stem and in the space about c fell to the zero 
temperature, po would be somewhat smaller than it is. Similarly if 
this air were heated with the rest to 100°, j9ioo would have a larger 
value. The error arising from this source is eliminated by multi- 
plyingthe /3 and i given by (136) and (137) by a factor of the form 

vp 1 


14 


V p, 14 .0036725' 


in which is the volume of the unheated portion of F, f the tem- 
perature of the room near c, and j? isj?ioo if the correction is applied 
to Pt if it is applied to t. The deduction of the form of this factor 
is comparatively easy but will scarcely be found profitable here (see 
Kohlrausch’s Leitfaden der Praktischen Physik, 8th ed., p. 112). 

Of course, if the barometer height is not 760 mm., the temper- 
ature of steam will not be exactly 100°, and a final modification 
must be made of (136) to take into account the change 
foi^mrnig in boiling point with change in pressure. The correc- 
temper atm e. made by replacing the 100 of equation 


The last expression is obtained by solving the preceding equation for t 
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(136) by the value of the boiling point taken from table 6 in the 
Appendix. 

Dieections.— 1 . Lower O' (Fig. 77) until the mercury in 
the left arm of the manometer is below the three-way stopcock s, 
then open com m unication through r and n (see 77b), 

co&:ffi€i6nt between B and the outside air. Attacii to n a caicium 
chloride drying tube and an exhaust pump precisely as in the last 
experiment. When B has been thoroughly dried/^* turn the cock so 
as to restore communication with the manometer. Then, with the 
aid of an ice scraper (see Fig. 78), prepare 
several quarts of pure shaved ice, pack 
it carefully about the bulb within any con- 
venient vessel from which the water may be 
drained, at the same time lowering O' so that 
the contraction of the air m B may not cause 
mercury to pass over into the iulb^ then pour over distilled 
water and repack. The water is added both to insure good 
contact and to make certain that the temj)erature of the ice 
is not below 0°. A mixture prepared in this way from shaved 
ice or clean snow gives a perfectly constant zero, but dry ice 
or snow can not be depended upon. Let the ice surround the 
whole bulb and the tube t up to the point to which the steam will 
have access when the bulb is immersed in the steambath. After 
a lapse of five minutes, adjust G' and e until the mercury just 
touches the platinum point c ; then set the sliding index i succes- 
sively upon the tops of the mercury menisci in the two arms, and 
take the corresponding vernier readings upon the vertical scale. 
Eepeat both the setting and the observations, and see how closely 
successive values of Ih can be made to agree. Next insert an 
asbestos screen between the bulb and manometer, replace the ice by 
the steam jacket shown in Fig. 77, and, as soon as the expansion has 
ceased, make again a series of settings and readings. In order to 
preclude the possibility of aleak, it is well, during the expansion, to 
keep the mercury always above the stopcock. After reading the 
barometer, obtain the volume of unheated air as follows: Place a 
small beaker underneath n and raise O' carefully until the mercury 
rises in the capillary tube t to the point to which this tube was 

* Of course this drying need not be repeated with every experiment 
The instructor will decide in each case whether it is necessary or not. 
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hoatod. Thou tErn the cock 5 and let mercnry rim out through n 
until the mercury level in the left arm has exactly reached the plati- 
num point c. From the weight of the mercury which has emerged, 
from §5 V can at once be obtained. The volume of viz., F, 
can be calculated with sufficient accuracy from a careful estimate 
of the dimensions of the bulb. Or the bulb may be immersed in a 
graduate and the rise of the water noted. If is of the order 
V . ' 

— an error of as much as 10% in the measurement of F will 

introduce into the determination of an error of but one-tenth of 
one per cent. 

2. Having found jS, surround B with a water bath, immerse 
also in the bath the mercury thermometer which is to be standard- 
ized, seeing to it that the whole of the mercury in both 

COTTCCtiOn ^ 

of mercury bulb and stcm is as nearly immersed as possible, and 
find the corrections of the mercury thermometer at about 
25°C., 50°C. and 75° 0. [see (137)]. In all of these determina- 
tions, stir the water mitinually and take no readings 
until a stationary condition has been reached. Next find 
the correction of the mercury thermometer at 0°, either 
by filling a large funnel with pure shaved ice, pouring 
over distilled water and immersing the thermometer up to 
its 0° mark ; or better still by immersing it in a small vessel 
of distilled water (see Fig. 79) which is surrounded by 
a freezing mixture of ice and salt, and noting the point 
at which, with continual stirring, the mercury becomes 
stationary. In the latter case it will generally be found 
to fall below the freezing point and then to rise sud- 
denly to it as the ice crystals begin to appear. Lastly 
find the correction at the boiling point by immersing the 
thermometer up to the mark 100 in a double-walled 
steam , jacket like that shown in Fig. 77. The correc- 
tion will be the difference between the observed boiling 
temperature and that given in the Appendix for the exist- 
ing pressure. It will be positive if the mercury ther- 
mometer reads too low, negative if it reads too high. 

In all readings of thermometers, take great pains to 
avoid the error of parallax. This is done by placing the stem 
carefully at right angles to the line of sight. 



Fig. 79 



136 


MOLECULAB PHYSIOS AKD HEAT 


Prom the five observed points plot a curve oi thermometer 
corrections (cf. also the two-point curve of Figure 86, Ex. XVIII). 

Eeeord 

1, Determination of ^5. 

Melting ice 1st setting 2d Steam 1st setting 2d 

Beading at c = ' — — , , 

Beading in rt. arm = — — — - — ' 

JJ— 7tl00=' 

Mean ho = . Po = Mean ?tioo = * ,• Pioo = — ^ 

^ = V= , . jS = % error = 

2. Correction of mercury thermometer. 11= 

0" 1st 2d ,25“ 1st 2d 50“ 1st 2d 75“ 1st 2d 

Means ho — — ht^ . ^2 - — 

By mercury thermometer fa 

Correction of Hg, ther. at 0“ — at 25“ at 50“ at 75“ at 100“ 

Problems 

1. From equation (126), which deines the measure of tem- 
perature upon the centigrade scale, show that, if the yolume of a 
gas remain constant while the temperature changes, 

^^273 + ifi. 

373 + 4’ 

or, if T denote the temperature measured from a point 273® below 
0®O., i.e., from the absolute zero, show that 



2. Show also that if the pressure of a gas remain constant 
while its temperature changes, the volume is directly, the density 
inversely, proportional to the absolute temperature. 

3. Since Boyle’s Law gives the variation in density when the 
pressure alone changes, the temperature remaining constant, it is 
evident that from this law, and the rtile deduced in the preceding 
problem, the density of a gas can be calculated for all temperatures 
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and pressures if it has once been determined for one single yalne 
of the temperature and pressure. Thus, giyen that the density of 
air at 16°0., mm., is .001192; find the density at 0°, 745 
mm. ; 760 mm. ; at 120^, 755 mm. 

4. Find the yoliime occupied by 28.88 gm. of air at 0°, 760 

mm. ■ , . , 

5. How much work is done against atmospheric pressure when 
10 gm. of air at 0°, 750 mm., are heated to 50°, 750 mm.? 

6. In equation (132), nm is merely the mass per unit yolume, 
i.e., the density of the gas. The density of air at 0°C., 76 
cm., is ,001293; hence, find from (132) the average velocity of 
the molecules of air at this temperature {p must, of course, be 
expressed in dynes). 

7. Air is 14.44 times as heavy as hydrogen. Find the velocity 
of the hydrogen molecule. What relations do the densities of 
gases bear to their molecular velocities? 
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LAW , OF AVOGADEO^-BENSITIES OP GASES ANB 

VAPORS 

Theory 

The speculations of the old Greek philosophers led some of 
them to the assumption of the atomic theory as to the constitution 
of matter; but it was not until 1803 that the English 
chemist, John Balton, placed this theory upon an 
hypothesis, experimental rather than upon a purely speculative 
foundation. Experiments upon the combining powers by weight 
of different substances reveal four principles which find their most 
simple and natural interpretation in the atomic hypothesis. 
These are (1) the principle of constant proportions, (2) the prin- 
ciple of equivalence, (3) the principle of multiple proportions, 
(4) the principle of substitution. 

According to the first principle, the proportions ly weight in 
which the elements enter into a given compound are absolutely 
Theiawof example, it is found that hydrogen 

constant pro- will unite with chlorine, so as to leave no free hydrogen 
and no free chlorine, only when the number of grams 
of hydrogen present bears to the number of grams of chlorine one 
definite . ratio. The same may be said of the combination of 
hydrogen with bromine or of hydrogen with iodine. These 
ratios are 

1 gm. hydrogen to 35.18 gm. chlorine j 
1 gm. hydrogen to 79.36 gm. bromine > • (138) 

1 gm. hydrogen to 125.90 gm. iodine ) 

Similarly, the chlorides of potassium, sodium, and silver are 
always found to contain exactly the following proportions by 
weight: 

38,86 gm. potassium to 35.18 gm. chlorine ) 

22.88 gm. sodium to 35.18 gm. chlorine t • (139) 

107.12 gm. silver to 35.18 gm, chlorine ) 

138 
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It is evident tHat tlie interpretation of tHis law in the light of a 
molecular hypothesis as to the constitution of matter can only be 
that the atoms of each substance are of constant weight and that 
the molecules of compounds are always of the same atomic com- 
position. 

But another and still more significant relation is found to 
exist. From the examples given above, it is evident that 35.18 
. . gm. of chlorine, 79.36 gm. of bromine, and 125.90 gm. 
puof&iuiu- of iodine may be called equivalent” quantities in the 
sense that each one of them combines with exactly the 
same weight of hydrogen, viz. 1 gm. Similarly, 38.86 gm. of 
potassium, 22.88 gm. of sodium, and 107.12 gm. of silver may 
also he called equivalents, since each of them combines with the 
same quantity of chlorine. These latter substances can not he 
made to combine with hydrogen directly, but since the numbers 
given combine with Just the number of grams of chlorine which 
has been found to be the , combining equivalent of 1 gm. of 
hydrogen, these numbers may also he said to have been found in 
this indirect way to be the equivalents in combining power of 1 
gm. of hydrogen. So much for the definition of equivalent . 
Now the fact of peculiar significance is this: A quantitative 
analysis of the iromides of potassium, sodium, and silver leads to 
precisely the same numbers for the equivalent weights of these 
substaiices as did a study of eMorides. Thus the only pro- 
portions in which these substances will combine with bromine are: 
38.86 gm. potassium to 79.36 gm, bromine \ 

22.88 gm. sodium to 79.36 gm. bromine (1^^) 
107.12 gm. silver to 79.36 gm. bromine .) 

When, further, a study of the iodides leads again to the same 
three numbers, thus, 

38.86 gm. potassium combines with 125.90 gm. iodine \ 

22.88 gm. sodium combines with 125,90 gm. iodine V ? (1^1) 

107.12 gm. silver combines with 125.90 gm. iodine ) 

it becomes certain that some very definite physical significance 
lies behind these numbers. The simplest possible interpretation 
to put upon them is, to take a particular case, that the particle of 
potassium which combines with chlorine to form the molecule of 
potassium chloride is exactly like the particle which combines with 
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bromine to form fche molecule of potassium bromide, and with iodine 
to form the molecule of potassium iodide. 

If, now, it is decided to adopt a mere conYeiition and call 
this particle an atom of potassium; if similarly the particle of 
bromine which enters into hydrobromic acid, and into the bromides 
of potassium, sodium, and silyer be called an of bromine; 
and if a similar conrention be adopted with reference to all of the 
substances thus far mentioned, then the weights of all these atoms 
in terms of the alom of hydrogen must be simply the numbers, 
aboYe given, which represent the combining powers with reference 
to hydrogen, of the elements mentioned. Further, since it has 
been decided to regard this quantity of each element wdiich enters 
into the molecule of any of the above compounds as a unit rather 
than as a combination of two or more units, the following symbols 
will henceforth be used: hydrochloric acid = HCl, hydrobromic 
acid = HBr, hydroiodic acid = HI, potassium chloride = KOI, 
sodium chloride = NaCl, silver chloride = AgOl. Corresponding 
formulae for the bromides and iodides are: KBr, KaBr, AgBr, 
KI, Nal, Agl. Of course, these particles which enter into the 
above combinations may themselves be aggregations of 2, 3, 10, or 
1000 smaller particles for aught we know, but so long as no evi- 
dence is brought forward to show that some sort of compound 
substance exists, the molecule of which contains a smaller amount 
of chlorine, for example, than that quantity which is found in 
HCl, KCl, KaCl, and AgCl, this quantity will be called by com- 
mon consent, i.e., by definition, the atom of chlorine. Anatom 
would then be defined as the smallest particle of any element 
which is known to enter into the molecule of any compound. 

The facts of equivalence which have been above presented, 
and which constitute one of the strongest arguments for the 
atomic hypothesis, may be summarized thus: The study of nmiy 
different compounds leads often to precisely the same mmier as the 
combining equivalent of a given element with reference to hydrogen. 

But in some cases the study of different compounds leads to 
different numbers for the equivalent of a given element with ref er- 
Lawnf hydrogen. -For example, Dalton found that 

muitipu olefiant gas yielded upon decomposition the two ele- 
ments carbon and hydrogen in the proportions by 
weight, 6 carbon to 1 hydrogen, while marsh gas yielded the same 
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Iwo elements in the ratio 3 carbon to 1 hydrogen. Further study 
of other compounds revealed the fact that wlmiever deme'^ts have 
the poioer of comUning in cliff ere?it projjortions, these j}roporlions 
always hear sim^)Ie ratios to one another. This is known as the 
law of multiple proportions. The self-eyident interpretation of the 
law, in the light of a molecular hypothesis, is that it is possible in 
some cases for two, or three, or some other small number of atoms 
of a given element to enter into the constitution of a compound 
molecule. It was probably the discovery of this law of multiple 
proportions which first convinced Dalton of the truth of the 
atomic theory. To illustrate it by a further example, there are 
four different compounds of the elements chlorine, potassium, 
and oxygen in which the proportions by weight of the three ele- 
ments are as follows: 


CHLORINE 

POTASSIUM 

OXYGEN 

35.18 

38.86 

15.88h 

35.18 

38.86 

31.76 { 

35.18 

38.86 

47.64 [ 

35.18 

38.86 

63.52 J 


It will be observed that in all four compounds the potassium and 
chlorine have exactly the same ratios as in KCl. The simplest 
and most natural interpretation is that all of the compounds con- 
tain an atom of potassium and an atom of chlorine. The smallest 
amount of oxygen found in the molecule of any of these com- 
pounds weighs then 15.88 times as much as the hydrogen atom. 
If this amount be called the oxygen atom (at least until some 
smaller amount is found to enter into some other sort of molecule), 
then the second compound contains two atoms of oxygen, the third 
three, the fourth four, and the formulae for the four substances 
are mo, KClOg, KClOa, and mo,. ^ 

It will have been already observed that the fact of combination 
in multiple proportions introduces an uncertainty into the deter- 
, mination of the true combining equivalents, i.e., the 
atomic wei^^ some elements, n or example, irom 
Dalton’s esperiments on olefiant gas and marsli gas, it might be 
inferred that the atomic weight of carbon was 6 and the formula 
for olefiant gas CH and for marsh gas OH3. But 3 might with 
equal reason be taken as the atomic weight of carbon, and O2H 
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and CH as the corresponding formulae. The following experi- 
ment, however, makes it certain that the molecule of marsh gas 
conteins at least four hydrogen atoms. It is found that, by suc- 
cessive treatments with chlorine, marsh gas can be made to yield 
five different compounds in which hydrogen, carbon, and chlorine 
are combined in the following proportions by weight : 


HYUEOGEN 

CHLOEISB 

CAEBON 

4 

0 

11.91 

3 

35.18x1 

11.91 

2 

35.18x2 

11.91 

1 

35.18x3 

11.91 

0 

35.18x4 

11.91 


The existence of this series proves that the hydrogen in marsh gas 
is divisible into at least four parts, and that 1, 2, 3, or 4 of these 
parts may at will be replaced by 1, 2, 3, or 4 atoms of chlorine. 
It is certain, then, that there must be as many as four atoms of 
hydrogen in the molecule of marsh gas. If the quantity of carbon 
present in this molecule be provisionally assumed to be the atom 
(an assumption which is Justified by the study of the other carbon 
compounds), the formula for marsh gas becomes CH4; for olefiant 
gas, CHg; and the hydrogen equivalent of carbon, i.e., its 
atomic weight, is fixed not at 6 or 3 but at 12 (accurately at 

Again, since water is found to contain hydrogen and oxygen in 
the ratio 1 to 7.94, this might at first be taken as the ratio of the 
weights of the atoms of hydrogen and oxygen, and the symbol for 
water written HO. This would indeed be inconsistent with the 
interpretation put upon the series (142), from which it was 
inferred that the atomic weight of oxygen was 15.88. It would 
be possible, however, to reconcile this difficulty by assuming the 
formulae for the compounds in (142) to be KClOg, KCIO4, 
KClOe, KOlOs, — an assumption not very natural, it is true, since 
the new formulae at once suggest that it is O3 rather than 0, 
which is the oxygen unit. But the principle of substitution leaves 
no doubt as to which of the above possibilities must be chosen. 
For if potassium be allowed to act on water, a portion of the 
hydrogen is drawn off and replaced by potassium; if it be allowed 
to act again, all of the hydrogen is replaced, the proportions by 
weight in the three compounds being as follows; 
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HYBEOGEN 

2 

1 

0 


POTASSIUM 

0 

38.86 

77.72 


OXYGEN 

15.88 \ 
15.88 [ 
15.88 ) 


( 144 ) 


This series makes it certain that there are at least two atoms of 
hydrogen in the water molecule, and therefore supports the first 
conclusion that the atomic weight of oxygen is 15.88, and the 
constitution of water HgO. This gradual rejjlacement of a given 
element of a compound hy successive, reactions is called substitution* 
After the atomic weights of carbon and oxygen haye been fixed 
at 11.91 and 15,88, the discovery that carbon monoxide contains 
these elements in exactly these proportions, and that 
carbon dioxide contains the same elements in the pro- 
portions 11.91 to 31.76, leads at once to the foi'mulae 
CO and CO 2 to represent the chemical constituents of 
these gases. Again, when carbon and nitrogen are found to 
unite in the ratio 11.91 to 13.93, and carbon, nitrogen, and 
hydrogen in the ratio 


Some other 
atomic 
weights a7id 
chemical 
formulae. 


CARBON 

11.91 


NITROGEN 

13.93 


HYDROGEN 
: 1 


it is natural to take 13.93 as the probable value of the weight 
of the nitrogen atom. Then the formula for nitric oxide, which 
contains 13.93 gm. of nitrogen to 15.88 gm. of oxygen, becomes. 
NO, and that for nitrous oxide, in which nitrogen and oxygen are 
found in the ratio 13.93 .to 7.94, becomes NgO. Furthermore, 
the fact that sulphur combines with chlorine in the ratio 31.83 
to 35.18, and also with bromine in the ratio 31.83 to 79.36, sug- 
gests 31.83 as the atomic weight of sulphur. 

Enough has now been said to show how, aided only by the 
laws of combination, chemists, beginning with Dalton, set about 
devising tables of atomic weights and molecular consti- 
llogSw tutions ; tables which, to be sure, were only provisional, 

since it might sometimes be difficult to determine 
whether the atomic weight of a substance should be represented 
by a certain number, or by some simple multiple or snb:multiple 
of that number. But as more compounds were investigated, the 
choices became more and more restricted, and it can scarcely be 
doubted that the study of combining powers alone would have led 
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ultimately to most of the now accepted values of atomic weights 
and chemical formulae, even if Avogadro’s Law had never been 
discovered. The discovery of this law, however, facilitated 
greatly the work of fixing these quantities. The law was 
announced in 1811 by the Italian chemist whose name it bears. 
It asserts that at a given temjperahife and pressure all gases contain 
the same mmber of molecules per ciibic cenUmeter. The proof of 
the law rests upon a remarkable relation which is found to exist 
between the combining powders of substances and their gas or 
vapor densities. The following table*^ brings out clearly this 
striking relation. The column headed ‘‘Density” represents the 
results of experiments upon the relative densities, at a given 
temperature and pressure, of a number of the gases already men- 
tioned. For convenience of representation, the density of hydro- 
gen gas is taken as 2. 


GAS 

DENSITY 

ATOMIC WEIGHT 

Hydrogen 

... 2 

1 

Nitrogen 

... 27.82 

13.93 

Oxygen 

... 31.80 

15.88 

Chlorine 

... 70.73 

35.18 

Bromine 

...159.54 

79.36 

Iodine 

... 354.73 

125.90 

Sulphur 

... 64.06 

31.83 

MOLECULAR WEIGHT 

Hydrochloric acid (HOI). . . 

.... 36.30 

36.18 (1 + 35.18) 

Marsh gas (OHi). ......... 

... 16.08 

15.91 (11.91 + 4) 

Carbon monoxide (GO). . . . 

.. . 27.95 

27.79 (11.91+15.88) 

Carbon dioxide (OOg) ..... 

. . . 44.10 

43. 67 (11.91 + 15.8S X 3) 

Nitric oxide (NO) ....... . 

... 29.95 

29.81 (13.93 + 15.88) 

Nitrous oxide (NgO) ...... 

. . . 44.10 

43.74 (13.93 XS + 15.88) 

Water (HgO) ............. 

... 18.03 

17.88 (3+15.88) 


It is seen that in the lower group of substances the numbers 
which represent vapor densities in terms of a gas one-half as dense 
as hydrogen are throughout almost identical with the numbers 
which represent the weights of the molecule in terms of the weight 
of the hydrogen atom, as above defined. But if the weights of 
the individual molecules of a number of gases bear the same ratios 

*See Landoit and Bornstein, Physikaliseh-chemisehe Tabellen, pp. 
115, 116; and Wtillner, Experimental Physik, Yol. II, p. 802. 
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as the weights of the gases per cc.; then eyidently the number of 
inolecnles per go. must be the same in all the gases. This 
remarkably simple conclusion, which applies necessarily to all of 
the gases of the second group, provided the conclusions above 
reached as to their molecular constituents are correct, is seen to 
apply also to all the gases of the first group, if only the molecules 
of the gases, hydrogen, nitrogen, oxygen, chlorine, bromine, 
iodine, and sulphur, be assumed to be twice as heavy as the atoms 
of these substances; that is, if these molecules are composed each 
of two atoms, thus, Ilg, hTg, Og, Gig, Br^, 13 , 83 ; for then the 
molecular weights become 2 , 27.86,^31,76, 70.36,, 158.72, 251.80, 
and 63.66 respectively, numbers which are in remarkably close 
agreement with those given in the column of densities. 

ISTow, it is found that with equally simple choices as to the 
molecular constitutions of those gases in which the combining 
powers of the constituent elements leave two or more choices 
open, the densities of all hnoion gases lecome identical with their 
molecular tveights. This constitutes overwhelming evidence for 
the truth of Avogadro’s hypothesis. It is this fact of agreement 
letiveen molecnlar tveights and vapor densities which is the experi- 
mental basis for the laic of AvogadroJ^ This agreement is least 
perfect in the cases of those gases which show the largest depar- 
tures from Boyle’s Law. For actual this law, therefore, 
like those of Boyle and Gay-Lussac, is only a close approximation. 

Experiment 

1 . To determine the density of GO 3 and to compare 
the same with its molecular weight. 

2. To determine the density of water vapor and to compare 
the same with its molecnlar weight. 

A glass globe of known volume Fis weighed, first when full of 
air at temperature 71 (absolute), pressure Pi, then when full 
MeiJioi unknown gas at temperature 71, pressure Pg. 

In these weighings a closed bulb of the same volume as 

'^Tiie proof of this law which Maxwell first drew from the Mnetio 
theory — a proof which rests upon the Maxwell-Boltzman law of the dis- 
tribution of energies between two sets of unlike particles in a gaseous 
mixture, and which has since been given a place in a large number of 
chemical and physical texts— can not be recognized as adequate. (See 
iSToteby Rayleigh in Maxwell’s Theory of Heat, 10th ed., p. 336.) 
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the density globe is used as a counterpoise so as to eliminate all 
eflects due to changes in the buoyancy of the air. If the differ- 
ence between the first and second weighings be represented by w 
(w being of course negative if the second weight exceeds the 
first), the density of the gas at T^Pi. by dg^, the density of air 
at %P^ by then evidently 

Vda,-Vdg,^lO.* (145) 

Further, since density is directly proportional to pressure when 
the temperature remains constant (see Boyle’s Law), and inversely 
proportional to absolute temperature when the pressure remains 
constant (see Ex. XVI, Problem '2), it is evident that the equation 
which expresses the relation between the densities of air at T^P^ 
and at T^P^ is 

» a 2 -^2 

Now, the quantity which will be first sought in this experiment is 
the density of the unknown gas in terms of the density of air at 

the same temperature and pressure, i.e., This is obtained 

easily from (145) and (146). Thus, substitution in (145) of the 
value of dai obtained from (146) gives 

All of the quantities on the right side of (147), excepting da^r 
are measured directly in the experiment, da^ is obtained from 
(146) and the result of Ex. XV ; or, if it is found more convenient 
to determine da^ than da^^^ (147) may, with the aid of (146), be 
thrown into the form 


■(’-Tt) 


*In this equation the expansion of the bulb is neglected, because in 
neither of the following determinations will it afieot the result by more 
than a small fraction of one per cent. ^ If it is desired to take it into 
account it is only necessary to replace (145) by yda^-~-y{l + yt)dg^^w 
(in which 7 is the expansion coefficient of glass and t the number of 
degrees between and (T^), and then to solve precisely as above. 
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Finally, siDce air is 14.44 times heavier than hydrogen, it is only 
necessary to multiply the density of the unknown gas in terms of 
air by 28.88 in order to obtain its density in terms of a gas one- 
half as heavy as hydrogen. This is the quantity which, accord- 
ing to the law of Avogadro, should agree with the molecular 
weight. 

Directions.— 1. For convenience in filling and weighing, the 
density globe, the capacity of which is about 250 cc. , is provided 

To find y ^ ^ volume of 

this globe is first to be found by filling it with water 
and weighing upon the trip scales. The density of water at the 
observed temperature is to be taken from the table of water 



Figure 80 


densities in the Appendix. V is, of course, the ratio of the 
weight and density of the water. 

Having found F, dry the globe by carefully rinsing it with* 
alcohol and then forcing through it a current of air from a bel- 
lows, at the same time heating gently by means of a 
rapidly moving Bunsen flame. Continue this opera- 
weigung. alcohol has disappeared from the 

bulb. Then, after carefully lubricating the stopcocks, connect 
the bulb with the bellows through a calcium chloride drying- 
tube, as in Fig- 80, and force through the combination a 
gentU current of air for about one minute. Then close tap 5 and 
allow the apparatus to stand in this condition for about five min- 
utes, shielding the bulb as much as possible from temperature 
changes. Hext close tap a, read the barometer, and take the 
temperature by means of a thermometer hung near the bulb. 
Then detach the bulb, carefully remove all dust and grease from 
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its siirfacej and weigh upon an analytical balance, using a counter- 
poise of the same volume as the globe and following the directions 
given in Ex. XV for the first weighing. It is particularly impor- 
tant that no mercury be allowed to touch the bulb, as it is nearly 
impossible to remove small mercury globules from a glass sur- 
face. 

After weighing, put the bulb into connection, tlirough the 
drying-tube, with a reservoir of COg or with a vessel in which the 
gas is being generated; and, keeping the bulb in such 
ocf ^ position that the' exit tap is on top, allow a gentle current 
weighing through the bulb for about two min- 

utes. Find the temperature of the issuing gas by placing, at the 
orifice of the exit tap, the bulb of the thermometer previously used. 
Then close first the entrance, then the exit tap ; detach the bulb 
and re- weigh, following the directions given in Ex. XV for the sec- 
ond weighing. If neither the temperature nor the pressure differs 
appreciably from the values taken in connection with the first 
weighing, (147) reduces to 

< „ i 

da2 yda2 

w being itself negative in this case, since COg is heavier than air.* 
2. The method here used for determining the density of water 
vapor in terms of air does not differ in principle from that 
employed with COg. Since, however, the maximum 
mbwith^ pressure which water vapor is able to exert at ordinary 
and^eii^ung. temperatures is less than atmospheric pressure (see Ex. 

XVIII), it is evident that it must be impossible under 
ordinary atmospheric conditions wholly to replace the air in the 
density globe by water vapor. This can bo done easily at any tem- 
perature at which the maximum pressure of water vapor is more 
than atmospheric, e.g., at 150°O. Hence the following direc- 
tions : After carefully drying the bulb B (see Fig. 81), by repeatedly 


^Precisely the same method may be used with gases lighter than air, 
save that in this case the exit tap should be at the bottom during the 
filling. However, all of the standard determinations of gas densities have 
been made with bulbs provided with but one tap rather than with two as 
here described. The bulb has then been completely exhausted before 
being put into connection with the gas reservoir. 
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warming and exliaiisting through a calcium chloride tnb^ as in 
Ex. XV, make a first weighing upon an analytical balance, using, 
as above, a counterpoise of the 
same volume as B, Then place 
the capillary orifice o beneath 
the surface of distilled water, 
and warm the bulb slightly by 
means of the hand. Upon 
cooling, one or two cubic cen- 
timeters of water will be drawn 
into the bulb. Xext, com- 
pletely immerse the bulb in 
melted paraffin (see Fig. 81), 
leaving but a few centimeters 
of the capillary tube projecting 
above the surface of the liquid. 

Keep the temperature of the 
bath constant, at, say, 120° 

C., by very thorough and con- 
tinuous stirring, and by a 
proper regulation of the Bun- 
sen burner. The rapid vapor- 
ization of the water will drive 
all air from B. If a fiame 
beheld in front of o, it will be seen to be deflected by the rapid 
current of issuing steam. When the cessation of this deflec- 
tion indicates that the water in ^ has entirely boiled away, seal 
the globe by means of a fine blow-pipe flame. This is best done 
by heating the tube to softness just above the paraffin and then 
drawing off the tip. As soon as the sealing is complete, take 
readings of the temperature of the bath and of the barometer 
height. Then remove the bulb, clean it thoroughly with a cloth 
while the paraffin is still hot, and test for a leak by allowing the 
condensed steam to run down to the tip of the tube and observing 
whether or not fine bubbles enter the bulb. Then, after cooling 
to the temperature of the room, ag&in weigh the bulb together 
with the.;teTO-ofl' tip.:': 

To find the volume of the bulb, file off under water the sealed 
tip. The bulb will at once fill with water. . Weigh this bulb full 
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of water upon the trip scales, and compute the Yolunie as in the 
experiment with OO 3 . If the bulb does not completely fill with 
water, the filling may be completed by means of a 
pipette. It is true that (147) and (148) are not then 
rigorously correct, but unless the bubble is quite large, 
the error introduced will be negligible. 


Eecord 


1. Weight on trip scales of bulb — of bulb + 

Temperature of water = . density of water = - 

= — P2 = 

Wt. added to counterpoise to balance globe air — 

Wt. added to counterpoise to balance globe + CO 2 = 

Rest’g pt. after addition of 2 mg.= . *. sensitiveness = 

. •. = — X 28.88 = molecular wt. = — 

2. P,=: T, = P2 = 


Wt. added to counterpoise to balance globe + air == 

Wt. added to counterpoise to balance globe + HjO = 

Rest’g pt. after addition of 2 mg. = . *. sensitiveness = 

Weight on trip scales of bulb = of bulb + 

Temperature of water = . *. density of water = — 

' dar. 


water = — 

— .xV = 

rest’g pt. = 
rest’g pt. = 
= . •. w = 

% error = 

- rest’g pt. ” 
rest’g pt. = 

water = — 


■X 28.88 = 


■ molecular wt. = 


Problems 

1. One gram of air was introduced into an empty spherical 
bulb of radius 10 cm. Find the pressure, in mm. of mercury, 
which the gas exerted against the walls of the bulb when the 
temperature was 25 °C. 

2 . Find the pressure which the same weight of gas would 
exert in the same vessel at the same temperature. Compute 
similarly for hydrogen gas; for GH^ gas. 

3. One gram of nitrogen and 1 gram of HiS are introduced 
together into the bulb used in the first Problem/ Find the pres- 
sure at 25° 0 
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4. Fmdtlie Yolnme wMoh 2 grams of liydrogeii will occupy at 
0 °O. 76 cm. The same for 32 grams of oxygen; for 30 grams 
NO. Explain the connection between the results. 

5. Find the density of air at 100°0. 76 cm. ; of water vapor. 
If the density of water at 100°C. 76 cm. is .95852, find how 
many times water expands upon vaporizing. 

6 . Find the density of alcohol vapor at 72° 76 cm, , the formula 
for alcohol being OgHgO. If the density of alcohol at 72° is .83 
find how many times alcohol expands upon vaporizing. 



XVIII 


THE PEBSSUEE- TEMPERATURE CURVE OF A 
SATURATED VAPOR 

Theory 

If the molecules of gases and of vapors are in rapid motion, the 
molecules of liquids must be also, for no fundamental distinc- 
tion exists between the liquid and the gaseous condi- 

Tlic liiTict/ic * 

theory of tioiis. At high temperatures the two states become 
liquids. absolutely identical. At temperatures below a cer- 
tain critical value, however, the possession of a clearly marked 
surface may be taken as the distinguishing feature of a liquid. 

Figures 82 and 83 illustrate the probable differences between 
the motions of the molecules in gases and in liquids at ordinary 
temperatures and pressures. In the former (Fig. 82) the mole- 



cules are so far apart that their mutual attractions may in general 
be neglected. They move in straight lines through distances 
which are large in comparison with their own dimensions. Their 
motions change direction at collision only. The zigzag line repre- 
sents a possible path of one single molecule in going from position 1 
to position 1' and making impacts in so doing against molecules 
2, 3, 4, etc., up to 12. The mean distances traversed between 

m 
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successive collisions by a molecule of air afc 0°0., 76 cm., is only 
about .00006 mni., but this is a distance which, small as it is, is 
at least 100 times as large as the diameter of the molecule. In 
liquids, on the other hand (see Pig. 83), the molecules are crowded 

so closely together that their mo- 
tions between impacts are extremely 
minute — of the same order of mag- 
nitude as the molecules themselves 
— and at the surface of the liquid, 
where there is greater freedom of 
motion, the paths of the particles 
are induenced not only by collisions 
but also by the attractions of the 
other molecules. On account of ^ figtjkess 
the enormous number of molecules 

present in or near the surface, this downward force upon a mole- 
cule just above the surface is doubtless very large; so large, in 
fact, that the molecules which are moving away from the surface 
are in general unable to leave it. They simply rise to a certain 
distance by virtue of their velocities, after the manner of project- 
iles shot up from the earth, and then fall back again into the 
liquid. Their paths near the surface thus become similar- to the 
forms shown in Fig. 83. The zigzag line in the figure repre- 
sents a possible path of a particle in the body of a liquid. 

But conditions may arise which render possible the escape of a 
molecule from the liquid; for it must not be assumed, either in 
the case of liquids or of gases, that the molecules of 
theory mid the Same substance all have the same velocity, for even 
la^oiization, given a common velocity to begin with, 

the collisions would at once create differences. Again, although 
constancy of temperature means that the mean velocity remains 
the same, the velocity of each individual molecule will In general 
change at each impact. The conditions of impact must often he 
such that a molecule receives a velocity much greater than the 
mean value. If the substance he a liquid, and if one of these 
more rapidly moving molecules he near the surface, it maybe able 
to break through the thin space in which the powerful attraction 
exists, and to move of! as an independent molecule into the space 
above. It thus happens that the space above the liquid in a 
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closed vessel gradually becomes filled with the gaseous form of the 
substance of the liquid. This gas becomes more and more dense 
as more molecules escape, but there is evidently a limit to its pos- 
sible density, for many of the escaped molecules chance, in their 
wanderings, to return to the surface and reenter the liquid. The 
number of molecules thus returning per second evidently increases 
as the number of molecules above the liquid increases, i.e., it is 
proportional to the density of the vapor. When this density has 
reached a certain limit, there is set up a condition of active 
equilibrium” in which as many molecules reenter the liquid per 
second as escape. When this condition is reached, the vapor is 
said to be saturated^ that is, it has the largest density which it is 
ever able to have at the existing temperature, and it therefore 
exerts the largest pressure which it ever can exert at this tern- . 
perature. 

But, if the temperature be raised, the vapor can evidently have 
a larger density, for the number of molecules escaping per second 
must be greater at the higher temperature, i.e., at the 
higher mean velocity, and hence the density of the 
pf mure of vapor must he greater before the condition of equilib- 
vapor upon iium IS sct up. Aiso, Since the pressure exerted by the 
vapor is proportional both to the density and to the 
mean kinetic energy of each impact, and since both density and 
kinetic energy increase with temperature, it is evident that the 
pressure must rise with two-fold rapidity as the temperature rises. 

But, if the temperature he held constant, all attempts to 
increase the density or the pressure of a vapor which is in con- 
Densityand with its liquid in a closed vessel must be futile. 
ind^endent this clearly, couceive of a few drops of ether 

of volume. inserted into a barometer so as to fill the space above 
the mercury with ether and saturated ether vapor (see Mg. 84). 
As soon as the density of this vapor is temporarily increased by 
compression, i.e., by lowering the tube in the cistern, the equi- 
librium at the surface is destroyed, and immediately more mole- 
cules begin to enter the liquid per second than escape from it. 
Hence, in a very short time, enough ether condenses to restore the 
old condition of density and pressure. Similarly, raising the tube 
and thus increasing the volume occupied by the vapor diminishes 
the number of molecules which reenter the liquid per second, 
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while leaying the number which escape, unchanged; hence 
equilibrium is soon reestablished at the old density and 
pressure. This can llD proTcd easily by observing that 
raising or lowering the tube does not alter the height of 
the mercury in the tube above the mercury in the cistern. 

This readjustment to equilibrium conditions takes place 
almost instantly when the space contains only the liquid 
and its vapor. The presence of air or of any 

Retarding i j • n 

influmice other gas exerts a very marked influence upon 
the time required for adjustment, but does not 
affect the ultimate result. Thus, in Fig. 84, the density 
and pressure of the ether vapor at a given temperature are 
ultimately the same whether air is present in the tube or 
not, i.e., Just as much liquid will evaporate into a space 
filled with air as into a vacuum. But whereas, when 
the ether is introduced into a vacuum, the maximum 
density of the vapor is reached in a few seconds, when it 
is introduced into a space containing air, the condition of 
saturation may not be reached for a number of hours. 

Of course, if air be present, the total pressure against the 
walls is the sum of the pressures of the air and of the 
vapor. 

If the liquid be contained in a vessel which is open to 
the air, so that the pressure can not rise above the atmospheric 
condition, the vapor which forms is continually being 
c£renu upon lemoYed by diffusion and by air currents, so that it 
never reaches its maximum density, i.e., the rate of 
exit of molecules from the liquid always remains greater than the 
rate of entry. Hence the liquid gradually disappears or ^‘^evap- 
orates.” The rate of this evaporation evidently depends upon the 
rapidity with which the vapor above the liquid is removed. Hence 
it is that fanning greatly facilitates evaporation. 

The cooling effect of evaporation is very easily understood in 
the light of the kinetic theory. For, since it is only the more 
rapidly moving molecules which are able to break away 
Effect of from the attraction which exists near the surface, the 
evaporation, ki netic energy of the molecules of the liquid is 

continually being dirhinished by the loss of the most energetic 
members. And since temperature is a function of the average 
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molecular energy, this loss means, of course, a continual reduction 
of the temperature of the liquid. This fall of temperature would 
continue indefinitely if the liquid did not soon become so much 
cooler than the surrounding objects that it receives heat from 
them as rapidly as it loses it by evaporation. 

This passage from the liquid to the vaporous condition by sur- 
face evaporation takes place to some extent at all temperatures 
whenever the space above the liquid is not saturated. 
temperature, tlie temperature IS increased, outside conditions 
remaining the same, it takes place more and more rapidly, until 
iinally a temperature is reached at which it begins to take place 
not simply at the surface but also within the body of the liquid, 
i.e., bubbles of vapor begin to form leneath the surface upon the 
sides of the containing vessel, whence they rise to the top, grow- 
ing rapidly as they ascend. It is at once evident that this condi- 
tion can not be reached until the maximum pressure exerted by 
the vapor which is formed from the liquid is at least equal to the 
outside pressure; for, if the pressure exerted by the vapor in the 
bubbles were less than that outside, these bubbles, even if formed, 
would at once collapse. This temperature., then., at which the 
pressure of the saturated vapor becomes equal to the outside pressure^ 
is called the hoiling temperature. It does not follow, however, that 
a liquid will always boil as soon as its temperature reaches the 
boiling point as here defined. In fact, the temperature of a 
boiling liquid must always be at least a trifle higher than that at 
which the pressure of the saturated vapor is equal to the outside 
pressure, for the pressure within the bubble must be sufficient to 
overcome not only the outside pressure but also the weight of the 
superimposed liquid and the surface tension of the bubble (see 
Exv XXI). When the bubble, however, rises to the surface and 
breaks, the pressure exerted by the vapor which was contained 
within it must fall exactly to the atmospheric condition, and the 
temperature of this vapor must also fall, by virtue of expansion, 
to that temperature at which the pressure of the saturated vapor 
is equal to the existing atmospheric pressure. Hence, a ther- 
mometer which is to indicate the true boiling temperature according 
to the above definition must be placed not in the boiling liquid itself 
but in the vapor rising from it. 

The temperature of the liquid itself is a very uncertain quam 


TEISTSIOH OF SATURATED VAPOR 


157 


tity. Gay-Lnssae found that the temperature of boiling water in 
a glass vessel was usually 1° to 3° higher than in a metal ves- 
The tern er reasons above mentioned, it must always be 

atureof a trifle higher than the boiling point; but under some 
circumstances it may rise many degrees above this 
temperature. For it is by no means necessary that bubbles of 
vapor begin to form as soon as the temperature is reached at which 
they are able to exist after being formed. The presence of air in 
the water or occluded in the walls of the containing vessel is 
found to be essential to the genesis of bubbles. A Frenchman 
named Donny found, in 1846, that when he very carefully removed 
this air he could raise the temperature of water in a glass vessel to 
138 *^0. before boiling began. But in all such cases, since the 
pressure of the saturated vapor corresponding to the temperature 
of the water is much more than the atmospheric pressure, as soon 
as a bubble once starts it grows with explosive rapidity and 
produces the familiar phenomenon of “boiling with humping.” 
In 1861 another Frenchman, Dufour, succeeded in raising globules 
of water immersed in oil to a temperature of 175°0. 


Experiment 

To determine the variation of the boiling point with 
Object. pressure, (1) by the static method; (3) by the 

dynamic method. 

Diregtiohs.— 1, The apparatus used in the static method 
is showm in Fig. 85. The bulb originally open at u, was first 
half filled with mercury. The long ai’m (about 5 mm. in diam- 
eter), also originally open at the top, was then exhausted and 
inclined till the mercury completely filled it up to a point at which 
it had been drawn down to capillary dimensions. The tube was 
then sealed oi! at this point, so that when the instrument was 
vertical the difference between the levels of the mercury in the bulb 
and in the tube was equal to the barometric height. 
fii?huih Water was then inserted at c and boiled until the air was 
all driven from the bulb, when the opening at o was 
sealed off. Since, then, only water and water vapor exist above 
the mercury in the bulb, the difference between the levels in the 
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The 

readings. 


I I bulb and in the tube gires at once the pressure of 

the saturated water vapor in the bulb. It is, there- 
fore, only necessary to vary the temperature of 
the bulb in order to obtain the curve expressing 
the relation between the temperature and the pres- 
sure of saturated water vapor. 

The whole bulb is to bd% placed in a jar of 
water whose temperature is firgfc to be lowered, 
\ by the insertion of ice, to nearly 0°C., 

rmdings slowly raised to about 50® C. 

by pouring in hot water and siphoning 
off the cold. At about 50® it is well to replace 
the glass jar by a metal pail and thenceforth to 
heat slowly to 100® by means of a Bunsen flame. 
Between 0® and about 70®C, readings of the pres- 
sure are to be taken at intervals of 10® to 12®, 
between 70® and 100® at intervals of about 4®. The 
water must be veiy vigorously stirred throughout 
|::| the experiment, and the temperature should be 

p held constant for at least one minute before a 

^ j| reading is taken. 

M I The thermometer readings must all be cor- 
a i I rected (1) for the errors of the instrument itself, 

i Slii , I Correetims exposed 

l||| |||||||llli^ml l thread of mercury. If the first cor- 

thermometer, xection is to bo made accurately, the 
PIGUEB 85 thermometer should be one which has been com- 
pared with a standard, as in Ex. XVI, If, how- 

ever, this comparison has not been made, the corrections 
maybe obtained with a moderate degree of accuracy by observ- 
ing the corrections at the freezing and boiling points and 
interpolating between these points for the cori'ections at other 
temperatures. Thus, suppose that when wrapped in one layer of 
flannel and packed in shaved ice over which a little water has 
been poured, the thermometer reads -0.2®, and that when com- 
pletely immersed to the top of the thread in a steam bath upon a 
day on which the boiling point of water should be 99.4®, the reading 
is 100.5®. The corrections at 0® and 100® are then -f. 2 and -1.1 
respectively. If these two corrections be plotted as ordinates 
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upon a horizontal line representing temperatures, and if the ends 
of these ordinates be connected by a straight line, as in Fig. 86, 
the corrections for intermediate temperatures may be read off 



Figure 86 


from this curve. Thus, in this case, the correction at 10° Is -f-.l,, 
at 40° it is —.3, at 95° it is —1.05, etc. 

The correction for the exposed thread is obtained by adding to 
Tiiie observed temperature .00016Z(^ — 4)) Ie which I is the length 
Correction degrees of the exposed thread of mercury, t the 
form ex- observed temperature corrected according to (1), 4 the 
mean temperatui’e of the exposed column obtained from 
a second thermometer whose bulb hangs about the middle of this 
column, and .00016 the apparent expansion coefficient of mercury 
in glass [.000181 (= coef. of Hg) — .000025 (= coef. of glass) 
= .00016, approximately]. 

In order to compare the results with tabulated values of vapcT 
pressures, it is necessary to express all pressures in terms of col- 
umns of mercury at 0°C. This correction is made as 
o/thfoS^ usual by multiplying the observed heights by the ratio 
Iwxfto^o^c. of the densities of mercury at the mean temperature 
of the observed column and at 0° (see Appendix). 
This correction may be made very roughly, for it is only at the 
higher temperatures that it amounts to more than the observa- 
tional errors. The mean temperature of the column may be 
taken from a third thermometer hung near its middle point. 

The observed pressure will need a still further cor- 
for capillary Tectiou on account of the capillary depression of the 
depresdon. j 33 ^ 0 ;j*Qi; 3 Lry in the tube. This correction may be taken 
from the table in the Appendix. * 

2. The dynamic method consists in the direct observation of 
the temperatures of the steam which rises above a boiling liqiuid 
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made to boil under varying pressures. In Fig. 87. A represents 
an air4ight metal boiler, which may replaced if need be by a 
simple long-necked glass flask. B is a condenser through which 



a slow current of water is passed from the tap Ti , It is only by 
The water "^Htue of the immediate condensation of the steam 
pump. as it forms that the pressure within the boiler can 

be kept constant. 0 is an air-tight chamber of sufficient capac- 
ity (in this case about i liters) to prevent irregularities in 
the boiling from producing appreciable changes in the pressure. 
The only other essential features of the apparatus are a manom- 
eter D and any sort of an air pump. That shown in the figure, 
is a Bunsen water pump, such as may be very conveniently used 
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ill any la.boratory wliich is supplied with running water. Ab soon 
as the tap is opened, a jet of water rushes through the orifice 
at 0 and draws with it the air from the chamber thus exhaust” 
iiig any xessel with which E is connected. ^ is a trap to prevent 
water from being sucked back into the manometer when the 
pump is stopped, is a three-way stopcock (see Pig. 77b, 
p. 131) by means of which the boiler may be put into connection 
either with the pump or with the air, or cut off entirely from out- 
side communication. 6^ is also a three-way cook, which is inserted 
so that it may be unnecessary to disconnect the- boiler if it is 
desired to use the water pump for exhausting purposes in other 
experiments. 

First, start the circulation in the condenser, then turn F until 
A is in communication with the air, and start the water to boil- 
Manipu- After the conditions have become stationary, 

laUon. j.0acl the barometer and the boiling temperatures. 
Then turn F so that the boiler communicates with the pump, and 
allow the water to run until a difference of 5 or 10 cm. has been 
produced in the arms of the open mercury manometer i>. In this 
regulation of pressure, strive to duplicate as nearly as possible some 
pressure used in the static method. Next close F entirely, stop 
the piiiiip, and after waiting about two minutes take several 
observations of the new boiling point and the corresponding 
pressure. Then again start the pump, put the boiler into con- 
nection with it, and reduce the pressure to some second value used 
in 1. Continue in this wmy until the boiling temperature has 
fallen to about 75 °C. In this method the observations can not 
be conveniently carried to temperatures lower than 75°, because, 
with, much further exhaustion, the difficulty of boiling with 
bumping is encoimtered. By attaching a bicycle pump to jP, the 
boiling point for pressures somewhat higher than 76 cm. can be 
investigated. Correct the thermometer readings exactly as in 1, 
and tabulate results in the form sIioto in the Record. Finally, 
it is required to plot in the note-book a full-page curve in which 
temperatures are represented by abscissae, and pressures by ordi- 
nates. The book values are to be indicated by dots, the values 
obtained in 1 by crosses, and those obtained in 2 by circles. 
The smooth curve, which comes as nearly as possible to touching 
all these points, is the curve required. 
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Becord 


1st Method . 

TSMPEKATUKES PRESSURES 


cor- cor- 
rected rected red’e’d cor- 

obs’d for (1) for (2) obs’d to 0° rected 


3d Method 


TEMPERATURES 


cor- 

obs’d rected 


— * — . Book 

PRESSURES vai- 

, ^ lies ol 

pres- 

baro- mano- total sures 
meter meter red’c’d 



Problems 

1. Assume that the laws which hold for ideal gases hold also 
for vapors up to the very point of saturation, i.e., assume that 
equation (146) is applicable to saturated vapors. Then, with the 
aid of the known density of air at 0°, 76 cm., viz., .001293, the 
density of water vapor in terms of air, viz., .624, equation (146), 
and the above values for the pressures of saturated water vapor, 
calculate the densities of saturated water vapor at 10° G., at 40° 
C., at 70°C., at 100° C., and compare with the observed densities 
given in the table in the Appendix. The results will show how 
closely the gas laws apply even to saturated vapors. 

2. In a uniform barometer tube in which the mercury stands 
but 40 cm. high, the space above the mercury is 40 cm. long, and 
contains at first only dry air. A few drops of ether are then 
introduced into the tube. If the tension of saturated ether vapor 
at the temperature of the room is 30 cm., find to what height 
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above the meronry in the cistern the mercury in the tube will 
ultimately fall. 

3. If the bulb of the apparatus shown in Fig. 85 were gradually 
heated above 100°, would any temperature ever be reached at 
which the water within the bulb would be observed to boil? 

4. Explain why, from the standpoint of the kinetic theory, a 
lower temperature can be reached by fanning an open vessel of 
ether than by fanning an open vessel of water. 



XIX 


HYGROMETEY 


Theory 

Hygrometry is that branch of Physics which relates to the 
study of the water vapor contained in the earth’s atmosphere. 
Theptirposo Considerations presented in Ex. XVIII, it is 

mdr^obser- presence of the air, the 

vations, earth would always be covered with this vapor in a 
saturated condition, and precipitation in the form of fog, dew, or 
rain would accompany every fall in temperature, however slight. 
But the presence of air so retards the process of evaporation that 
even in the immediate neighborhood of lakes or oceahs the condi- 
tion of saturation does not usually exist. Hence it is, that precip- 
itation often fails to occur even when the thermometer falls 
suddenly through many degrees. Nevertheless, a knowledge of 
the hygrometric state, i.e., the state of dryness, or wetness, of 
the atmosphere, or, what amounts to the same thing, a knowledge 
of the number of degrees through which the temperature must 
fall before dew can form, is, of considerable importance not only 
for scientific but also for practical purposes, such, for example, 
as the forecasting of the ]probability of frost, or the maintenance 
vithin green-houses, drying-rooms, sick-rooms, and dwellings, of 
suitable climatic conditions. 

The four quantities involved in hygrometric deter- 

minations are: 

mught, 2. The density of the water vajm* in the air ^ i,e., 

the weight in grams of the water vapor contained in 1 co. of 
space. This is usually called the absolute humidity. It is here 
represented by the letter 

2. The relative humidity or the degree of saturation. This is 
represented by the letter r, and is defined as the ratio between the 
density of the water vapor existing in the atmosphere at any given 
time, and the largest density which it could possibly have at the 
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existing temperature; D represent tlie density of saturated 

water yapor at the existing temperature, then the relatife humid- 
ity r is giyen hy r = Since the results of Problem 1, page 162, 

Iiaye shown that at ordinary temperatures the density of saturated 
water vapor can be calculated with sufficient accuracy from the 
pressure which it exerts (obtained in Ex. XYIII), D may always 
be considered a known quantity (see also Appendix, table 6). 

do The de/w- 2 ^omi t, or the point to which the temperature 
must fall in order that the water vapor existing in the atmosphere 
may be in the saturated condition. Of course, as soon as the 
temperature falls below this point, condensation must ensue. 

4. The tension OT pressi 0 ^ey p, wMcli dlie water va^wr in the air 
exerts at the existing teminratiireo 

As will presently appear, the experimental determination of 
any one of these four quantities ‘taken in connection with the 
pressure-temperature curve of a saturated vapor (see Ex. XYIII), 
suffices for the calculation of all the rest. 

The first attempt to construct an instrument for measuring 
hygrometric conditions was made about 1600, when an Italian 
named Sanctorius devised what is 

A. 7) S ttOTl 

//Wrome- HOW kiiown as an absorption hygrom 
eter, an instrument usually asso 
dated with the name of de Saussure, a Genevan, 
who brought it into prominence in 1783. It 
is well known that many organic substances 
expand "with an increase in the dampness of 
the atmosphere. De Saussure’s hygrometer 
consisted of a human hair attached as in Eig. 

88, so that changes in its length caused a 
pointer to move over a scale which was con- 
structed by marking the position of the pointer 
in a saturated atmosphere 100, its position in 
a perfectly dry atmosphere 0, and then divid- 
ing the intervening space into 100 equal parts. 

The position of the pointer at any time was 
assiimed to indicate directly the degree of 
saturation of the atmosphere (r). These instruments are still in 
common use, hut they are how always graduated empirically by 
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comparison with, a dew-point hygrometer (see below); for careM 
experiments made by Eegnault in 1845 showed that instruments 
constructed as aboTe agree accurately neither with one another 
nor with the indications of dew-point hygrometers. Further, it is 
found that a given absorption hygrometer does not remain com- 
parable even with itself for any long interval of time. Hence its 
indications can only be relied upon if it is frequently recalibrated. 

Accurate measurements in hygrometry began with the intro- 
duction by the Englishman Daniell, in 1820, of the dew-point 
hygrometer, the essential principle of which had been 
hygrometer by the Frenchman Le Eoy as early as 1751. 

This instrument in one or another of its numerous 
modifications has become the standard of comparison for the 
testing and graduation of all other hygrometers. It consists 
essentially of a polished metal tube, the temperature of which is in 
some way lowered until dew is observed to form upon its surface. 
From this temperature of condensation r, it is possible to deter- 
mine all the other hygrometric constants. 

Thus the pressure is obtained at once from r and the pres- 
sure-temperature curve of a saturated vapor. It is simply the 
To obtain pi'^ssure of Saturated water vapor at the temperature r. 
wessure^of although the CO oling of the layers of atmosphere 

which are in contact with the metal surface causes an 
dew-point, increase in the density both of the air and of the water 
vapor of which these layers are composed, yet, since the baro- 
metric pressure is in no way affected by the cooling, it is evident 
that the pressure both of the air and of the water vapor within 
these layers must remain precisely the same as outside, where no 
cooling takes place. The beginning of precipitation means only 
that in the layers adjoining the surface the density and pressure 
corresponding to saturation have been reached. If, then, the 
pressure within these layers is the same as outside, it is clear that 
table 6 gives the correct value of 

Hot so, however, with d The table gives, indeed, the value 
of this quantity within the cooled layer, but the density at 
a distance is the density within the cooled layer multiplied 

; for when pressure remains constant, density is 

inversely proportional to absolute temperature. Instead of obtain 
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ing d in this way from the table, it may be directly calculated 
from j9 by the ordinary gas laws, viz., by (146). Thus, since 
TooUain density of air at 0°, 760 mm., is .001293, and 

since under like condition of temperature and pres- 
thfdew-^^ sure the density of water vapor in terms of air is .624, 
point (146) becomes, when da^y pi and Ti are replaced by 
p and Tt^ and da. 2 , p% and by .001293 x .624, 760 and 273, 


_ .001293 X .624 x 273 .00029 p 

760 ■ Tt Tt ’ 


in which p must, of course, be expressed in mm. of mercury, 
since the barometric pressure has been so expressed. This exten- 
sion to unsaturated vapor of the laws which hold rigorously only 
for ideal gases must be permissible in practice, since the results of 
Problem 1, page 162, have shown that at ordinary temperatures 
equation (149) may be applied without appreciable error even 
to saturated water vapor. The rela- 


tive humidity r can be at once obtained 
from either p or d and table 6; for 

A 

= p- 

One of the most perfect forms of 
the dew-point hygrometer is due to the 
Frenchman Alluard (1880), 
and is shown in Fig. 89. 
nZ^Zlr. Tte nickel tube A, upon 
which the dew is formed, is 
about 2 cm. in diameter, and has one 
flat, highly polished side which is placed 
in close Juxtaposition to a strip B of 
equally well polished nickel upon which 
no dew is formed. Tube A is filled 
with ether, the temperature of which 
may be lowered by causing a current of 
air to bubble through it. This is 
accomplished by means of an aspirator 
attached by a rubber tube to 01 A 
bellows attached to F serves the pur- 
pose equally well. The experimenter 
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sits at a distance of 10 or 12 feet, so that tlie moisture from Ms 
breath or body may not affect the result, and obser?es the tube and 
thermometer through a telescope. At the instant at which A begins 
tolookeioudier than B, he takes the temperature indicated by the 
thermcmeter A". He then stops the current of air and observes 
again the temperature at which the cloudiness disappears from A . 
With a little practice the temperatures of appearance and disap- 
pearance of the dew can be made to approach to within .1°0. 
The mean of these two temperatures is taken as the dew-point. 
This form of instrument should not be used in rapidly moving 
air, for then the layers of air which are in contact with A are 
removed before they can take up the temperature of the nickel, 
and in consequence the observed dew-points are too low. 

The indications of a dew-point hygrometer may be very nicely 
checked by means of the chemical method, first used for liygro- 
TUchem. determinations by the Swiss chemist Brunner in 

imiiiygrom. 1844. It consists in slowly drawing a known volume 
of air F through drying-tubes, preferably of anhydrous 
phosphorus pentoxide, and measuring the increase w in the weight 
of the tubes. Let v represent the volume of water which has 
been drawn out of the aspirator 5 during the experiment (see 
Fig. 90). The gas which has replaced this water consists of the 
perfectly dry air which 
has emerged from the 
drying-tubes and the 
water vapor which has 
formed from the water 
in i?. Since this vapor 
may be assumed to be 
saturated, the pressure 

which it exerts is P, pigueb 9 o 

the pressure of satu- 
rated vapor corresponding to the temperature of the room. Hence 
the pressure exerted by the air alone whichis within P is I/-- P, 
H being the barometric pressure. When this same air was 
outside, it exerted a pressure ]) being, as above, the 

pressure exerted by the water vapor in the outside air. Hence 
the volume which the air in R occupied before it entered 
the drying- tubes, i.e., the volume of air Fin which the weight 
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of water Taper was contained, is giyen by (see Boyle’s Law) 

V iJ- P 

V H— p 

Froni (149), (150), and the relation there results 


(150) 


w = 


. 00029 /J 


(151) 


an equation which contains only one unknown quantity, viz., y;. 
After yj has been determined from (151), d and r may be found as 
abov^e, while t is taken from table 6; i.e., it is the temperature of 
saturation of water vapor corresponding to the pressure y;. In 
case P and y; have nearly the same value, (150) gives V = i?, in 

tv 

which case d is obtained at once from d = — , and y? is then found 

'0 

from (149). 

This chemical method leaves nothing to desire in the matter of 
accuracy, but since an observation usually requires from 1 to 3 
hours, the result is, of course, only a mean value of 
the humidity during this time. It is little employed 
in practice. 

The instrument which is now most extensively 
used in meteorological observations was first con- 
ceived by the Scotch physicist John Leslie 
mi hum in 1190. Itivas given its present form 
hygromUeu August, in Berlin, about 1825. It is 
called the wet-and-dry bulb hygrometer, and con- 
sists of two sensitive thermometers mounted side by 
side, one of which has its bulb wrapped in muslin, 
which is kept moist by means of a cotton wick 
immersed in a water reservoir 6* (see Fig. 91). The 
temperature f indicated by the wet-bulb thermom- 
eter is always lower than the temperature ^ shown 
by its dry-bulb neighbor, unless the water vapor in 
the air is already in a state of saturation, for the 
evaporation which otherwise takes place produces figube 9i 
cooling (se.e page 155), The amount of this cool- 
ing evidently increases with the rapidity of evaporation, which is 
in turn directly proportional to the dryness of the atmosphere, 



170 


MOLBOULAR FHTSICS AKD HEAT 


Le., to I} — e ?5 or, what amounts to the same thing, to P-j?. But 
it also depends upon the density of the air into which the eyapo- 
ration takes place, i.e. , upon the barometric height Hy as well as 
upon the velocity of the air currents (see page 155). Along 
series of comparisons of this instrument with the dew-point hygrom- 
eter has given for air in moderate motion the empirical foriniilae 
(for f above 0°) (for f below 0®) 

I? = P' - 0.00080 P"(^ - 1% and ^ = P' - 0.00069 P"(^ - 1% (152) 
in which P' is the pressure of saturated vapor at the temperature t\ 
j?, P' and H are expressed in mm. of mercury and {t - in degrees 
centigrade. When jp has been determined from this equation, d is 
given by (149), and then r and t from table 6. Por air at rest, the 
numerical quantities in (152) are considerably too small. In order 
to make (152) applicable to indoor observations, it is recommended 
to hang the instrument from a long cord and to let it swing as a 
pendulum for several minutes before taking the readings. Hygrom- 
eter makers usually specify carefully the conditions under which 
instruments of this type are to be used, and furnish with them 
empirical tables. 


Object. 


Experiment 

To compare the indications of a dew-point and a 
wet-and-dry bulb hygrometer. 

Place the Alluard hygrometer in a room which is free from 
evaporating water, pour ether into ff (Fig. 89) until the liquid 
_ surface is above the window in A, turn the polished 

metal face into as favorable a light as possible, set the 
observing-stand, telescope, and aspirator at a convenient distance, 
and take, first, a rough observation of the dew-point. In subse- 
quent observations regulate the evaporation of the ether so that 
the temperature falls very slowly in the neighborhood of the point 
soug-ht, and take the reading of the thermometer P when the first 
cloudiness begins to show upon A. In taking observations with 
a rising temperature, an occasional bubble may be allowed to pass 
through the ether in order to keep it stirred. Tabulate results 
as in the Eecord. Then bring into the room a wet-and-dry bulb 
hygrometer, and take a set of observations in the manner indicated 
in the Theory. 
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Eecord 


No. of 
obs’n 

1 

2 

8 

4 

5 


Bew-Foint Htgbombteb 

Boom Dew Dew Mean 

tern. (EO app'd (E) disapp’d (E) 


Wet-and- 
dry bulb 




. = 



Problems 

1. When the relative humidity is .47 at 21*^0., what will be 
the dew-point? 

2. If the temperature of the air at sundown on a clear day be 
10°, and if the wet-bulb thermometer read 8°0., at what tem- 
perature will dew form? Need there be fear of frost during the 
night? (Bar. ht. 750 mm.) 

3. If the wet-bulb thermometer of Problem 2 had read 4.5°C., 
what would have been the dew-point? In this case frost would 
have been almost certain. Why? 

4. Dry air at 18°, 755 mm., weighs .001205 gm. per cc. Find 
the density of the atmosphere at this temperature and pressure 
when the dew-point is 10° 0. 
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Theory 

The law which asserts that the loss in toeiglit experienced hj 
miij hody when immersed in a fluid is equal to the weight of the 
displaced fluids was discovered by the Ininiortal G-reek 
ofArehl^'^ plillosoplier Archlmedes, who perished in the siege of 
medtb. Syracuse in 212 b.g. Unlike many of the laws which 
have preceded, it is not an approximation, nor is it primarily 
empirical, experiment having only served to coiifirin results which 
follow with certainty from theory. The work of Archimedes was 
not known in the middle ages, and the law was rediscovered in 
1586 by the Flemish scientist Stevin, who advanced for it the 
following proof: Within a body of fluid, isolate in thought some- 
mass by means of any imaginary boiiiidiog sur- 
face S (see Fig. 92). Since the mass of liquid 
within this boundary is in equilibrium, its 
weight must be neutralized by forces whose 
existence is due to the surrounding liquid. 
But these forces which are exerted by the 
surrounding liquid upon the surface S depend 
only upon the conditions which exist outside of >5', and are wholly 
independent of the nature of the substance witliin S. Hence 
any immersed body whatever which has the surface /S must be 
buoyed up by forces the resultant of which is equal to the weight 
of the displaced liquid. 

It follow^s from this law that when a body is balanced upon 
scales in air, the balancing weights do not accurately represent 
AfppHcatim the true Weight of the body, i.e., its weight in vaciio. 

nriS-’ both the body and the weights are buoyed up by 

dernmina-^ the air, and since in general the volume of air dis- 
placed by the body is not the same as that displaced 
weight. by the weights, the buoyant effects upon the two sides 
must be different. However, with the aid of the ‘^'principle of 
moments” the true weight AT can he easily obtained from the 
apparent weight W (i.e., the weight of the weights), the volume 
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F of t]ie body, tbe volume F' of the weights and the density o- of 
air. For, since the resultant downward force on the side of the 
body is {X~~ Var) grams, and that on the other side ( IF- FV) 
grams, the equation of balance for equal balance arms becomes 

Va-^ W~ V'<r or 1F+ (F- V'y. (153) 

Hence the so-called air correction^ i.e., the correction which must 
be applied to the apparent weight IF in order to obtain the true 
weight X, is simply the diference between the weight of air dis- 
placed by the body and that displaced by the weights. This 
correction is evidently positive if F > V\ negative if F < V[. 
Since the density of the weights is always known (for brass it is 

PF 

8.4), it is usually convenient to replace V by 3 -^, and to write 

0.4 

(153) in the form 

X=W+[v-^^<r. ( 154 ) 

Or again, if the density d of the body happens to be roughly 
known, (153) takes the approximately correct form (since, on 
account of the smallness of the correction term, X is usuall}' very 
nearly equal to PF), 

In deducing the above expressions for a correct weight X, the 
balance arms were assumed to be equal. Although this is, of 
course, seldom rigorously the case, it -w^as shown on p. 39 that 
the error arising from any inequality can be completely eliminated 
by taking a mean of the weighings made on both pans. Hence, in 
order to obtain a very accurate weight, it is necessary first to find 
IF by means of a double weighing, and then to apply to PF the air 
Gorrection as shown in (153). 

In case the quantity sought is a smalF increase or decrease in 
weight, as in Bxs. XV and XVII, the rigorous process described 
in this section is not to be recommended; for neither the error in 
the balance arms nor the air correction due to the weights is in 
such cases likely to be an appreciable quantity. For most pur- 
poses single uncorrected weighings, in wdiich, however, the body 
weighed ahvays hangs from the same balance arm (see p. 118), are 
sufficiently accurate. 
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Archimedes’ principle also furnishes the most conTenient and 
accurate method of determining densities. For, if any body, 
regular or irregular, whose absolute weight is X grams, 
be found to lose i grams when weighed in water of 
medes^tom p 5 evident at once from the statement of 

Archimedes’ principle that the volume of the body is 

demity of Jj 

a solid. — ^ and hence that its density d, which is by definition 


mass , . , 


p 

But, in order to find L accurately, an air correction of the ordi- 
nary form must be applied to the apparent loss of weight. For 
let the body whose true weight is X and whose apparent weight 
is W be immersed in water and weighed, first when hung from one 
balance arm, then from the other, and let this mean apparent weight 
in water be Wi, The equation of balance for this case, in which 
the body hangs in water while the weights hang in air, is evidently 

jr-Fp = Tr,-|i<r. (137) 

Substituting the value of X found in (154), there results at once 


Fp=Z=(TF-IFi) + (F--^-^y, (158) 

which is an equation of the same form as (154), the apparent 
weight W having been simply replaced by the apparent loss of 
weight (If-IFi). 

The very statement of Archimedes’ principle also suggests its 
use for determining the densities of liquids. Ibr, if L represent 


Application 
of the law 
of Archi- 
medes to the 
determina- 
tion of the 
denMty of 
a liquid. 


the loss of -weight of a body in water of density p, and 
L' the loss of weight of the same body in another 
liquid of unknown density r?, then, since the volume of 


the body is 
given by 


Z 

P 


, the density of the unknown liquid is 




L’ _ rp 

T~ l' 


(159) 
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The weighings in the two liquids may, of course, he made with 
an ordinary balance, precisely as aboYe, but for the sake of 
rapidity a modified form of balance due to Mohr (see Mg. 93) is 
commonly used. 

The principal, features of this balance are (1) the division of 
one arm into ten equal parts, and (2) the use of weights of con- 
venient shape to hang 
from any of the ten 
notches, the tenth of 
which is the hook <?. 

Since each weight can 
be given ten differ- 
ent values, a very 
small number of 
weights is required. 

There are never more 
than five. Further, 
as will presently ap- 
pear, the absolute 
value of these weights 
is of no importance 
if only their ratios are 
accurately represented 
by the numbers 1, .1, .01, and .001 (the fifth weight is a 
duplicate of 1, used for the sake of extending the range of 
the instrument). For, suppose that the body B is of such 
weight that, when hung in air from the hook it is possible 
by means of a little adjustment (see Experiment) to balance the 
beam so that the two points at a are exactly together. Next 
suppose that when 5 is immersed in water as in the figure, it 
is necessary, in order to bring the points together again, i.e., 
in order Just to counterbalance the buoyancy of the water, to 
hang weight 1 and weight .1 from the hook c, and weights .01 
and .001 from notch 4. The loss of weight L of the bulb, 
expressed, not in grams, but in terms of weight 1, is then evi- 
dently 1.1044. Suppose now that when the water is replaced by 
another liquid of the same temperature, it is found necessary, in 
order to bring the points again together, to hang 1 from notch 9, 
.1 from notch 2, .01 from notch 4, and .001 from notch 9. The 





176 


MOLEOCTLAR PHYSIOS AMD HEAT 

loss of Aveigiit of the bulb in this liquid, expressed as above in 
terras of 1, is then .9249. Hence (159) gives 

, .9249 

- 1.1044''‘ 

If p is known d is at once obtained, no matter what happens to be 
the weight of 1. In practice this weight is usually aiTanged to be 
as nearly as possible equal to the weight of the water displaced by 
the bulb at 15° C. In this case the reading for water at this 
temperature is evidently 1.0000, and if no high degree of accuracy 
is required, the reading of the instrument when the bulb is 
immersed in the unknown liquid gives at once the density of that 
liquid. Eigorously the apparent losses in weight L and L\ 
obtained by means of a Mohr’s balance, are subject to air correc- 
tions, but since in practice the balance is only used to compare 
densities which differ comparatively little from one another, the 
influence of these corrections upon the result is negligible. They 
could be made, if necessary, by reducing L and 1/ to grams and 
then applying (158), F being in this case the volume of the bulb. 


Experiment 

1. To compare a density determination made upon an accurately 
turned cylinder of aluminium by means of weight and dimension 
07 }ject measurements, with a determination made upon the 
same cylinder by means of observations of weight and 
loss of weight in water. 2. To compare the results of measure- 
ments upon the density of a liquid made by a Mohr’s balance, 
wdth those made by an ordinary constant-weight hydrometer. 
Dikectioks. — 1. First find the volume of the cylinder from 
very careful measurements of its dimensions, made bv 

Volume. / « 1. 

means of calipers. 

Then suspend the cylinder from a very fine platinum "wire and 
make an absolute weighing in air of the cylinder and ware as follows : 
Absolute (^) Choose any convenient zero to which to refer your 
weighing. weighings, e.g., the 10 mark.* 


*Tlie true zero of the unloaded balance may be determined if desired, 
but this is never necessary with a double weighing; for evidently, if the 
arbiti*ariiy chosen zero differs from the true zero, the weighing upon one 
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(2) Hang tlie body from the left arm and, using all the precau- 
tions mentioned on page 116, find the resting point which 
corresponds to such a weight in the right pan as will keep the 
pointer swinging within three or four dmsions of the chosen zero. 

(3) Add a 2 mg. weight to the lighter side and take the new 
resting point ; then at once raise the arrest and compute the 
sensitiTeness. 

(4) Exchange the positions of the cylinder and the weights, at 
the same time making and recording a careful count of the latter, 
exclusive of the two added milligrams. 

(5) Find the new resting point then raise the arrest and 
count again the weights as they are returned to their respective 
compartments in the box of weights. 

(6) Calculate from the sensitiveness the corrections necessary to 
apply to the counted weight upon each side, in order to make 
both of the resting points coincide with the chosen zero. Thus, 
if the zero is 10, the sensitiveness 2.1, and the resting point 
when the cylinder is on the right pan 10.9, the correction, in this 

case to be subtracted from the counted weight, is = .4. 

2. 1 

Represent the mean corrected weight by IF and the result obtained 
by applying to W the air correction (154) by AT. 

Hext immerse the aluminium cylinder, in the manner shown 
in Fig. 94, in a beaker of distilled water which has been recently 
freed from air by boiling, but which 
has again regained the temperature of 
the room. Carefully remove from the 
immersed body all bubbles, even the smallest, by 
means of a camel’s hair brush, then weigh on both 
sides, following exactly the directions 1 to 6 above. 

Represent the mean weight in water by IFi, and 
let the result obtained by applying the air cor- 
rection (158) to the apparent loss in weiglit, 

IF- IFi, ke represented by L, 

side will be just as much too large as that upon the other is too small, 
and the mean will therefore be the same. If, however, a weighing is 
made upon balances which are kno\vn to have arms so nearly alike that a 
double weighing is unnecessary, this single weighing must be referred to 
the true zero obtained by the method of oscillations (see p. 116 ) . 
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: Ie: order to obtain X, the weight of the cylinder alone, the 
weight of the suspending wire must, of course, be obtained and 
subtracted from the joint weight X obtained above. 
tlesmpmd- Since this is a very small quantity, a single weighing 
ingwwb, upon one pan, and uncorrected for displaced air^ 

is sufficient. To make this weighing, find: 

(a) The true zero of the balance (see note, p. 176) ; 

(b) The resting point r, when the wire alone is on one pan, 
and some nearly equal weight on the other; 

(c) The resting point r 2 (after 2 mg. have been added to 
determine the sensitiveness for this load) ; 

(d) The weight w of the wire (obtained from the weight in the 
pan and the sensitiveness) . 

The loss of weight L represents, of course, the weight of water 
displaced both by the immersed cylinder and the immersed por- 
tion of the suspending wire. Estimate roughly the 
Lfor im- , volume V of this immersed wire by measuring its diam- 
eter S (with the micrometer caliper) and its approxi- 
mate length 1. This volume ly is approximately the weight of 
idle displaced water. Hence the loss of weight L of the cylinder 
is given hj L = L-v. 

2, Loosen set screw / of the Mohr’s halance (Pig. 
93), and turn the base until the leveling screw lies in 
the vertical plane which includes the beam. Adjust ver- 
tically at / until a convenient height for immersion is 
reached. Then from the hook c hang the float B\ in air, 
and level by means of s until the two points at a are 
very accurately together. Then, by means of the weights 
bring the points again together, first when the float is 
immersed in distilled water, then when immersed in the 
liquid of unknown density, and take the corresponding 
readings (see Theory). The density of the water at the 
observed temperature is taken from the table of water 
densities. The temperatures of the two liquids compared 
must be the same, otherwise a correction must be applied 
because of the expansion of the float. 

Compare the density given by the Mohr’s halance with 
the indication of a direct-reading, constaiit-weiglit hydrom- 
eter (see Pig. 95). The theory of this instrument is 
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too simple to require explanation. Tlie reading is made through 
the liquid, the eye being placed as little as possible beneath the 
level of the surface. If the instrument does not read the correct 
density of distilled water at the observed temperature, a correc- 
tion amounting to the diSerence must be applied to its indication 
of the density of the other liquid. For very accurate density 
determinations with hydrometers of this sort it is important that 
the stem be wet above the point of contact with the liquid, since 
otherwise the capillary forces between the liquid and the stem may 
give rise to very considerable errors. Hence, before taking a read- 
ing, push the instrument down below its natural position of 
equilibrium and then let it rise. If in this operation the liquid 
be observed to be depressed about the stem, instead of elevated, 
the stem should be carefully cleaned with an alkali, e.g., potas- 
sium hydrate. 


Eecord 


1. Bar. lit. = Temp, of room . *. Density of air = 

Diam. of cylinder 1st obs. 2d 3d 4th — - mean 

Height of cylinder “ “ “ mean = F= 

Weigliing of cyl. + wire cyl. -f- wii’e wire 

in air in water alone 


Chosen zero = 

(cyl. left) = 

(cyl. left) = 

i ?3 (cyl right) == — 
Counted wts. = — — 

Sensitiv’s (S) = 

Cor’d wt. left = — — • 
Cor’d wt. right ~ 


Zero = f* 

Rest. pt. = — p 
Rest. pt. 7\ = — — • I 

. *. Sensitiv’s = B 

Counted wt. = — — v 
Cor’d wt. (to) = — — 

t0)=: 

. L{=L — v}=^ 


Meau(>F) = - — W^ = — d = ^ = — 

True wt (X) == — L ~ fo difference in d’s. = — 

2. Reading of Mohr’s balance in water = -■ tern. = P = -- — 

Read'g of Mohr’s balance in unknown liq.= tern. = . *. d = ~ — 

Hydrom’r in water = — . corr’n = — in liquid = - — - . *. d (cor’d) = — ~— 


* t == tern, and p = den. of water. Z, S, and v are length, diameter, and 
volume of immersed portion of wire. 
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Problems 

1. If tlie length, measurements made upon the cylinder were 
3.021, 3.023, and 3.024 cm., and if the diameter measurements 
were 2.567, 2.563, 2.564, and 2.562 cm., find what is the first 
uncertain figure in the number which represents the Yolume. 
(Results should never be recorded farther than to one place beyond 
the first uncertain figure.) 

2. If the weighings can all be made with such accuracy that 
the tenths mg. place is the first place of uncertainty, find to how 
many more places of certainty the density is given by the loss of 
weight method than by the direct measurement method (weight 
of cylinder about 12 grn.). 

3. Archimedes discovered his principle when seeking to detect 
a suspected fraud in the construction of a crown made for the 
tyrant of Syracuse. It was thought to have been made from an 
alloy of gold and silver instead of from pure gold. If the crown 
weighed 1000 gm. in air and 940 gm. in water, find how many 
gm. of gold and how many of silver were used in its construction. 

Assume that the volume of an alloy is the combined volumes of the 
components, and take the density of gold as 19.3 and that of silver as 10.5. 

4. A 10-gm. weight placed upon a block of wood -weighing 80 
gm. sinks it to a certain point in water. In a salt solution it 
requires 15 gm. to sink the wood to the same point. Find the 
density of the salt solution. 

5. If the density of ice is .918 and that of sea water is 1.03, 
find what fraction of the total volume of an iceberg is above 
water. 

6. A cylinder of cork 10 cm. high and of density .2 floats upon 
water. If the air above the hvater be removed, will the cork sink 
or rise in the liquid? How much? 

Assume incompressibility in both cork and water. 

7. Suppose that a constant-weight hydrometer which it is 
desired to calibrate is immersed in two liquids whose densities are 
known to be 1, and 1.1, that the two points of immersion are 
accurately marked, and that the intervening stem is then divided 
into 10 equal parts. Assuming that the stem is accurately cylin- 
drical, will this hydrometer give correct readings in liquids of 
';int6rmediate''densities? Why?'^''^ 
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Theory 

One of the fundamental assumptions made in elementarj 
hydrostatics is that a liquid, like so much sand, exerts pressure 
Ordinary ^7 '^l^tue of its weight, and by Yirtue of the 

law of liquid property, which it possesses in common with all fluids, 

presstire. .. rr^r .1 

01 transmitting pressure in all directions/^' Thus if 
Pq be the pressure (force in grams per unit area) exerted upon the 
surface of a liquid of density then the number of grams of 


*^This property follows at once from the fact of fluidity and the fun- 
damental laws of mechanics. Thus let A (Fig. 96) be a substance concern- 
ing which the one assumption is made that it is capable of 
adjusting itself with perfect ease to any change in the shape 
of the containing vessel. Let /and/' be two forces acting 
upon friotionless pistons 1 and 2 of areas a and a' respectively. It is 
required to find the ratio which must exist 
between the forces / and /', in the condition 
of equilibrium. Let piston 1 move uniformly 
down a distance s thus crowding out of cyl- 
inder 1 a volume of fluid as. /' must then 
move uniformly up a distance s' such that 
as = a' s'. But from the ‘ ‘principle of work’ ’ 

(scholium to Third Law) in the condition of 
equilibrium (rest or uniform motion) fs = 



/, 


f' s'. Hence ~r= b €>•) ttie forces which 
. /' a' 

must act on the pistons in the condition 
of equilibrium are directly proportional to 
their areas. Since the directions of the forces / and /' are wdiolly arbi- 
trary, there results the law first announced in 1653 by the French, 
philosopher, mathematician, and man of letters, Pascal , — ‘'The forces 
transmitted hy fluids act equally in all directions and cwproportional to 
the areas of the surfaces upon which they act — a law which finds its 
most beautiful experimental demonstration in the hyrdaulio press. 
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pressure wliicb. exists at any deptli beneatli tlie surface, is 
riYen by (see Fig. 97) 

(160) 

There follows at once then the result, in general confirmed by 
experiment, that a liquid contained in a series of 
communicating vessels must take the same level in 
all of them, no matter how diiferent they may be in 
size or shape. 

But it was observed as early as 1500 by that most 
universal of all geniuses, Leonardo da Vinci, that 
when a tube approaches capillary dimen- 
P capixiary sions water rises in it far above the level 

phenomena, 

in the outside vessel (see Fig. 101). Later 
J and more careful investigation has shown the existence 
FiGUBB 97 of a large number of different phenomena to which 
the ordinary laws of hydrostatics do not apply. These 
are usually all called ‘‘capillary phenomena,” because they were 
first observed in connection with capillary tubes. They are all 
manifestations of those intermolecular forces which were assumed 
in Ex. XVIII in order to reconcile the existence of liquid surfaces 
with the theory of molecular motion. This section is devoted 
to a study of the effects of these forces ; and since these effects 
would of necessity be just the same whether the molecules are 
at rest or in motion, the fact of motion will for the present be 
disregarded. 

The simplest experiments place the existence of these inter- 
molecular forces beyond the possibility of doubt, and show at the 
Evidence same time that, while they have enormous values at 
^nce^mid^ sliort range, they diminish so rapidly with the distaiiee 
Molecular become wholly inappreciable at distances which 

forces, still amount to extremely minute fractions of a milli- 
meter. Thus a drop of mercury, instead of spreading out into an 
infinitely thin layer, as it would do if gi’avity alone acted upon its 
molecules, is held together in globular form. A sheet of glass 
may be brought extremely close to a surface of water without 
appearing to be attracted toward it in the slightest degree, but as 
soon as contact is made the glass clings to the water with remark- 
able tenacity. The surf ace of two metal blocks maybe brought 
to within a thousandth of an inch without showing anyappre' 
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ciabie attraction, but as soon as they are brought ■ some wbat 
nearer, as by pressure or welding, it requires tons of weight 
to pull them apart again. The operation of the aspirator 
pump described in Ex. XVIII is due to the attraction betweeu 
the air about the orifice o and the outpouring current of 
water. 

Starting, then, with these two facts, (1) the existence of 
internioleciilar forces, and (2) the rapid diminution of these 
Lapkwe^s with the distance, ^ the great French geometrician, 

mo&tr I^aplace, first developed, about 1807, a theory of capil- 
pressure. lary action. His reasoning was somewhat as follows: 
Let r represent the distance within which one molecule attracts 
another with a force which is large enough to deserve consid- 
eration. Laplace called it the racluis of influence of molecular 
force. It is, of course, not a quantity the magnitude of which is 
definitely fixed, but it probably never exceeds .00005 mm. 

How a molecule m' in the interior of a liquid is indeed acted 
upon by all the multitude of molecules lying within a sphere 
of radius r {see Fig. 98); but, by virtue of symmetry, the 
resultant of all these forces is evidently zero ; so that m' may 
be treated as 
though it were 
under the in- 
fluence of no 
mdleciilar force 
whatever. Hot 
so, however, with 
any molecule m figuee 98 

■which is nearer 

to the surface than the distance r. For while the molecules within 
the space cefd exactly neutralize the effects of the molecules within 
the space the downward resultant of the forces of all the 

^In order to account for this i*apid diminution with the distance it is 
not necessary to assume that these intermolecular forces are any other 
than those concerned in ordinary gravitation. For the law of inverse 
squares can be considered to hold for the attractions of masses of finite 
volume only so long as the distance between the nearest points of the 
attracting bodies is infinitely large in comparison with the distanoes 
between the molecules of the bodies. 
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BioleGules in efg is wholly unbalanced. This force coiitiniially 
urges m into the interior of the liquid. But all the other iiiole- 
cules ill the same horizontal layer with m are urged inward with 
the same force and all the molecules in other layers which are 
within a distance r of the surface are urged in with other forces. 
The result of all these unbalanced forces acting upon all the mole- 
cules contained in the surface layer of thickness r (called the 
active layer) must be, then, an interior pressure of imcertaiii, 
perhaps enormous, magnitude. It has been estimated for water 
at something like 10,000 atmospheres, but it has iieyer been 
measured directly and never can be. For since a liquid is always 
bounded on all sides by a surface, this molecular pressure usually 
balances itself and therefore cancels out in hydrostatic measure- 
ments. Hence it is that equation (160), wliicli leaves the existence 
of molecular pressure altogether out of account, and treats the 
liquid molecules as though they were so many independent grains 
of sand, nevertheless gives, in general, correct results. But it 
is exactly such apparent violations of the ordinary hydrostatic 
laws as are shown in capillary phenomena, which furnish a beau- 
tiful proof of the existence of Laplace’s molecular pressure. 

For it is easy to show that this pressure must be greater 
underneath a convex, and less underneath a concave surface, than 
vaHaUan beneath a fiat one. Thus, let if (Fig, 99) represent 
of molecular a molecule which lies in the active layer at a given dis- 
surface beneath a surface, and let the circle drawn about 

if represent the sphere of influence of molecular 
forces. The surface will first be assumed to be flat («£?§), then 
convex {ecf)^ and then concave {gcli). In the first case, since 
pidjq neutralizes paclq^ resultant downward force acting 
upon if is due to the attraction of the molecules lying within 
the segment fojVZ of the sphere. In the 
second case neutralizes and 

the resultant downward force is due to 
hold^ a volume which is greater than 
third case the' resultant force 
^ is due- a. volume' wbieli is less 

than iojd. lienee the resiiltant downward 
force upon the molecules in tlie active layer 
is greatest beneath the convex, and least 
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beiieath the concave, surface. It is evident also from the same 
kind of reasoning that the greater the convexity, the greater this 
pressure, Tims, if the pressure beneath a plane surface be repre- 
sented by Pq (Laplace named this the normal pressure)^ that 
beneath a curved surface is Po ± p^ in which the magnitude of 
p depends upon the nature of the liquid and the magnitude of 
the curvature, while its sign is + or — according as the surface is 
convex or concave. Laplace proved by a mathematical analysis 
of the forces exerted by segments of the kind shown in Eig. 99, 
that expressed in terms of a characteristic constant A of the 
liquid (called its capillary constant) , and the two principal radii 
of curvature B and B' of the surface, is 


This makes the ascension or depression of liquids in capillary 
tubes perfectly intelligible. For, starting with the fact of obser- 
Expianation (accounted for below) that a liquid in a small 

assumes a curved instead of a flat surface, its rise 
depression, fall in the tube, according as the surface is concave 
or convex, follows as a matter of course from a very simple con- 
sideration of the pressures involved. 

Thus, the correct value of the pressure at a distance z below a 
plane surface is not p^-Yzd,, as assumed in (160), but rather 
P^’^-zd,, and the pres- 
sure at the same distance 
^ beneath a concave surface 
in a capillary tube (see Fig. 

100) is 


Ih + 


P,-A 


(i4)' 


■^zd. 



Hence from Pascal’s Law of 
the equal transmission of 
pressure (see note, p. 181) 
there can be no equilibrium 
until the stronger molecular 

pressure beneath the flat surface has pushed up the liquid in 
the tube to such a height 7^ (see Fig. 101) that the total pressures 
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at any two points a and I in the same horizontal plane aie the 
same, i.e.,, until . , 

or ■ 

B and i?' are the curvatures at the point considered, e.g., 1, 2, 
or 3 (Fig, 101), and A is the elevation of this point above the out- 
side plane surface. 

It thus appears that, correctly speaking, a liquid does not 
rise in a capillary tube because of a capillary attraction^ any more 
than it rises in a suction pump because of the attraction of the 
vacuum created by the lifting of the piston. In both cases the 
liquid is pushed up by a pressure existing outside. In the case of 
the pump this is the atmospheric pressure acting on top of the 
water in the cistern; in the case of the capillary tube it is the 
normal pressure Po acting in the surface layer of the outside 
liquid. 

If it were possible to remove entirely the molecular pressure 
within the tube, the height of rise would be a measure of Po, Just 
. as the height of rise of the water in a long tube from 
of thecapih which the air is entirely removed, is a measure of the 

lary constant , ^ . 

atmospheric pressure. Since, however, nothing more 
can be done than to obtain a curved surface within the capillary 
tube, it is only the capillary constant A which can be found from 
observations of the height of ascension 7i, the density d, and the 
radii of curvature B and B' [see (163)]. 

In the general case it would be difficult to measure B and B', 
but if the tube is cylindrical, then it follows from symmetry that 
at the middle of the meniscus B = B', and (163) reduces to 

M=^- (163) 

If, farther, the tube is so small that the height of the meniscus m 
(see Fig. 101) is negligible in comparison with /<, i.e., if h is 
practically constant for all points of the surface, then it follows 

from (163) that the curvature ^ jg also practically con- 
stant. But the only surface of constant curvature which can ful- 
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fill tlie condition imposed by (163) is a section of a sphere. If 
finally j then, the liquid can be made to loet completely the interior 
of the tube, so that its angle of contact a with the walls is 180°, 
then the meniscus must be a hemisphere, and the radius R is 
simply the radius of the tube. 

Equation (163) is then applicable to all cases for which these 
conditions hold.'^' It shows that the height of rise A is inversely 
proportional to the radius of the capillary — a law discovered 
experimentally by an Englishman in 1718 and called after him the 
law of Jurin. Equation (163) thus makes the measurement of the 
capillary constant a very simple matter in the case of liquids 
which wet solids of which capillary tubes can be made. 

Another interesting conclusion which 
can be drawn from the above reasoning 
is that, since in equilibrium the height 
% depends only upon the curvature and 
the density, the dimensions of the capil- 
lary above or below the point of contact 
have no effect whatever upon the phe- 
nomena. Thus, if water be drawn up figubb m 

into tubes of such different shape as a 

and J (Fig. 102), it should come to rest in the descent at pre- 
cisely the same level in both. This conclusion is wholly con- 
firmed by experiment. 

It only remains to show why a liquid in a capillary tube 
assumes a curved surface — a task of no difficulty when it is 
I’emembered that a liquid surface can be in equilibrium 
'contact only when it is perpendicular to the resultant force 
acting upon its molecules. This property follows sim- 
ply from the fact of mobility of the particles. For, if the force 
acting upon the surface molecules had any component parallel to 

tlie height of the meniscus is not wholly negligible in comparison 
with 7i, the mean value of h can be obtained by adding to the height 
of the lowest point of the meniscus. For the volume of the liquid above 
this lowest point is the volume of a cylinder of radius E and height E, 
minus the volume of a hemisphere of radius E ; or, — ^ IttE® = IrE^. 

This volume divided by the area of the base, viz., ttE®, gives the mean 

height, viz,, Formula (103) thus modified holds for tubes of as much 

as 2 mm. diameter. 
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the siirface, the molecules would move oyer the surface in obedi- 
ence to this component, i.e., equilibrium would not exist. If, 
then, o?A{Fig. 103) represent the line of junction of a liquid with a 

solid wall, ft the resultant of all the 
forces exerted upon the molecules at 
0 by such portion of the liquid as 
lies within the molecular range when 
the liquid surface is assumed hori- 
zontal, and /a the resultant of the 
forces exerted upon the same mole- 
cules by the molecules of the wall 
which lie either above or below the 
horizontal line passing through o, 
then three cases may be distinguished : 

(1) That in which fi = 2 / 2 , In 
this case, as appears from Fig. 103, the cohesion of the liquid is 
exactly equal to twice the adhesion of the solid and liquid, and the 
final resultant B is parallel with the wall. Hence equilibrium 
exists in the condition assumed, i.e., the angle of contact a is 90®. 

(2) That in which > 2 / 2 . The resultant B then falls to 
the right of on. Hence equilibrium can not exist until the 
surface near 0 has become convex, i.e., until the angle of con- 
tact a has become acute. This is the 



case of liquids which do not wet the 
wall. If the substances be mercury and 
glass (Fig. 104), equilibrium is reached 
when a is about 43°. It is to be ob- 
served, in general, that this angle a must 
always be the same for the same two 
substances. For, on account of the 
extreme minuteness of the sphere of 
influence, the weight of the particles 
contained within it is wholly negligible Fiotma m 

in comparison with the molecular forces, 
i.e., it is simply the relation between these molecular forces 
which determines the angle of contact. 

(3) That in which /i < The resultant R then falls to 
the ^ left of on (see Fig. 105). Hence equilibrium can not exist 
until the surface near o has become concave and the angle of con- 
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l;act obtuse. In all cases in which the liquid 
completely wets the solid, the angle of contact 
is necessarily 180°, i.e., a thin film of the liquid 
lies flat up against the face of the solid. This 
is evident from the consideration that when a 
partially immersed body is raised from a liquid, 
the angle of contact can not remain constant 
at any yalue less than 180° unless the liquid 
retreats down the side of the body as rapidly 
as the body rises, i.e., unless the liquid be one 
which does not wet the solid. 

The law of transmission of pressure by liquids easily accounts 
for this, at first view, somewhat surprising result. For, in 
accordance with this law, the molecular pressure P' 
mfmqwid existing because of adhesion at a point in the liquid 
ftsilrfack limit of contact (see Fig. 106), is trans- 

mitted undiminished in a direction parallel to the sur- 
face of the solid, and therefore constitutes a force pushing out the 

molecules at c. The only oppos- 
ing force acting to prevent the 
limiting molecules from moying 
up along the surface is the verti- 
cal component of the attraction 
/ exerted upon these molecules 
by such portion of the liquid as 
lies within the sphere of in- 
fluence drawn about <?. Hence, 
unless the ratio of the cohesion 
to the adhesion exceeds a cer- 
tain limit, a thin film of ' the 
liquid must spread out indefi- 
nitely over the surface of the 
solid. This conclusion is not surprising, since it means simply 
that a body which attracts a liquid strongly enough will draw 
every particle of it as near as possible to itself. 

Thus it is that a drop of water spreads out indefinitely over a 
perfectly clean glass or mercury surface, that a drop of olive oil 
spreads over water, or, in general, that any liquid spreads out over 
any perfectly clean surface which it wets. But such perfectly 
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clean surfaces are very difficult to obtain, and that on account of 
tlie prevalence of this very phenomenon. Tims, the least drop of 
oil touching a mercury or a glass surface spreads over it very 
quickly and completely changes the effect of adding a drop of 
water. However, such familiar facts as the creeping of salt solu- 
tions over battery jars, of kerosene over lamps, or the rapid 
spreading of oil over water, attest the correctness of the above 
conclusions. Of course, when hut a drop of the liquid is present 
a limit to the spreading must be reached when the liquid attains a 
thickness of the order of magnitude of the diameter of the mole- 
cule. Eayleigh measured oil films on water which had a thickness 
of but .000002 mm. The diameter of an oil molecule can not, 
therefore, he more than this. 

Another interesting result which may be deduced from 
Laplace’s theory of molecular pressure is that, in general, a liquid 
The then Hiust hehave as though its surface were a stretched 
of mniace elastic membrane. For, since every molecule in the 
active layer is always being urged into the interior, it 
follows that as many molecules as can possibly do so will leave 
this layer and pass within, i.e., a liquid, like a distended rubber 
balloon, will always tend to draw together into the form which 
has the smallest possible surface for a given volume. Thus it is 
that all bodies of liquid which are not distorted by gravity or 
other outside forces always assume the spherical form, e.g., a 
raindrop, a soap bubble, a globule of oil floating beneath the sur- 
face of a liquid of the same density. 

It follows again, from the tendency to assume the form of 
smallest surface, that a liquid film, a form of enormous surface, 

must exhibit a sensible contractdl- 
ity. Experiment amply supports 
the conclusion. Thus, a soap bub- 
ble may be observed to begin to 
draw back into the 
bowl of the pipe as 
soon as the blower 
removes his mouth. 

A wet loop of cotton thread laid upon a soap 
film, as in Fig. 107a, is snapped out at once into 
circular form, as in Fig. 107b, as soon as the 
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film within the loop is pricked with a pin. A tilrn formed in 
the frame ahdc (Fig. 108) snaps the piece ah back to cd as soon 
as the stretching force F is removed. 

Further, Laplirce’s theory leads to the remarkable conclusion 
that the contractility of liquid films is wholly independent of 
Tension of their thickiiess. For the work which is performed by 
0 / which is increasing the surface of a liquid 

thickness! consists Solely in bringing new molecules from the 
interior to the surface, against the force of the molecular pressure. 
Similarly the contractility of the film when the stretching force is 
removed is nothing but a manifestation of the force of molecular 
pressure drawing back molecules into the interior. Hence the 
work done by the outside agent when the surface is increasing, 
or by the molecular pressure when it is decreasing, is simply pro- 
portional to the increase or decrease in surface ; i. e., the work 
required to pull down ah (Fig. 108) a given distance, e. g., 1 mm., 
must always be the same, whether the film has been stretched 
little or much, i. e., whether it is tliick or thin. It is because 
this conclusion is at variance with the law •which governs the 
stretching of solids (stretching force proportional to cross-section) 
that it appears strange. It is, however, completely confirmed by 
experiment. Thus the fact that the loop of Fig. 107b takes 
the accurately circular form shows that it is subjected to pre- 
cisely the same force at all points on its circumference; yet 
the varying colors of the film show that it has a widely varying 
thickness. 

It is to be observed, however, that this conclusion as to 
the constancy of F should hold only so long as the film is 
more than twice as thick as the active layer; for after this 
thickness has been reached the molecular pressure, and hence 
also the work required to bruig a new molecule from the middle to 
the surface, must begin to diminish. It is probable, however, that 
the film must break at tliis point. Hence it is that the smallest 
thickness which a soap film can have is usually taken as a measure 
of the diameter of the sphere of molecular influence. This 
quantity, as measured by Johonnott at the Eyerson Laboratory 
in 1807, is .000012 mm. 

It follows ficuu the constancy of # that^ ah (see Fig. 108) be 
pulled down a distance c?, the work done by is equal to Fd, 
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But tins work is proportional to tke increase in surface. If, then, 
Relation J’epi’eseiit the amount of work which must be done 

mSiar agaiust the molecular pressure in order to bring enough 
presmre and molecules iuto the activc layer to form one new sq. cm. 

umion. of surface, then, since tne total increase msuriace (con- 
sidering both sides of the film) is %ab’cl, it follows that 

Fd=2ai-d-T, ov T=:^^- (164) 

But 2ad is simply the length of the line of surface to which the 
stretching force i^is applied. And since the value of P depends 
not at all upon the thickness of the liquid, but only upon the 
length of the attached surface line and upon a quantity T 
which is proportional to the normal molecular pressure, it is 
obvious that it is merely the surface of the liquid down to a 
depth r, i. e. , the active layer, which is to be regarded as the seat 
of the contractile force F of the film. Finally then, since when 
2ab = 1 , 

T^F, (165) 


it follows that molecular pressure manifests itself in any 

liquid surface as a tangential contractile 
force Fig. 109) which is numerically 
equals in grams per cm, of length, to the 
of worlc, exyrressed ' in gm, cm,, 
which is required to bring up into the active 
layer, against the molecular pressure, 
enough molecules to form one new sq, cm, of surf ace, 

A rather interesting experiment has been devised to illustrate 
this fact of contractility when but 

one surface of a thick film is al- d ' ' 

lowed 'to .contract. A shallow ves- y ; 

„sel ^with'' one. side , cd movable about 
c is filled with water (see Fig. 110). figure ho 

As soon as the thread t is burned, 

the side cd is pulled over into the vessel, in spite of the fact that 
the weight of the liquid would tend to press it more firmly against 
■..the': support. a. . /■: 

Now the pressure existing within a rubber balloon may be 
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easily calculated from a knowledge of the tension in its elastic 
envelope. Since, then, the molecular pressure in liquids man- 
ifests itself as a surface contractility, it ought to be 

BeduMion *1 i j i ^ ^ . 

of Lapiaee\s possible to Obtain, irom the value of this contractility, 

formxda, . , ... ^ ^ , , . ■ ’ 

the quantity of ( 161 ), i.e., the increase in 
internal pressure which is due to a curvature of the surface. 
Thus let cro*' (Fig. Ill) represent an infinitely small rectangular 
element of a convex surface. Let the arcs 
cr and (/ correspond to the two principal 
radii of curvature R and R\ If the ten- 
sion in the surface has a force of T grams 
per unit length, then the number of grams 
of force which act on each of the arcs cr, is 
T(y, These forces are, of course, tangential 
to the surface and perpendicular to the 
arcs. Similarly, Tor' grams of force act 
upon each of the arcs or'. Since the sur- 
face is curved, all four of these forces have 
slight components in the direction of the normal on. The 
pressure beneath the element is evidently the sum of these 
normal components divided by the area crcr' of the element, for 
pressure is, by definition, force per unit area. The compo- 
nent of F parallel to is jP cos a = i^sin But in the limit 

.to-' 

sin =—• Hence the sum of the normal components of the two 
Tor<T 

forces jPis Similarly, the sum of the normal components of 

■ R 

T(t<t 

the two forces F' is — Hence the pressure p due to curvature 

JLi 

is given by 



T<y<T' , Tcto-’ 
R B' 

mmmmmmrnfmmmm. 



(166) 


That this formula is identical with that deduced by Laplace by a 
more direct but much more difficult method attests the correctness 
of the reasohing, and also shows that La2Mce^s capillary comtani 
A is simply the tension in iho surface per unit length or 
amount of worh required to add one sq. cm. to the surface. 
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Experiment 

To compare the values of the surface tonsions of 
water and alcohol, as given by the capillary tube 
method, with the results obtained by measuring d’ireetly the con- 
tractility of films. 

Directions. — 1. Fill two small beakers, one with pure dis- 
tilled water, the other with absolute alcohol. Then prepare a 
number of fresh capillary tubes by heating to softness 
The ueinht foifcs of clean glass tubing in a Bunsen flame, and draw- 
ing them doTO to diameters oi ironi .1 to .5 mm. 
Select several tubes which seem to be most nearly chcular in form, 
and attach them by means of a rubber band to a mirror millimeter 
scale, as shown in Fig. 112. Take the reading 
Tq of the fixed point o upon the scale, by placing 
the eye so that the image of o comes into coin- 
cidence with 0 itself.*^ Then immerse the lower 
ends of the tubes in the liquid and raise and 
lower the clamp c several times (a rack and pinion 
adjustment is to be preferred) so as to wet thor- 
oughly the capillaries above the points reached 
by the liquid. Next hiing o exactly into contact, 
from below, with the liquid surface, slip up the 
capillary alone a trifle, and take the reading r of 
the bottom of the meniscus as soon as the level 
has settled hack to its position of eqiiilibriiim. 
It is clear that the height of rise Ii is given by 
Ji=: r — rQ, Mark by means of a bit of wax the 
point to which the liquid rises in the tube, then remove it from 
the scale, scratch it very carefully with a sharp file at this 
point, and break it off as squarely as possible. Stick 
Bofmfme broken tube upright against the side of a block of 
wood by means of soft wax. Then focus upon the 
broken end a microscope which is provided with a micrometer 
eyepiece. Count the number of turnsf and fractions of a turn 

*If a miiTor-scaie is not available the eye may be set in the correct 
position for reading upon an ordinary scale, by pressing a small piece of 
mirror glass against the scale, behind the point o. 

fThe counting is greatly facilitated by means of the toothed edge 
which is found in the field of view of the eyepiece. Each tooth con 
responds to one revolution. 



Figure 112 
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Calculation. 


Sources 
of error. 


rtMcIi must be given to tbe microniefcer screw in order to cause 
tlie movable cross-liairs to traverse exactly the internal diameter 
of the tube* liepeat several times, using in each case a different 
diameter. Then replace the capillary tube by a standard mil- 
limeter scale, and find in the same way the number of turns and 
fractions of a turn corresponding to 1 mm. Erom the two 
observations find the diameter I) of the tube in mm. 

In (163) Ac? represents a pressure expressed in grams per square 
centimeter. Hence, in order to obtain A in absolute units, the 
lid of (163) must be multiplied by 980, and both B and 
h must be expressed in centimeters. The best deter- 
minations have given for water at 15^ y A = 75 ; for alcohol, A = 25.5. 

If the results obtained by this method are not uniform, it will 
be because, on account of the presence of impurities, the wetting 
of the tube is not perfect, or because the tube has not 
a circular section. It is to be observed also that A is 
a function of the temperature, diminishing as the latter 
increases. This was to have been expected, since 
a rise in temperature corresponds to a pushing 
apart of the molecules. 

2. In order to make a measurement of 
the surface tension, attach a very light wire frame 
(Fig. 113) to a delicate helical spring 
and by means of an elevating table A, 
raise a vessel of liquid till the frame 
is immersed. Hext lower the table carefully by 
means of a rack and pinion r, until a film forms be- 
tween the prongs of the frame. Then quicldy take 
the reading of the index f upon the mirror-scale 
m. Before repeating, stir the liquid vigorously by 
means of a glass rod which has been carefully 
cleaned in a Bunsen flame. Continue this operation 
until a number of consistent readings can be 
obtained. The difference between this reading 
and that taken when the spring and frame hang 
freely, is, of course, a measure of the force of ten- 
sion possessed by the two surfaces of the film. 

In order to reduce this force to dynes observe the elongation pro- 
duced by a known weight of the same order of magnitude as 


The direct 
measurement 
of T. 



Mr 


FIGTOE 113 



196 


MOLBCULAE ' PHYSICS AHD SEAl! 


F. Then apply Hook’s Law to determine F accurately in grams. 
Finally measure the distance I between the vertical wires of the 
frame a with an ordinary metric scale and calculate y from (164). 

Since the presence of the least particle of oil upon the surface 
changes completely the value of T, it is of great importance that 
the frame and vessel be thoroughly cleaned with caustic 
PreomUonb, before the experiment is begun, and that care 

be taken not to touch the liquid at anytime with the fingers. 
The purpose of the stirring after each observation is to break up 
any film of impurity which may he present in spite of all precau- 
tions. It will usually be found to increase the reading somewhat. 
The readings are to he taken only when a distinct film is visible 
between the prongs. If the frame continually snaps up without 
forming a film, clean it again with caustic potash and lower the 
table more slowly. 

Eecord 

1,. rQ=! — — No. turns of microscope micrometer to one mm. ==- — 

Water Alcohol Density = 


(tube 1) = r *2 (tube 2 ) = (tube 3) = (tube 4) = 



?l 2 =' — ■ 

, ■ = — 

(in screw turns)= — 

-D, = 

Dg = D 4 == — ■ 

/. 

= — 

Ag = — 

Mean A [= 

= T] = — - 

Mean A [= T] =■ — — 

2 . Rd’ g with film = — — 

2 :ero= 

Rd’g with film = zero = — 

“ mg = — 

^ <<: . 

“ mg==: 
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Problems 

1. The gifted American physicist, Joseph Henry, first suggested 
in 1848 the determination of the capillary constant by attaching a 
manometer to a soap bubble, and thus measuring the pressure 
existing within the bubble. Assuming the surface tension of a 
soap solution to be 70 dynes, find what would he the difference in 
the levels in the arms of a water manometer when attached to a 
bubble of 5 cm.'" ■diameter.:;- 
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, 2. Find how many ergs of work must be expended to blow a 
soap bubble of 15 cm. diameter. 

3. A drop of water placed in a conical 

tube (see Fig, 114) is observed to travel 
rapidly toward the small end; but a drop 
of mercury travels toward the large end. figure lu 

Explain 

4. How high will water rise in pores which are .001 mm. in 


diameter? 

5, Deduce formula (163) from the consideration that, in a 
capillary tube in which the angle of contact is ISO'^, the total 
upward force is the surface tension acting upon a line whose 
length is the circumference of the tube, while the balancing 
downward force is the weight of the liquid raised. 

6. Explain from considerations of molecular pressure, how a 
needle or any small body which is much more dense than water, 
may yet float upon it provided a < 90®. Could it ever float 


if a> 90®? 


xxn 


OALOEIMETEY 

Theory 

■: Calorimetry is that brancli of Physics whieh deals with the. meas« 
iirement of heat quantity. It had its hegiiiiiiiig about the ye ai 
1760 with the work of the Scotch chemist and physicist, 
o^uaf ^^ie Black, the originator of the caloric theory, and 

ifi^caUyric investigator to draw a sharp distinction between 

heat and temperature; in fact the first to give any care- 
ful definition of the term heat. 

That bodies change in temperature is a fact of direct observa- 
tion, but the notion that a something called heat passes between 
bodies of changing temperature is of the nature of an hypothesis. 
This hypothesis has taken two forms. With Black and his fol- 
lowers, the so-called calorists, heat was an imponderable fluid, the 
caloric^ the passing of which into or out of a body was the cause 
of temperature change. The unit of lieat^ the calorie^ wms then 
defined as the amount of heat which must enter or leave 1 r/ram of 
water in order to produce 1 degree of change in ih tem/perature. 

With Joule, Olaiisins, and practically all physicist.s of the latter 
half of the nineteenth century, ainse in temperature represents an 
increase, not in the quantity of a contained heat fluid, but simply 
in the mean kinetic energy of the molecules. The calorists’ defi- 
nition of the heat unit has, however, been retained in its original 
form, their concept of the transfer of a heat fluid heiiig simply 
replaced by the concept of a transfer of molecular energy, kinetic 
or potential, or both. A knowledge of the caloric theory is now 
important only because of the light which it throw^s upon the 
terminology of heat. The theory was altogether abandoned after 
Joule’s demonstration of the equivalence of heat and work. 

Up to Black’s time it was generally supposed that the rise in 
temperatux'e of a substance in contact with a hot body was con-* 
tinuoiis; but Black pointed out that while ice or sno^v is changing 
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into water it inaiiitains, if well stirred, a perfectly constant tem- 
perature, no matter how liot may be the stove witli wliicb. it is 

explain this plienomenon, 
together with the inverse one that the condensation 
of steam or the freezing of water is accompanied by a 
large evolution of heat, Black assumed that a certain amount of 
the caloric always became hidden or latent at the time of a change 
from the solid to the liquid, or from the liquid to the gaseous 
condition. For example, since it was found that the mixing of 1 
gram of ice at 0° and 1 gram of water at 80° 0. would yield 2 
grams of water at 0°, or that 2 grams of water at 40° was 
required to just melt 1 gram of ice at 0°, 80 calories was taken to 
be the latent heat of fusion of ice, 

xiccording to the modern mechanical theory, the temperature 
of a substance remains constant while the change of state is going 
Significance. simply because the energy of motion communicated 
of latent " to the lu olecules in contact with the hot body is at 
once transformed into energy of position; that is, the 
heated molecules immediately break away from the forces which 
have been holding them in the given state (solid or liquid, as the 
case may be), and thereby lose their increased velocities (i.e., 
their increased temperature) as rapidly as they receive them. The 
operation is wholly analogous to that in which a body shot up 
from the earth loses its velocity in raising itself against gravity. 
Thus, although the old terms of ih^ oh\.ori^i%ylatent heat of fusion 
and latent heat of vaporization,, are still retained, these latent heats 
represent to-day only given changes in the potential energy of the 
molecules, just as a given rise in temperature represents a given 
change ill their mean kinetic energy. 

But it must not be supposed that changes in the kinetic and 
potential energies of the molecules may not take place simultane- 
ously. In fact, there is but a limited number of substances, those 
in general which are of a crystalline structure, which show at any 
points a change in potential energy unaccompanied by a change in 
kinetic, i.e., by a rise in temperature. Thus wax, resin, gutta 
percha, glass, alcohol, carbon, and a great number of other sub- 
stances pass gradually through all stages of viscosity in melting or 
solidifying. In such cases the temperature changes 
Le., there is no definite point at which the substance may be said 
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to begin to melt. On tlie other hand, mry increase in the tmn^ 
lierattire of a solid is accompanied by a certain anioiiiit of expan- 
sion, and hence by some increase in the potential as well as the 
kinetic energy of the molecules. 

The following table shows the values of the latent heats of 
some of the commoner substances : 


Meltlner Latent Leat Boiiins Latent, lieat 


point, 

°a 


Water 

0. 

Benzol 

5.3 

Acetic acid 

16.5 

Mercury 

-39.5 

Sulphur 

114. 

Silver 

970. 

Lead 

....... 328. 

Platinum. 

1780. 


of fusion 
(calories) 

p( 

°c. 

of viiporlztition 
(<.*aIories) 

79.9 

100. 

536. 

30. 

80.2 

94. 

46. 

118. 

97. 

2.8 

357. 

62. 

9. 

447. 

362. 

21. 

— 

— 

6 

— 

— 


27. 


It was discovered very early that the quantity of heat given up 
by 1 gram of water in falling through 1 degree would raise very 
different weights of other substances through one 
Specific neat degree, e.g., 33 gm. of mercury, 10.5 gm.. of copper, 
8.9 gm. of iron, 2.3 gm. of turpentine, etc. The 
calorists explained these facts by the assumption that different 
substances possess per unit weight diifeveiit capaoUies for the heat 
fluid. The heat capacity of a hotly was then defined as the numher of 
calories required to raise the body through 1: degree^ and the specific 
heat of a sutstance^ 2 ,% the number of calories required to raised 
gram of that s%ih stance through 1 degree. These definitions are 
still retained now that heat is regarded as molecular energy ; but 
the fact that different amounts of this energy must be communi- 
cated to gram weights of different substances in order to produce 
the same increase in temperature, i.e., the same increase in the 
average kinetic energy of translation of the molecules, is attrib- 
uted to 

(1) The differences in the number of molecules contained in 
gram weights of different substances; and 

(2) The differences in the wori wiiich ar^ ineidental 

to an increase in temperatnre. By internal work is meant the 
work done in increasing the distances between the molecules, in 
augmenting the energy, kinetic or potential, of the atoms within 
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the Bioleciiles, or, in general, any work other than that repre- 
sented in the increase in the kinetic energy of translation of the 
molecules themselves, or in the expansion against the force 
of atmospheric pressure. 

The first element can be easily investigated, for if this were the 
only cause of difierence in the specific heats of different sub- 
stances, these differences would disappear in a com- 
heaisf'^^ parison of quantities which represent, not equal 
weights, hut equal numbers of molecules. Such quan- 
tities can evidently he obtained by taking, in each case, a number 
of grams which is equal to the molecular weight of the substance. 
This quantity has been given the name of a gfam-molecuU^ and 
the mmher of calories of heat required to raise 1 gram-molecule of 
a substance through is called its molecular specific heat^ or 
simply its molecular heat. The molecular heat is evidently, there- 
fore, simply the product of the specific heat per gram and the 
molecular weight. The following table contains a comparison of 
a very few specific heats per given weight, and specific heats per 
given number of molecules: 

Specific Molecular Molecular 


Gases 

HEAT' 

Weight 

Heat 

Oxygen (Oj) 

2175 

32. 

6.95 

Nitrogen (Ng). 

2486 

28. 

6.81 

Hydrogen (H^) 

,...3.4090 

2. 

6,82 

Hydrochloric acid (HCl). . . . . 

1845 

86.4 

6,72 

Carbon monoxide (CO) 

2450 

28. 

6.86 

Nitric oxide (NO) 

.... .2317 

30. 

6.95 

Nitrous oxide (NgO). 

.... .2262 

44. 

9.95 

Carbon dioxide (CO^) 

2163 

44. 

9.52 

Water vaj>or (HgO). — . — 

4805 

18. 

8.64 

Solids 

Potassium (Kj) ............... 

.... .1655 

78.2 

12.94 

Sodium (Na^) 

.... .2984 

46. 

13.50 

Silver (Ag,) 

.... .0570 

216. 

12.82 

Copper (Cua) — 

.... .0952 

126.8 

12.08 

Mercury (Hgg) 

.... .0332 

400. 

13.28 

Oxide of copper (CuO). 

.... .1420 

79.4 

: 11.27 

Oxide of nickel (MO).,..... 


74.8 

11.87 

Oxide of mercury (HgO). . . . 

.0518 

216. 

11.19 
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.SOIilDS 

Spbctiuo 

Heat 

MoMsctTnAa MonEcuLAja 
Weight , Heat 


r Chloride of calcium (CaCla). . . 

.. .1642 

111, 

18.2 

5' 

Chloride of zinc (ZnClg) 

... .1362 

136.2 

18.6 


L Chloride of barium (BaClg). . . 

... .0896 

208. 

18.6 


r Sulphate of lead (PbSO.j) 

... .0872 

303. 

26.4 

6' 

Sulphate of barium (BaSO^). . . 

... .1128 

233. 

26.3 


L Sulphate of calcium (CaSO^).,, 

... .1966 

130. 

26.7 


This table shows that many of the differences in specific heats 
do in fact disappear upon comparison of equal niiiiibers of mole- 
cules. The differences which are still left must be attributed 
wholly to the second cause, viz., differences in iiiteriiar'’' work 
because of differences in molecular structure or molecular attrao- 
tion. Since an extensive series of observations, of which the above 
table is a small fraction, has shown that, in general, the molecular 
heats of chemically similar substances, the molecules of which 
possess the same number of atoms (see table), are nearly the same 
in a given state of aggregation (law of Neuman n), it must of course 
be inferred that the internal works are also the same for such 
similar substances. 

Since the molecules of gases are not subjected to appreciable 
mutual attractions it might be expected that with molecules of 
equal complexity the molecular work would be less in the gaseous 
than in the solid or liquid condition (see groups 1 and 8). Again, 
it would be natural to conclude that, for substances in the same 
state of aggregation, the internal work would in general increase 
with the complexity of the molecule. Both of these inferences 
are seen to be in accordance with the facts presented in t'iie table. 

The law of Neumannf is not exact, nor could it be expected to 

* The external work done in expanding against atmospheric pressure 
may be neglected for solids and liquids. For gases it is a constant quan- 
tity. 

f The law of Neumann is an extension of a law discovered in 1818 by 
Dulong and Petit in accordance with which the atomic heats (products of 
specific heat and atomic weight) of all the solid elements are 
hea^!^ nearly the same, amounting to about 6.3 (see group 3 of 
table). This law was extended in another direction in 1848 
by Woestyn who found that the molecular heat of a compound is often 
equal to the sum of the atomic heats of the elements contained in the 
compound. It is difficult to recognize in this discovery anything more 
than an interesting empirical law. 
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be in view of the differences in the attractions which exist between 
different sorts of molecules. In fact, experiment has shown that 
the specific heat of a given substance is not constant, 

Vanntwn ,7 , ... 

of but tiiat it m general increases steadily witli the tern- 

heats with ^ / 

the temper- peratiire. Hence, save in the case of the permanent 
gases, the quantities given in the table are only to bo 
regarded as mean specific heats between certain temperatures, e.g., 
15"^ and 100°. The rate of increase is fortunately slight for water 
and .for most solids, so that in ordinary work at moderate tem- 
peratures, it may be disregarded. But for most liquids it is far from 
negligible; for example, the specific heat of alcohol is .54 at 0° 
and .64 at 40'°0. The fact of the dependence of the specific heat 
of water upon the temperature was first established by Eegnault 
by the method of mixture. Thus, for example, it was found that 
equal quantities of water at dif erent temperatures do not, when 
mixed, yield exactly the mean temperature ; or, again, that the 
fall of 10 gni. of water .from 60° to 30° does not heat a given 
quantity of cold wuter quite as much as the fall of 5 gm. from 90° 
to 30°. The first exact work upon the nature of this variation 
was, however, done by Professor Eowland of Johns Hopkins in 
1879, in accordance with whose results the specific heat of water 
diminishes by about 1 per cent from 0° to 29°, and then increases 
again slowly to 100°. 

In view of these facts it has been found necessary to define the 
calorie as the amount of heat required to raise 1 gm, of water ^ not 
through 1 degree^ hut from 15 ^ to 16 "^ The defini- 
Mmima tions of heat capacity and of specific heat remain 

unchanged, but the quantity usually obtained by exper- 
iment is not tbe specific beat at a given temperature, but rather 
the mean specific heat between two specified temperatures. Thus, 
if Q represent the amount of heat passing into or out of a mass m 
while it changes in temperature from ti to 4. tiien 

= mean heat capacity between and (167) 

and ^ — 7 -— • — r = mean specific heat between ti and 4* (f d8) 


Memuj-ement 
0 / heat 


There are three methods which have been used fot 
the measurement of specific and latent heats. These are- 
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(1) The metliod of mixture, 

(2) The method of cooling, 

(3) The method of fusion of ice or condensation of steam. 

The method of mixture is most common, most simple, and, in 

many cases, most accurate. It consists in mixing known weights 
of bodies of different temperatures, observing the 
^osiilting temperature and then writing out an equation 
which contains on one side all of the heat quantities' 
lost hy the cooling bodies^ and on the other, all of the heat quantities 
gained by the tmrming bodies. The specific heat, or the latent 
heat, sought is the unknown quantity of this equation. For 
example, suppose that it be required to find the latent heat of 
steam x from an experiment in which ^ gm. of steam at 100® are 
condensed in if gm. of water. Let ti be the initial temperature 
of the water and tf the final temperature attained by the mixture. 
Then the number of calories lost by the steam in condensing is px\ 
that lost by the condensed steam, in passing from its temperature 
of condensation, 100°, down to tf^ is j? ( 100 ~ t^ , The heat gained 
by the water is M{tf—tli. Hence, if no heat went into the vessel, 
the thermometer, the stirrer, or the atmosphere, the equating of 
the heat losses and heat gains would give 

\paj+i?(100-^^^^ (169) 


But, as a matter of fact, the calorimeter gains heat as well as 
the water. If its heat capacity be represented by the number 
Cawtmeter calories SO gained is 0{tf — if ) . Similarly, if O' and 
^mmtercor- the heat capacities of the thermometer and 

recmm. stirrer respectively, ({?' + (7") 4) calories go into 

them. These terms must therefore be added to the right side of 
(169). The quantities <?, (?', and G'" are determined either from 
direct observation (see Experiment) or from the product of the 
known weights and specific heats. 

To determine the number of calories gained by the atmosphere 
through radiation from the calorimeter it is necessary to know (1) 
the mean temperature of the water during the exper- 
ewrectiwl i^^ont, (2) the mean temperature tj of the surrounding 
atmosphere, (3) the number of minutes of duration iV 
of the experiment, and (4) a quantity h called the radiation con« 
stant of the calorimeter. This constant represents the number of 
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calories which will pass per minute into the atmosphere from the 
oalormeter when the temperature of the latter is 1° above that of 
the surround/mg air. Then in the above experiment the numher 
of calories L lost by radiation is 

-L = 7c{t,,~tj)W, (170) 

This also miLst be added to the right side of (169). Its sign will 
of course be negative if 

tm is determined by averaging the temperature readings made at 
intervals of 15 seconds throughout the experiment, h is obtained 
from an observation of the number of minutes n required for the 
temperature of the water to fall, e.g., .5°, after the conclusion of 
the experiment. If, then, d be the mean difference in temper- 
ature between the water and the room during this time of fall, 
since the total number of calories lost during the n minutes is 
Jfx .5, the number of calories which would be lost per minute for 
a difference of temperature of 1° is 

(im 

It will be observed that in this method of calculation it is assumed 
that a body radiates heat, i.e., falls in temperature, at a rate 
which is proportional to the difference between its temperature 
and that of the surrounding atmosphere. This is a law of cooling 
which was announced by Newton, — a law which is not even 
approximately correct. However, where the radiation correction 
is small and the quantity (t^ — t^ not more than 5°, the incorrect- 
ness of Newton’s law will not generally introduce an appreciable 
error into the result. 

The radiation correction, however, can never be determined 
with great certainty. Hence the effort is always made to reduce 
it as much as possible. This is done (1) by using such 
forredSw quantities of water that the temperature change 

correoflyn^^^ Is Small, (2) by making the initial temperature about 
as much below the room temperature as the final is 
above it, (3) by highly polishing the outside surface of the calorim- 
eter so that it radiates very slowly, and (4) by inclosing it in a 
still air space surrounded by constant temperature walls. With 
the form of calorimeter shown in Mg. 115, the radiation correc- 
tion is ordinarily negligible unless the experiment lasts more than 
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2 minutes or unless the difference of 
temperature between^ the, calorinieter 
^■and the water-jacket J exceeds 2°C. 
A very sensitive tliernioineter is, of 
course necessary for the accurate meas- 
urement of such small temperature 
changes. 

The above discussion applies in gen- 
eral to the method of mixture^ whether 
it be -a latent or a specific 
tvfrl^onhe^ heat which is sought. But 

Iiot hody. . , , » . , 

Figure ii 5 ^he latter case some 

special device must often be employed 
for obtaining accurately the temperature of the hot body, and 
for transferring it quickly to the calorimeter. Solids which are 
not acted upon by water are placed in finely divided form, in a 
wire net, and heated to a tempera- 
ture indicated by a thermometer i 
in an inclined air tube F which is 
surrounded by a water or steam bath 
P (see Fig. 116). In cases in which 
there might be any heat-producing 
action between the water and the 
solid, the latter is first inclosed in 
some thin-walled vessel of known 
heat capacity, then heated in P and 
dropped into iJ as before. In the 
case of liquids, no special heating 
device is necessary, since thermometers can be plunged directly 
into them; hut such liquids as can not be brought into contact 
with wRter must be inclosed, like similar solids, in thin-walled 
vessels of known heat capacity. 

The second method of determining specific heats is the 
method of cooling. It consists in comparing the times required 
for a given closed vessel to cool, in air, through 
of^cooiin^f' ^ given number of degrees, first when filled with 
water and then when filled with the substance -whose 
specific heat is sought If ^3, and are the two times of 
cooling, and Oi and 0^ the two corresponding heat capacities 
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of the vessel an.d contents in the two cases^ then it may be shown 
that 


o^ 


(172) 


For, since radiation takes place from the surface layers only, it is 
clear that, with given outside conditions, a given surface, at a 
given teinperatiire, must always lose heat at the same rate, no 
matter what substance may be inclosed by the walls. Let, then, 
q denote the niiniber of calories which passes out of a given sur- 
face at temperature t in an infinitely short element of time. This 
loss in heat will be associated with a small fall in temperature, 
viz. Si, which will be determined by [see (167)] 

(173) 

If now the heat capacity be changed from Q to 0^ by a change in 
the contents of the vessel, the new fall in temperature Sg in the 
same infinitely short interval of time and at the same temperature 
t will be determined by 

q^GA- (174) 


Hence, from (173) and (174), 

O2 


sr a’ 


(175) 


i.e., at any given temperature of the surface the two changes %n 
temperature during the same small interval n/ are inversely 
proportional to the heat capacities. This is exactly equivalent to 
the statement that, at a given temperature, the two intervals oj 
time required for the same small change in temperature 2 . 1 ^ dir ectly 
proportional to the heat capacities. Since, then, the times required 
to pass through each small element of the scale, e.g., from 60° to 
59°, are proportional to the heat capacities, the times required 
to pass through any interval of temperature made up of these 
small elements must also be proportional to the heat capacities. 

It is to be observed that this conclusion involves no assumption 
whatever regarding the nature of the law of cooling, or regarding 
the relation between the rdles played by convection cur- 
m 'Which ' rents and by true radiation in the cooling process. It 

cooiimjii rests soMy upoii the assumption of similarity in the 

apputahu temperature conditions and uniformity of tem- 

perature in all parts of the cooling body. This last condition is 
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difficult to fulfil when the cooling vessel contains solids. Hence 
the method has not proved satisfactory for the determination of 

the specific heats of such substances; 


T 



FlGUEE 117 


but for liquids it lias been found 
both accurate and conTenient. 


The third method of measuring 
specific or latent heats .consists in 
either deterniiiiing the 

The ice and . ... , , . 

steam cal- amount 01 ice m which a 

while its temperature is falling to 
0^0., or finding the amount of steam 
m' which a cold body will condense 
while its temperature is rising to 
100®C* The heat giren up by the 
body in the first case is then evi- 
dently 80m. That taken up in the 


second case is 536m'. 


The ice calorimeter is as old as Black, but the modern form is 
due to Bunsen (see Fig. 117). The ice cap b is formed in the 
water F" by inserting a freezing mixture into the tube D. The 
point to which the mercury M rises in the graduated capillary 
tube T is then noted. The hot substance is next dropped into D, 
where it melts a certain amount of ice. The movement of the 
mercury in T to the right because of the contraction due to change 
of state is proportional to the amount of ice melted. The value 
in calories of one division of Tis determined 
by inserting into D a substance of known 
heat capacity. This calorimeter has proved 
very valuable in determining the specific 
heat of very small bodies. 

The steam calorimeter (Fig. 118) hae 
proved of especial value only in the determi- 
nation of the specific heats of gases. A 
light metal globe G, full of the gas, is sus- 
pended from the arm of a balance within 
a chamber of known temperature When 
steam is suddenly admitted into this chamber through Bit con- 
denses upon the globe and the walls until their temperature reaches 
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100"^. With proper precautions to pre^/ent the loss of drops of eon- 
deiisecl steam (see pan 5 ), the increase m' in the weight of the globe 
represents the amount of steam which must be condensed in order 
toraise the temperature of globe and contained gas from i“ to 100°. 
If the heat capacity G of the globe is known, that of the con- 
tained gas C' can evidently be found from ((7+ (7') (100 - 2^) = 
536m'. Accurate results can not be obtained with either of these 
latent heat calorimeters without the use of greater precautions 
than can be taken ordinarily in intermediate laboratory courses. 

Experiment 

To compare the method of cooling and the method 

Object. . ^ " 

of mixture in the determination of the specific heat 
of turpentine. 

Directioks. — 1. By means of the trip scales find the weight 
'tVo of the nickel-plated brass vessel A of about 30 cc. capacity (see 
Fig. 119). Then fill it with 

Observations , . , , . , 

upon rates Doiling water and weigh 

oj cooling. Subtract and 

obtain the weight of the water 
Treat the blackened vessel B in the 
same way, filling it with the same num- 
ber of grams of water. Suspend both 
vessels from the wooden cover J) by 
means of corks and thermometers, as 
shown in the figure. Attach the cyl- 
indrical brass vessels . B , and F by 
means of the catches at and immerse 

in a large pail or battery Jar full of 
water at about the room temperature. 

Take a very exact reading of each thermometer about once a 
minute while the temperatures are falling from 71° to 39° C. 
The hour, iniiiiite, and second of each reading must be accurately 
taken. Since the eye can not he upon both the watch and the 
thermometer at the same time, it is advisable to bare in the room 
some audible second marker with which the watch can he com- 
pared Just before each reading. This may be dispensed with if 
there are two observers, one to recoi’d temperatures and the other 
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to record times*. In this, case the first observer should .tap' sharply 
upon the table at the instant, of. '.each .temperature reading, at the 
same time calling out either or i?, while the second observer 
records in the A or B column the hour, minute, and second of each 
tap. The mean temperature of the water-jacket may be found 
from observations taken at the beginning and end of the cooling 


process. ■ 

ISFext pour out the water from A and B and dry them thor- 
oughly; ffll to the same level as before, this time with hot tiir- 
pentine; obtain the weights and by subtraction the 

corresponding weights of the turpentine Wt; replace in the bath 
and take a new set of ohservations upon the rate of cooling 
between 71° and 39°. 

With the observed values of the times and teiiiperatiires, plot 
upon a large sheet of coordinate paper four smooth full-page 
curves, using times as abscissae and teiiiperatiires as 
earvesof ordinates. In so doing, choose the scale of temper- 
ature so that the lowest observed temperature is repre- 
sented by a line near the bottom of the page, the highest by a line 
near the top. Choose the scale of times so tliat the time of begin- 
ning of observations upon the cooling of the polished vessel when 
filled with water is represented by a line (the zero of time for this 
case) which is near the left side of the page, while the time of 
conclusion of observations upon this case is represented by a line 
near the right side of the page. Plot the other curves upon the 
same sheet to the same scale, the zero of times being in eacli case 
the time of beginning of observations. 

ISfow read off very carefully upon the four smooth curves the 
four times included between any two temperature linos, e.g., 70° 
and 40°, and thus obtain from both A and B the 

Cmnputa- ^ ^ 

quantity If, then, c and e' represent the I’cspective 

^•2 . . . . 

heat capacities of the empty vessel^ and of the thermometer, and 6*, 

^ ' G- 

the specific heat of turpentine, the equation becomes 


Zi 


(176) 


Prom (176) 5? can easily be obtained as soon as c and have been 
found. 



OALOBIME'TRY 


311 





To obtain c, multiply by the specific heat of brass (.09o). To 
obtain c', fill vessel A with water at the room temperature, immerse 
and read carefully the thermometer; then plunge it 
mlfv& withdraw, wipe off the adhering water; 

quickly and again instantly immerse in Stir 
and note the rise in the temperature of the water. If 
then id' is the weight of the water, U and tf its initial and final 
temperatures, and t the initial temperature of the thermometer, 
then [see (167)] 


w’ 


From any two of the four cooling curves test the incorrectness 
of Newton’s law of cooling as follows: If Zi and 2^3 are the times 
required to cool from 71° to 69° and from 41° to 39° 
law of ' respectiyely, and if is the temperature of the jacket, 
then if Newton’s law were correct it would follow that 


40 — 


(178) 


2. To find the mean specific heat of turpentine between 70° 
and 40° 0. by the method of mixture, first heat the water in the 
jacket «/ (Mg. 115) to about 37° and hold it constant 
temperature by the gentle application of heat 
and by such stirring as is found necessary. Find the 
weight Wo of the nickel-plated calorimeter JT, including the 
stirrer, then fill half-full of water and weigh again ( Wb). Repre- 
sent the weight of the water alone by Gire the water a 
temperature which is about 3° below that of the jacket and set it 
in place within the jacket as in Fig. 115. From the specific heat 
found by the method of cooling, calculate about how many grams 
of turpentine will need to fall from 70° to 40° in order to raise 
the water in the calorimeter from 34° to 40°. From this and the 
density of turpentine (.87) estimate Tery roughly to what height 
the mixture of water and turpentine will raise the le¥el of the 
liquid in the calorimeter. Then heat to about 73° a half -liter or 
more*^ of turpentine in a dipper provided with a lip; stir it thor- 
oughly with a thermometer (No. 1) until the temperature falls to 
about 70°, then take an a ccurate reading and very quickly poiit 
^ A large quantity is used so that the cooling may not be too rapid 
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about the estimated volume into tlie water. Tm. temperature,, 4 
,of this water shoiiid have- been taken b.iit an instant before with 
the aid of a more sensitive thermometer (¥o. 2). 

Cover the calorimeter as quickly as possible after the mixing 
and stir very thoroughly with the we- net stirrer B (see Fig. 
115), keeping it, however, always below the surface. Take a read- 
ing every 15 seconds from the time of nikiiig imtil the temper- 
ature has passed its highest point and begun to fail. The first 
few of these readings will of course be uncertain, but they have a 
very small influence upon the result. Eecord the highest temper- 
ature reached tf^ then withdraw the thermometer, shake back into 
the calorimeter the drops which adliere, and take the weight W,n 
of the calorimeter and contents, including stirrer. By subtrac- 
tion obtain the weight Wt of the turpentine. 

To find the radiation constant pour out the mixture and fill the 
calorimeter with a volume of water about equal to the volume of 
Correction mixture. Find the weight M of the water alone, 

forraMa- then raise it to about the final temperature //, replace 
it in the jacket and note the time m required, with con- 
tinual stirring, to fall .5°C. From this and the temperature of 
the jacket, compute first the radiation constant (equation 171), 
then the number of calories lost by radiation (equation 170). 

Calculate the heat ca»pacities of the calorimeter and stirrer by 
multiplying their joint weight by .095, obtain the heat capacity of 
Corrections the thermometer either* by the method employed in 1 
or by the following process: Estimate tlie volume in 
theiinometer. cubic centimeters of that portion of the tlieriiionieter 
which is immersed, by noting the rise of water in a narrow gradu- 
ate when the thermometer is sunk in it up ’to the point to which 
it was wet in the experiment. Multiply this by the specific heat 
of mercury per cubic centimeter, viz. 13.6 x .033 = .45. It is 
because this is about the same as the specific heat of glass per 
cubic centimeter, viz. 2.5 x. 19 that the themiometar may be 
treated as though it were made entirely of mercury. 
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Record 

1. A B 


Wb = 'W'b = 

IVb = 

iv'b = 

= . *. = 

. Wta — 

IVt — 

— ■ 



fj = fj— 

tv' = 

ti== 

C r= o' = 

f ~ 

f 

sp. h’t of turpentine — 

. *. Sp. h’t of turpentine == 

(17S) = P ■" ^ 


40 — f; 


^2 

70-^j ~ 

1st trial 

2d trial 

Wo = 

We — - 

— 

f _ 

7^6 = 

ti==- 

11 

li 



tf= ■ 

Wm= fi==: 



fi=- 


Wt=:— t’f= * Wt= f'f= * 

Radiation cons’t (171) M = - — n = — - d = }c== 

Radiation correct’n (170) f,H= — — tj= N= .\Z = — - 

Heat capacity of cal’r and stirrer == — — of thermom’r = — >- 

. *. sp. h’t of turpentine = . *. sp. Ii’t of turpentine = 

Problems 

1. r50 gin. of ice are dropped into a brass calorimeter contain- 
ing 800 gni. of water at 27°C. The calorimeter weighs 150 gni. 
Find the final temperature. 

2. A 50 kgm. block of ice fell 30 meters. How many gTains 
of ice were melted by the heat generated by the fall? (4.19 x 10^ 
ergs = 1 calorie.) 

3. According to very careful determinations made by Yiolle 
the quantity of heat required to raise 1 gm. of platirmiii from 
0'' to is giyen for all temperatures by the formula = .0317f+ 
.OOOOOOf. Find the temperature of a Bunsen flame if a 20 gni. 
platinum ball dropped from the flame into 377 gm. of water at 0° 
raised the temperature of the water 2 h 

tf reduced to terms of thermometer Ko. 1. It is found by com- 
paring No. 1 and No. 2 at about the temperature f/. It is evident that 
this proceeding diminishes errors due to imperfect theriiiometers, 



314 


MOLBCULAK PHYSIOS AND HEAT 


4. What should he the result of mixing 10 gm. of snow at 0° 
with 10 gm. of water at 35°0.? 

6. The globe of a steam calorimeter is made of brass, weighs 
50 gm. and has a Yolume of 1 liter. It contains nitrogen at a 
pressure of 3 atmospheres. The temperature of the chamber is 
10°. What will be the increase in weight upon the admission of 
steam? 
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EXPANSION 


Theory 

The true coefficient of ex^mnsmi c of any body at any temper- 
ature is defined as the ratio between the volume increase, pro- 
DeMiUon infinitely small rise in temperature, and 

the volume of the body at zero. Thus if Fo, F/p and 
represent the volumes at 0°, tf and tf^ then, if ti and 4 
infinitely close together, 


e 


JViA.. 

ih-ti) Vo 


(179) 


*For hydrogen this quantity is the same for all temperatures 
simply by virtue of the definition of temperature; for it is the 
CoefflHent hydrogen which has been made the meas- 

iM mmstant lire of temperature change (see p. 126). For the other 
gases it is constant by virtue of the law of Gay-Lussac 
(see p. 121). Hence, for gases which follow closely this law, equa- 
tion (179) gives the correct definition of the expansion coefficient, 
even when ifi and 4 represent widely difierent temperatures. For 
such cases the volume at viz. F, expressed in terms of the 
volume at 0°, viz. Fo, is [cf. (179) when 4 = 0] 

Vt^Voil + ct), ( 180 ) 


The density at if®, viz. in terms of the density at 0*^, viz. Do, 

IVIass 

is found by substituting in (180) the relation = Voiiime, 


This gives 


Dt = 


Do 

l^ct 


( 181 ) 


That e? can not be constant for most liquids and solids is evi- 
dent from the fact, already mentioned on p . 123, that ther- 
mometers made from liquids or solids by dividing the increase in 
volume between 0° and 100° into 100 equal parts, do not in gen- 

M5 ■ 
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oral agree at intermediate temperatures with the hydrogen ther^ 
mometer. For most solids, however, and for mercury, the depart- 
ures are slight for temperatures below 100^. For 
example, a mercury in glass thermometer graduated in 
f(&^and the manner Just indicated differs from a hydrogen 
meicmy. thermometer at no point between 0° and 100'" by more 
than .2°. Hence, in ordinary work with these substances, at ordi- 
nary temperatures, c is usually considered constant, and equations 
(180) and (181) are applied precisely as in the case of gases. For 
high temperatures, however, this approximation can not be used. 

The expansion coefficients of most liquids other than mercury 
increase rapidly with the temperature. For example, in passing 
from 0° to 40° the coefficient of turpentine increases 
3.9% ; of alcohol, 4.4% ; of bisulphide of carbon, 4.9% ; 
of ether, 6.6%. Between 0° and 4° water possesses 
the peculiar property, which is also shown by certain 
alloys, of contracting as the temperature rises, i.e., it has a nega- 
tive coefficient. It is evident, then, that in general if fi and 4 
represent widely different temperatures, (179) gives 
the mean coefficient between 4 and 4? rather than 
the true coefficient at any particular temperature. 

It is to be observed also that in the case of both 
solids and liquids (not, however, in the case of gases), 
the increase in volume (F^o— F^J [see 
afdetw vT SO small, even when 4 and 4 

di ff er from each other by as iiiucli as 1 00 ° , 
that the error introduced into (179) by replacing 
Fo by the volume at any ordinary temperature is 
less than the necessary observational error in obtain- 
ing the increase ( Vt^ — F^). 

The most accurate and convenient method of 
studying the coefficients of liquids at various teni- 
Method of peratures is to fill a glass vessel having a 
large bulb and a capillary neck (see Fig, 
iiquidis. 120), to raise the temperature from 4 
to 4 and to observe the corresponding rise Z of the liquid in the 
neck. If a represent the area of a ci’oss-section of the tube, then 
the increase the liquid is cil This 

apparent.; increase isj however,- in reality: the differences : between. 



Figure 120 
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the expansions of the glass and of the liquid; for the increase in 
the capacity of the bulb is precisely the same as would be the 
increase in the Toluine of a solid glass Tessel of the same volume 
as the interior of the bulb. This is evident from the consideration 
that a solid bulb may be conceived as made up of a series of con- 
centric hollow bulbs, each of which expands independently of all 
the rest. Hence the increase in the interior capacity of each hol- 
low shell is the same as the increase in volume of the solid bnlb 
which fills it. Hence, if Vq represent the interior volume of the 
bulb at and y the expansion coefficient of glass, the increase 
in capacity of the bulb, viz. Vt^ is, by (179), equal to 

Fo(4““^i)y- Similarly, if c be the coefficient of the liquid, the 
rear increase in its volume is Fo(4-4)^- Since, then, the 
apparent increase al is the difference between these quantities, 
there results 


al 

Fo(4-0’ 


(183) 


an equation which shows that it is impossible to obtain c from the 
measaremeat of a, I, Fo, tt and 4) unless y is already known. 

xi similar condition exists with respect to the volume coeffi- 
cients of solids. E'er one of the most precise methods of measur- 
■Meamremmi quantity cousists in finding the densities i>(, 

of the solid at 4° and 4° hy the loss of 
of hjiiiiy.. ■v^^eight method (see Ex. XX), and then substituting in 
the equation which results from replacing the volumes in (179) hy 

the relation This gives 

Density 


, _ (Dti - As) Dp 
(4~4)D(j Dtr 


(183) 


But the density of a solid can not be found by the loss of weight 
method unless the density of the liquid in which it is immersed is 
known. If the expansion coefficient c of one single liquid could 
bo accurately investigated hy a method which was independent of 
the expansion of glass or of any other substance, this liquid could 
be used for determining y for any glass bulb [see (183)], aud this 
bulb could thereafter he used for investigating the coefficients of 
all other liquids. This would in turn render the method of (183) 
serviceable for determining the coefficients of solids. 
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Tiie liquid wMch has been chosen for this 
1 !HI special investigation is mercury. The method 
■ used was devised early in the last 
fJpaSm. century by Dulong and Petit. Eeg* 
oSmmcmy. afterward repeated the deter- 

minations and obtained results in close agree- 
ment with those of the earlier investigators. 
The principle of the method is very simple, 
though its application is less so. The appa- 
ratus consists essentially of two tubes AB and 
GB (see Fig. 121) which are connected at the 
bottom by a capillary tube BE, Tube is 
surrounded with melting ice and CBJ with a 
water-jacket of known temperature t. The 
levels at A and C must adjust themselves so 
that the pressures at B and ^ are equal; but the pressure at B 
is DJha (see Fig, 121), and that at E is Dtliti A and Dt being the 
densities of mercury at 0° and f respectively. Hence 


E 


FIGURE 121 


IiqDq — hf Bt* 


( 184 ) 


It follows from (184) and (181) that the value of between 0® 
and f is given by 

hi — 


c ~ - 


Iht 


( 185 ) 


Kegnault obtained for the mean coefficient of mercury between (f 
and 100°, .0001815. 

The volume (or cubical) coefficient which has been tliiis far 
discussed is the only expansion coefficient which liquids possess ; 

but for solids there exists also a linear coefficient which 
is defined by 

\ : 


Linear • 
expansion 
of solids. 


in which 4- 


oq^ and If 

body at 0°, and 4° respectively. It is this coefficient which 
is usually made the subject of measurement in the case of solids ; 
for the cubical coefficient can be deduced from it by means of 
the simple relation 


^2 are the lengths of any given line of the 


( 187 ) 
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To prove that this relation exists, let Z, and be the three 
edges of a rectangular block at a temperature of These three 

Proof that l^^^gths may be expressed in terms of X and the cor- 
<?=5A. responding lengths at 0°, thus [see (186)], 

It ^ h (1 *+■ X ^) , 

V t~l (1 -f Xi5) , 

V\ = (1 + X^), 

Multiplication gives 

IIT = 4 l\ V\ (1 + 3X^ + -f XV) ; (188) 

or 

y'f. = (1 4* 3X^ + 3XV + XV). (189) 

But since X is always very small, scarcely ever greater than 
.00003, the terms in X^ and X^ are wholly negligible in comparison 
with the term in X, Hence 


Vt= Vo{l + BXt). 
Comparison with (180) shows that c = 3X. 


(190) 
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Q. E. D. 

Linear expansion coefficients have for the most part been 
determined by one of two very simple methods. The first was 
introduced by 
mmmflig Lavoisier and 
coefjicimh^ Laplace to- 
ward the end 

of the eighteenth cen- ® 
tury. It consists in plac- 
ing against a rigid wall 
(see Fig. 122) one end of 
the bar which is to be heated, attaching an optical lever to the 
other end, and measuring the expansion precisely as the elonga- 
tion of the wire was measured in Ex. VIIL 

The other method, which is the one now in use at the Inter- 
national Bureau of Weights and Measures, consists in focusing 
two fixed microscopes upon fine scratches near the ends of the bar 
to be investigated, and measuring directly with the aid of a microm- 
eter eyepiece and a comparison scale, the elongation produced by 
a given rise in temperature (see Fig. 123). Different bars of the 
same material show very considerable differences in expansion 
coefficients. Hence, in general, the numbers given in tables as 
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the coefficients of solids must be looked upon merely as mean 
values. 

Experiment 

To determine the linear coefficient of expansion of a 
Object brass tube. 

Place the tube a (see Fig. 123) in the non-conducting hair- 
felt covering mount it upon supports as in the figure, and focus 
the two micrometer microscopes A and B upon fine 
preliminary scratches near the two ends ot a. In this setting see to 
adjttstmenh. microscope is placed so that the scratch 

appears on that side of the field of view which is farthest from the 



Figure 123 


middle of the rod. This is done so that the expaiisioii may not 
cause the scratches to move out of the field. It will be observed 
also that it takes into account the inversion of image produced by 
the microscope. Connect the rubber tube m with the water tap 
and take the temperature of the water by holding a tlierinomoter 
ill the stream which emerges from o. Then set the movable cross- 
hairs of the microscopes accurately upon the scratches and take 
the readings upon the scales in the micrometer eyepieces. 

This is done by first rotating the micrometer screws in such a 
direction that the reading upon the circular head continually 
increases, i.e., passes from 0 toward 100, at the same 
m^roscope time observing in what direction the movable cross- 
hairs pass over the field of view. If it be found that 
they move from right to left, then the reading of the scratch is 
the number of turns (i.e., teeth) and fractions of a turn (see 
micrometer head) through which the micrometer screw has 
turned in bringing the cross-hairs from the extreme 
tooth up to its present position. This is read of! directly upon 
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tlie toothed scale and the micrometer head. It will b© observed 
that in order to facilitate the counting of the teeth every fifth 
notch is more deeply indented than the rest. If the cross-hairs 
had been observed to move from left to rignt, the extreme Uft- 
lianil tooth would of course have been chosen as the point of 
reference. Let the recorded reading be a mean of a number of 
settings, and in each setting, in order to avoid the error due to 
the play, or back -lash, between the nut and the screw, bring the 
cross-hairs up to the scratch from the same side. 

As soon as the two readings have been taken, turn oft the cur- 
rent of cold water, using extreme precautions against disturb- 
ing the tube a, transfer the rubber connecting tube from the 
water tap to a steam boiler, and allow a rapid current 
aliments steam to pass through a until expansion ceases. 

Take again a set of readings at both ends. Then find 
the reducing factors of each microscope by focusing upon a 
standard scale and observing the number of turns to the mil- 
limeter. Reduce the observed expansion to millimeters. Measure 
the distance between the scratches by means of an ordinary meter 
stick. Obtain the temperature of the steam from the barometer 
height and the table in the Appendix. Then compute X [see 
(186)]. 


Record 

No. of screw turns to mm. in microscope A ~ — — in = 

1st trial ' 3cl trial 


Temper- Eeading 
ature in A in B 

Water — - , — — 

Steam , — -- - — 

Differences ' — — 

DifDs iii inm. — — ■ — 

Expansion coef. ■ 


Temper- Reading 
atnre in A in B 

Water — 

Steam — 

Differences — ^ 

Diff ’s in iiim. — — 

ZZ2 ■ • Jt2 I tl 

. Expansion coef. c = — — 


Problems 

1. In compensated pendulums tlie expansion of one set of rods 
lowers the bob, while that of another raises it. Suppose the first 
set to be made of iron and to have a total length of 90 cm. If the 
material of the second set is zinc, what must he their total length? 

2. If a clock which has an uncompensated pendulum made of 
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brass keeps correct time at lo°, how many seconds will it lose per 
day at'25°‘? 

S. A surrey or’ s steel tape which is 10 meters long is correct 
at 15'^. What is its error at at 100°*? 

4. A glass bulb of 10 cm. capacity is exactly full of mercury at 
20°. How many grams of mercury will run out if it is heated 
to 100°? 

5. A barometer provided with a brass scale correct at lo° 
read 735.65 mm. on a day on which the temperature was 25°. By 
means of the expansion coefficients of brass and nierciiryj find the 
correct barometer height at 0° upon the day in question. 

6. A cubical block of steel 30 cm. on an edge floats on mer- 
cury. ‘ How far will it sink when the temperature rises from 15° 
to 75°? 
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THE MICROMETER CALIPER 

In the micrometer caliper (see Eig. 124) the divisions upon the 
scale c correspond to the pitch of the screw s. When the jaws ah 
are in contact the edge of the sleeve d coincides with the zero line 
of the scale c, and the zero division upon the graduated edge 
coincides with the line ec. Hence, when the jaws are separated 
by a rotation of the milled head 7/., the whole number of screw 
turns of separation is read off directly upon the scale while the 



fraction of a screw turn is given by the graduation upon the 
edge fi. For example, if the pitch of the screw is .5 mm., and if 
there are fifty divisions upon the circumference of then each of 
these divisions corresponds to a motion of .01 mm. at h. By esti- 
mating to tenths of a division upon d^ the separation of the jaws 
can be read to .001 mm. 

To make a measurement, place the object between the jaws ah 
and turn up the milled head 7^ until, with light pressure between 
thumb and finger, the head slips through the fingers instead of 
rotating farther. In the best instruments the head is arranged to 
slip upon the screw as soon as a certain pressure has been reached. 
If this arrangement is absent, take great care not ' to crowd the 
screw. Without removing the object from al read upon the 
scales c and the separation of the jaws to .001 mm. Then 

• m 
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remove tlie object, close tiie Jaws, using the same pressure as 
before, and if the zero of d does not coincide exactly with the Hue 
00 , observe the difference in thousandths millimeters, and correct 
the first reading for this zero error of the caliper. 


THE VERITIEK CALIPER 


A vernier is an auxiliary sliding scale which enables an observer 
to increase somewhat his accuracy in estimating the fractiona] 
portion of the last small division of the main scale. For example, 
it is seen at once from the main scale DE (Fig. 125), that the 



C VERNIER 

Figure 125 


length of the rod 
AB is about 2.7 
units. The use of 
the auxiliary scale 
A G removes all 


uncertainty as to this tenths place, and even makes possible 
an estimate in hundredths place. For AO is so divided that 
ten of its divisions are exactly equal to nine divisions on DE. 
Hence, if the zero ot AG were back in coincidence with the 
mark 2 of DE, the mark 1 of AO would be just one- tenth of 
one of the DE divisions behind the mark 3 on DE. Similarly, 
2 would be two tenths behind 4 , 3 three tenths behind 5, and so 
on. Hence, if the vernier scale were moved up so as to bring its 1 
mark into coincidence with the mark nearest to it on DE, the 
distance which its zero would move up bejond 2 would be one- 



FigUBE 126 


tenth of a unit. If it were moved up so as to bring the 5 into 
coincidence, the zero of A (7 would have moved up five tenths 
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aiiits beyond 2. In general, then, it is only necessary- to obserTe 
which mark on the Ternier ^ J is in coincidence with a mark on 
DE in order to know how many tenths the zero of AG has moved 
up beyond the last division passed on DE, A glance at Fig. 125 
shows that 6 has already passed coincidence, while 7 has not quite 
reached the coincidence. The length of is then 2.6-f. The 
next figure beyond the 6 is nearer to 7 than to 6, i.e., it is between 
2.65 and 2.70. If then the length be recorded as 2.67, the only 
estimate will be in the figure 7, i.e,, in hundredths instead of in 
tenths place as at first. Thus a vernier which has 10 divisions to 
9 divisions on the main scale reads directly to tenths of the main 
scale divisions. In the same way a vernier which has 25 divisions 
equal to 24- main scale divisions reads directly to twenty-fifths of 
the main scale divisions. If the ratio is 50 to 49, the vernier reads 
to fiftieths, etc. Fig. 126 shows a vernier caliper in which the 
vernier has 25 divisions to 24 half -millimeter divisions on the main 
scale. It therefore reads to .02 mm. The body is placed between 
the Jaws a and 5, and the reading taken directly upon the scale 
an.d vernier. 
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TABLES 
Table 1 


Coefficients of Elasticity 


Substances 

Volume Elas- 

TICTTY = t 

■ -Simple KiomiTy 
= w 

Young’s M.odulus 
= ;F - 


2.2 X - 





2.6 X 10^1 



Glass 

4.1 X “ 

2.4 X 

0.6 X 10“ 

Brass, drawn 

10.8 X “ 

3.7 X “ 

10.8 X 

Steel 

18.4 X “ 

8.3 X “ 

! 21.4 X ■ 

Wrought iron 

14.6 X “ 

7.7 X “ 

i 19.6 X “ 

Oast iron 

9.6 X “ 

r).3 X “ 

13.5 X “ 

Copper 

16.8 X 

4.5 X “ 

12.3 

Aluminium 

5.5 X “ 

3.5 X “ 

6.5 X “ 


Table 2 

Densities 

Solids 


Aluminium 

2.58 

Iron, wroiiglit 

7.86 

Brass 


I.<ead . 

....... 11.-3 

Brick 

2.1 

Nickel 

....... .8.9 

Copper 

............ 8.92 

Oak 

....... 0.8 

Cork 

0.34 

Fine — . . 

0.5', 

Diamond 

3,52 

Piatinum ........... . 

31.50 

Glass (common crown) 2.6 i 

Quartz 

■ '2.65- 

‘‘ (flint) 

3.0-6.3 

Silver ........ 

........ 10.5.3 

Gold 

19.3 

Sugar .... 

1.6 

Ice at 0" C 

. 0.91 

■ Tin 

7.29 

Iron, cast 

7.4 

Zinc 

7.15 


Mean density of earth is 5.5270. 


LiquM^ 


Alcohol at 20® C 

... 0.789 

Mercury 

.... 13.596 

Carbon bisulphide 

Ethyl ether at 0® C 

... 1.29 

■Sulphuric acid 

.... 185 

... 0.735 

Hydrochloric acid 

.... 127 

Glycerine 

... 126 

'Nitric ■acici,.,'-. 

.... 156 

Turpentine 

... 0.87 

Olive oil 

.... 0.91 


Gases at 0° C, and 7G Centimeter's of Mercury Pressure 


Air, dry 

....,0.001393 

Hydrogen 

0.0000895 

Ammonia 

0.000770 i 

- Marsh gas ......... 

0.000715 

Ca.rbon dioxide 

0.001974 ! 

Nitrogen ......... 

0.001257 

Chlorine 

0.003138 

Oxygen 

0.001430 
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TaHe 3 


Density op Dry Air at Temperature t and Pressure H mm. op Mercury 


t 

Jl = 720 

730 

740 

750 

760 

770 

Diioference 

PER DUn. 

10 ^' 

.001181 

.001198 

.001214 

.001231 

.001247 

.001263 


16 

11 

1177 

1194 

1210 

1226 

1243 

1259 

1 

2 

12 

1173 

1180 

1206 

1222 

1338 

1255 

2 

S 

13 

1160 

1185 

[ 1202 

1218 

1284 

1250 

3 

6 

14 

1165 . 

1181 

1197 

1214 

1230 

i 1246 

4 

6 

15 ''' 

.001161 

.001177 

.001193 

,001209 

.001225 

.001242 

6 

8 

16 

1157 

1173 

1189 

1205 

1221 

1237 

6 

10 

17 

1153 

1169 

1185 

1201 

1217 

1233 

. 7 

11 

18 

1149 

1165 

1181 

1197 

1213 

1229 

8 

13 

10 : 

1145 

1161 

1177 

1198 

1209 

1224 

9 

14 

20 " 

.001141 

.001157 

.001173 

.001189 

.001204 

.001220 


15 ^ 

21 

1137 

1153 

1169 

1185 

1200 

1216 

1 

2 

22 

1133 

1149 

1165 

1181 

1196 

1212 

2 

3 

23 

1130 

1145 

1161 

1177 

1192 

1208 

3 

4 

24 

1126 

1141 

1157 

1173 

1188 

1204 

4 

6 

25 ° 

.001122 

.001138 

.001153 

.001169 

.001184 

.001200 

5 

7 

26 

1118 

1134 

1149 

1165 

1180 

1196 

e 

9 

27 

1114 

1130 

1145 

1161 

1176 

1192 

7 

10 

28 

1110 

1126 

1142 

1157 

1172 

1188 

8 

12 

29 

1107 

1122 

1138 

1153 

1169 

1184 

9 

13 

80 ° 

.001103 

.001119 

.001134 

.001149 

.001165 

.001180 




Collection for Moisture in Above Table 


Dew-point 

Subtract 

Dew-point 

Subtract 

Dew-point 

Subtract 

Dew-point 

Subtract 

—10° 

.000001 

QO 

.000003 


.000006 

+20° 

.000010 

— 8 ■ 

.OOUOOr^ 

+2 

.000003 

+13 

.000006 

+23 

.000012 

~ 6 ' 

.000002 

~f4 

.000004 

+14 

.000007 

+24 

.000013 

— 4 

.00(1002 

+6 

.000004 

+16 

.000008 

+26 

.000015 

g 

.000006 

-fS 

.000005 

+18 

.000009 

+28 

.000016 


Table 4 Table 5 

Density of 'Water Density of Mercury 


TEMP. G° 

‘DENSITS- 

Temp. C° 

Density 

Temp. C° 

Density, ■ ' 

0 ° 

0.999884 

13 ° 

0.999443 

0 ° 

18.596 

1 

0.999941 

14 

0.999312 

10 

13.572 ■ 

' 2 '■ 

i 0.999883 

15 

0.999173 

12 

13.567 

3 

^ 1.000004 

16 

0.999015 

14 

13 . 562 .... 

3.05 

1.000000 

17 

0.998854 

16 

- 13 . 557 . ' 

4 

1.000013 

18 

0.998667 

18 

13.552 

5 

1.000003 

19 

0.998473 

20 

18.647 

6 

0.999983 

20 

0.998272 

^ 22 ' 

18.643 

7 

0.999946 

22 

0.997839 

24 

13.537 

8 ! 

0.990899 

24 

0.997380 

' '26 

18.532 

9 

0.999837 

26 

0.996879 

28 

13.528 

10 

0.999760 

28 

0.996344 

30 

13.523 

11 

0-999668 

SO 

0,995778 

, ' 32 ... 

18.618 

12 

, 0.999562 

100 ! 

0.958860 

34 

18.613 
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Table 6 

Saturated Water Vapor 


Showing pressure P (in mm. of mercury) and density T ) of aqueous vapor saturated 
at temperature t \ or showing boiling point t of 'water and density I ) of steam cor- 
responding to an outside pressure P, 



P 

1) 

t 

F 

F 

1 t 

P 

IJ 

—10 

2.2 

2 . 3 XlO -« 

30 

31.5 

30 . 1 X 10 ”« 

88.5 

406.2 


— 9 

2.3 

2.5 


35 

41.8 

39.3 


89 

505.8 


— 8 

2.5 

2.7 

(( 

40 

54.9 

50.9 

tt 

89.5 

515.5 


— 7 

2.7 

2.9 

«£ 

45 

71.4 

65.3 


90 

525.4 

428 . 4 X 10 -“ 

— 0 

2.9 

8.2 

(( 

50 

92.0 

83.0 


90.5 

535.5 


— 5 ' 

3.2 

8.4 


55 

117.5 

104.6 

ti 

^ 91 

545.7 


^ 4 

3.4 

3.7 


60 

148.8 

130.7 

ti 

91.5 

556.1 


— 8 

3.7 

4.0 

it 

65 

187.0 

162.1 

it 

92 

566.7 


- 2 

3.9 

4.2 

U 

70 

233.1 

199.0 

a 

92.5 

577.4 


- 1 

4.2 

4.5 

it 

71 

243.6 



93 

588.3 


0 

4.6 

4.9 

it 

72 

254.3 



93.5 

599.6 


1 

4.9 

5.2 

it 

73 

265.4 



94 

610.6 


2 

5.3 

t 5.6 

it 

74 

276.9 



94.5 

622.0 


8 

5.7 

1 6.0 

it 

75 

288.8 

248.7 

li 

95 

633.6 

511.1 

4 

6.1 

1 6.4 

it 

75.5 

294.9 



95.5 

645.4 


5 

6.5 

. 6.8 

it 

76 

301.1 



96 

657 . 4 ' 


6 

7.0 

7.3 

a 

76.5 

807.4 



96.5 

669 . 5 i 


7 

7.5 

7.7 

a 

77 

313,8 



97 

' 681.8 


8 

8.0 

8.2 

it 

77.5 

320.4 



97.5 

694.2 


9 

8.5 

8.7 

a 

78 

327.1 



98 

707.1 


10 

9.1 

9.8 

a 

78.5 

833.8 



■ 98.2 

712.,3 


11 

9.8 

10.0 

a 

79 

! 340.7 



98.4 

717.4 


12 

10.4 

10.6 

a 

79.5 

347.7 



98.6 ! 

722.6 


18 

11.1 

11.2 

ti 

80 

354.9 

295.9 


98.8 1 

727.9 


14 

11.9 

12.0 

it 

80,5 

362.1 



99 

733.2 


15 

12.7 

12.8 

a 

81 

369.5 



99.2 

' 738.5 


16 

13.5 

13.5 

li 

81.5 

377.0 



99.4 

743.8 


17 

14.4 

14.4 

it 

82 

384.6 



99,6 

749.2 


18 

15.3 

15.2 

a 

82.5 

392.4 



99.8 

754.7 


19 

16.3 

16.2 

a 

83 

400.3 



100 

760.0 

606.2 

20 

17.4 

17.2 

it 

83.5 

408.3 



100.2 

705.5 


21 

18.5 

18.2 

it 

84 

416.5 



100.4 

771.0 


22 

19.6 

19.3 

it 

84.5 

424,7 



100.6 

776.5 


23 

20.9 

20.4 

tt 

85 

433.2 

357.1 

a 

100.8 

782.1 


24 

22.2 

21.6 

a 

85.5 

441.7 



101 

787.7 


25 

23.5 

22.9 

it 

86 

450.5 



102 

816.0 


26 

25.0 

24.2 

a 

86.5 

459.3 



103 

845.3 


27 

26.5 

25.6 

it' 

87 

468,3 



105 

906.4 

715.4 

28 

28.1 

27.0 


87.5 

477.4 



107 

971.1 


29 

29.7 

28.5 


88 

486.8 



110 

1075.4 

4, 

840.1 
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fable 7 

Eeduction of Barometric Height to 0® C. 

(The table corrections represent the number of millimeters to be subtracted from 
tbeobser\-cd height h. They are obtained from the formula (.000181 — .000019)Ai5, the 
first number being the cubical expansion coefficient of mercury, the second the linear 
coefficient of brass.) 


f 




Observed Height in 

nim . 





680 

690 

700 

710 

720 

; 730 

740 

7<50 

760 

770 


i mm . 

mm . 

mm . 

mm . 

mm . 

mm . 

mm . 

mm . 

mm . 

mm . 

10 ® 

1.10 

1.12 

1.18 

1.15 

1.17 

1.18 

! 1.20 

1.22 

1.28 

1.25 

11 

1.21 

1.28 

1.25 

1.27 

1.28 

1.30 

1.82 

1.84 

1.85 

1.87 

12 

1.82 

1.84 

1.86 

1.88 

1.40 

1.42 

: 1.44 

1.46 

1.48 

1.50 

U 

1.48 

1.45 

1.47 

1.50 

1.52 

1.54 

' 1.56 

1.58 

1.60 

1.62 

14 

1 1.54 

1.56 

1.59 

1.61 

1.68 

1,66 

I 1.68 

1.70 

1.72 

1.75 

15 

1.65 

1.68 

1.70 

1.78 

1.75 

1.77 

1.80 

1.82 

1.85 

1.87 

16 

1.76 

1.79 

1.81 

1.84 

1.87 

1.89 

1.92 

1.94 

1.97 

2.00 

17 

1.87 

1.90 

1.98 

1.96 

1.98 

2.01 

2.04 

2.07 

2.09 

2.12 

18 

1,98 

2.01 

2.04 

2.07 

2.10 

2.18 

2.16 

2.19 

2.22 

2.25 

19 

2.09 

2.12 

; 2.15 

2.19 

2,22 

2.25 

2.28 

2.31 

2.34 

2.37 

20 

2.20 

2.24 

^ 2.27 

2.30 

2.33 

2.87 

2.40 

2.43 

2.46 

1 2.49 

21 

2.81 

2.85 

2.38 

2.42 

2.45 

2.48 

2.52 

2.55 

2.59 

2.62 

22 I 

2.42 

2.46 

2.49 

2.53 

2.57 

2.60 

2.64 

2.67 

2.71 

2.74 

28 i 

2.58 i 

2.57 

2.61 

2.65 

2.68 

2.72 

2.76 

2.79 

2.83 

2.87 

24 

2.64 : 

2.68 

2.72 

2.76 

2.80 

2.84 

2.88 

2.92 

2.95 

2.99 

25 

2.75 

2.70 

2.84 ' 

2.88 

2.92 

2.96 

8.00 

8.04 

8.08 

3.12 


Table 8 

Capillary Depression op Mercury in Glass 
Height of the Meniscus in mm. 


ETlUi 

i 

0.4 

0.6 

0.8 

1.0 

1.2 

. 1.4 

1.6 

1.8 

■ ■ mill . 

mm. 

nim. 

mm. 

mm. 

mm. 

mm. 

mm. 

mm. 

.'■ 4 , 

; 0.88 

1 . 22 ^ 

1.54 

1.98 

2.87 




:':'5 ■■ ■■ 

0.47 

0.65 

0.86 

1.19 

1.45 

1.80 



6 

■ 0.27 

0.41 

0.56 

0.78 

0.98 

1.21 

1.48 


7 ' ' i 

■. 0 . 18 ' 

0.28 

0.40 

0.58 

0.67 

0.82 

0.97 

1.18 



0.20 

0.29 

0.88 

0.46 

0.56 

0.65 

, 0.77 

9 


0 . 15 ^ 

0.21 

0.28 

0.88 

0.40 

0.46 

0.52 

10 



0.15 

0.20 

0.25 

0.29 

0.83 

0.37 

11 



0.10 ' 

0.14 

0.18 

0.21 

0 . 24 , 

0.27 

■■.'12 ■ 



0.07 

0.10 

0.13 

0.15 

0.18 

0.19 

V',' 13 V'.. .'J 



0.04 

0.07 

0.10 

0.12 

0.13 

0.14 
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Table 9 

Subpace Tensions 


in dynes pel" cm. 


Alcnhnl . 

fit 20” 

25.5 

Olive Oil 

at 20"’^ 

31.7 

’Re'n9;i’ne , . * ^ ^ . 

at 15” 

28.8 

Petroleum ! 

at 20° 

.. 23.9 

1' 70.6 

Glycerine 

at 17“ 

03.1 

Water 

at 0” 

Mercury 

at 30° 

450.0 

Water 1 

i 

at 20* 

■74,0 


Table 10 


Average Specific Heats 


Alcohol 

Alnminiuni 

Brass 

Copper 

German-silver .... 

Glass 

Gold 

Ice 

Iron 


at 40” ^ 

0.648 

Lead i 

. O'GOO""' 

0.0315 

0°-100” 

0.2185 

Mercury ! 

20"- 50* 

0.0333 


0.094 

Paraffine ........ 


0.683 

o 

o 

o 

0.095 

Platinum ....... 

0°-100’ 

0.0323 


0.0946 

Silver 

0°-100° 

0.0568 


0.20 

Steel 


0.118 


0.0316 

Tin 

0°-100° 

0.0569 


0.504 

Turpentine 


0.467 

0°-100° 

0.1130 

Zinc 


0.0935 


Table 11 

Average Goeb-’ficients op Expansion, between 0” and 100* C. 


Cuhical 


Glass... 

0.000025 1 

1 Mercury.... 

. 0.0001815 

1 Turpentine , 

. . 0.00105 



Linear 



Aluminium . . 

Brass 

Copper 

Gold 

0.000023 ' 
0.000018 
0.000017 
0.000014 

Iron (soft) . 
Iron (cast) . 

Lead 

Platinum . . 

. 0.000012 1 
. 0.0000105 1 
. 0.000029 
, 0.000009 i 

Silver 

Steel ....... . 

Tin 

Zinc, ....... 

. 0.000010 
. 0.000011 
. 0.0(.K)022 
. 0.000029 



Table 12 




Important Numbers 

It = 3.1410. = 9.8096. ~ = 0.31831. Logarithm t = .49715. 

Base of the natural system of logarithms e = 2.7183. 

1 iiKsh = 25.4 millimeters. 1 meter = 39.37 inches, t mile •-=: 1.009 kilo- 
meters. 

1 kilogram = 2.2 pounds. 1 ounce = 28.35 grams. 1 grain = 04.8 milli- 
grams. 

Mechanical equivalent of 1 calorie (15°) = 4.19 X 10^ ergs. 
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Natural Sines 


Angle 

, .0 

.1 

.2 

.B 

.4 

.5 

.6 

•7 

.8 

.9 

Complement 

Difference 

■ 0“ 

0.0000 

0017 

0035 

0052 

0070 

0087 

0105 

0122 

0140 

0157 

0175 

89" 

1 

0175 

0192 

0209 

0227 

0244 

0262 

0279 

0297 

0314 

0332 

0349 

88 

J 

0349 

0366 

0384 

0401 

0419 

0436 

0454 

0471 

0488 

0506 

0528 

87 

a 

0523 

0541 

0558 

0676 

0593 

0610 

0628 

0645 

0063 

0680 

0698 

8G 

4 

0698 

0716 

0732 

0750 

0767 

0785 

0802 

0819 

0837 

0854 

0872 

85 

r>. 

0.0872 

0889 

0906 

0924 

0941 

0958 

0976 

0993 

1011 

1028 

1045 

84 

6 

1045 

1063 

1080 

1097 

1115 

1182 

1149 

1167 

1184 

1201 

1219 

83 ' 

7 

1219 

1236 

1253 

1271 

1288 

1305 

1323 

1340 

1357 

1374 

1392 

82 , 

8 

1392 

1409 

1426 

1444 

1461 

1478 

1495 

1513 

1530 

1547 

1664 

81 

9' 

1564 

1682 

1599 

1616 

1633 

1650 

; 1668 

1685 

1702 

1719 

1736 

80 

10 

0.1736 

1754 

1771 

1788 

1805 

1822 

^ 1840 

1857 

1874 

1891 

1908 

70 

11 

1908 

1935 

1942 

1969 

1977 

1994 

2011 

2028 

2045 

2062 

2079 

78 

12 

2079 

2096 

2113 

2130 

2147 

2164 

2181 

2198 

2215 

2233 

2250 

77 « 

13 

1 2250 

2267 

2284 

2300 

2317 

2334 

2351 

2888 

2385 

2402 

2419 

70 

14 

; 2419 

2436 

2453 

2470 

2487 

2504 

2521 

2538 

2554 

2671 

2588 

75 

15 

0.2588 

2605 

2622 

2689 

2656 

2672 

2689 

2706 

2728 

2740 

2756 

74 

13 

2756 

2773 

2790 

1 2807 

2823 

2840 

2857 

2874 

2890 

2907 

2924 

73 

17 

2924 

2940 

2957 

1 2974 

2990 

8007 

3024 

3040 

3057 

3074 

3090 

72 

18 

3090 

3107 

3123 

1 3140 

8156 

3173 

8190 

3206 

3228 

3239 

3256 

71 

10 

3256 

3272 

3289 

3305 

3322 

3338 

8855 

3371 

3387 

8404 

3420 

70 

20 

‘0.3420 

‘ 8487 

3453 

^ 3469 

3486 

8502 

3518 

3535 

3551 

8567 

3584 

00 

21 

3584 

3600 

3616 

1 3633 

3649 

3665 

3681 

8697 

3714 

8730 

3746 

08 

22 

3746 

3762 

3778 

1 3795 

3811 

3827 

3843 

3859 

3875 

8891 

8907 

07 

23 

3907 

3923 

3939 

i 3955 

3971 

3987 

4003 

4019 

4035 

4051 

4087 

00 

24 

4067 

4083 

4099 

1 4115 

4131 

4147 

4163 

4179 

4195 

4210 

4226 

05 

25 

0.4226 

4242 

4258 

4274 

4289 

4305 

4821 

4337 

4852 

^ 4368 

4384 

04 

26 

4384 

4399 

4415 

1 4431 

4446 

4462 

4478 

4493 

4509 

4524 

4540 

03 

27 

4540 

4555 

4571 

4586 

4602 

4617 

4633 

4648 

4664 

4679 

4695 

02" 

28 

4695 

4710 

4726 

i 4741 

4756 

4772 

4787 

4802 

4818 

4833 

4848 

01 

20' 

4848 

4863 

4879 

1 4894 

4909 

4924 

4989 

4955 

4970 

4985 

6000 

00 

30 

0.5000 

5015 

5030 

' 5045 

5060 

5075 

5090 

5105 

5120 

5135 

5150 

50 

31 

5150 

5165 

5180 

5195 

5210 

5225 

5240 

5255 

5270 

5284' 

5299 

58 

32 

5299 

5314 

5329 

5344 

5358 

5373 

5388 

5402 

5417 

5432 

6446 

57 

33 

5446 

5461 

5476 

: 5490 

5505 

5519 

0534 

5548 

5563 

5577 

5592 

50 

34 

5592 

5606 

5621 

5635 

5650 

5664 

5678 

: 5693 

5707 

1 

"5721 

5786 

55 

35 

‘0.5736 

5750 

5764 

5779 

5793 

5807 

' 5821 

1 5835 

5850 

5864 

■5878 

54 

36 

i 5878 

5892 

5906' 

5920 

5934 

5948 

i 5962 

5976 

5990 

6004 

6018 

53 

37 

6018 

6032 

6046 

6060 

1 6074 

: 6088 

6101 

6115 

6129 

6143 

6157 

52 

38 

i 6157 

6170 

6184 

6198 

6211 

i 6225 

6239 

'6252 

6266 

6280 

6293 

51 

30 

1 6293 

6307 

6320 

6334 

6347 

6361 

6374 

6388 

1 6401 

0414 

6428 

50 

40 

0.6428 

6441 

6455 

6468 

6481 

6494 

6508 

6521 

6534 

6547 

6561 

40 

41 

6561 

6574 

6587 

6600 

6613 

6626 

6639, 

6652 

6665 

6678 

6691 

48 

42 

6691 

6704 

1 6717 

6730 

6743 

6756 

6769 

6782 

6794 

6807 

6820 

47 

43 

6820 

6833 

1 6845 

6858 

6871 

6884 

6896 

6909 

6921 

6934 

6947 

40 

44" 

6947' 

6959 

6972 

6984 

6997 

7009 

7022 

7034 

7046 

7059 

7071 

45" 

Complement 

.9 

.8' 

.7 

.6 

.5 

.4 ' 

:.8 '■ 

;.S 

.1 

.0 

Angle 


Natural Cosine? 
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Natural Sires 


Angle 

M 

'.1 

.3 

.3 

.4 

.5 

.6 

.7 

.8 

.9 , 

Complement 

Dillerence 

4r 

0.7071 

7083 

7096 

7108 

7120 

7138 

7145 

7157 

7169 

7181 

7193 

44° 

40 

7198 

7200 

7218 

7230 

7242 

7254 

7266 

7278 

7290 

7302 

7314 

43 » 

47 

7314 

7325 

7337 

7349 

7361 

7373 

7385 

7396 

7408 

7420 

7431 

42 

48 

7431 

7443 

7455 

7466 

7478 

7490 

7501 

7518 

7524 

7536 

7547 

41 

49" 

7547 

7559 

7570 

7581 

7593 

7604 

7615 

7627 

7638 

7649 

7660 

40 

50 

0,7660 

7672 

7688 

7694 

7705 

7716 

7727 

7738 

7749 

7760 

7771 

30. 

51' 

7771 

7782 

7793 

7804 

7815 

7826 

7837 

7848 

7859 

7869 

7880 

38 « 

52 

7880 

7891 

7902 

7912 

7923 

7934 

7944 

7955 

7965 

7976 

7986 

117 

sa 

7986 

7997 

8007 

8018 

8028 

8039 

8049 

8059 

8070 

8080 

8090 

36 

54 

8090 

8100 

8111 

8121 

8131 

8141 

8151 

8161 

8171 

8181 

8192 

35 

■55 ' 

0.8192 

8202 

8211 

8231 

8231 

8241 

8251 

8261 

8271 

8281 

8290 

34 

50 

8290 

8300 

8310 

8320 

8329 

8339 

8348 

8358 

8368 

8377 

8387 

33 

57 

8387 

8396 

8406 

8415 

8425 

8434 

8448 

8453 

8462 

8471 

8480 

32 

58 

8480 

8490 

8499 

8508 

8517 

8526 

8536 

8545 

8554 

8563 

8572 

31 

59 

8572 

8581 

8590 

8599 

8607 

8616 

8625 

8634 

8643 

8652 

8660 

30 0 

00 

0.8660 

8669 

8678 

8686 

8695 

8704 

8712 

8721 

8729 

8738 

■8746 

20 

01 

8746 

8755 

8763 

8771 

8780 

8788 

8796 

8805 

8813 

8821 

8829 

28 

62 

8829 

8838 

8846 

8854 

8862 

8870 

8878 

8886 

8894 

8902 

8910 

27 8 

6S 

8910 

8918 

8926 

8934 

8942 

8949 

8957 

8965 

8973 

8980 

8988 

26 

04 

8988 

8996 

9003 

9011 

9018 

9026 

9033 

9041 

9048 

9056 

9063 

25 

65 

0.9063 

9070 

9078 

9085 

9092 

9100 

9107 

9114 

9121 

9128 

9135 

24 

66 

9135 

9143 

9150 

9157 

9164 

9171 

9178 

9184 

9191 

9198 

9205 

23' 7 

67 

9205 

9212 

9219 

9225 

9232 

9239 

92451 

9252 

9259 

9265 

9272 

22 

68 

9272 

9278 

9285 

9291 

9298 

9304 

931l! 

9317 

9323 

93301 

9336 

21 

69 

9336 

9342 

9348 

9354 

9361 

9367 

9373 

9879 

9385 

9391 1 

9397 

20 « 

70 

0.9397 

9403 

9409 

9415' 

9421 

9426 

9432 

9438 

9444' 

944o! 

9455 

10 

71 

9455 

9461 

9466 

9472 

9478* 

9483 

9489 

9494 

9500 

9505 i 

9511 

18 

72 

9511 

9516 

9521 

9527 

9532 

9537 

9542 

9548 

9553: 

9558- 

9563 

17 . 

7S 

9563 

9568 

9573 

9578 

9583 

9588 

9593 

9598 

9603 

1 9608' 

9613! 

16 5 

74 

9613 

9617 

9622 

9627 

9632^ 

9636 

9641 

9646 

9650 

9655 

0659 

15 

75 

0.9659 

9664 

9668 

9678 

9677 

9681 

9686 

" 9690 

0694 

9699 

9703* 

14 

76 

9703 

9707 

9711 

9715 

9720 

9724 

9728 

9732 

9736 

9740 

I 9744 : 

13 

77 

9744 

9748 

9751 

9755 

9759 

9763 

9767 

9770 

9774 

9778 

97811 

12 

78 

9781 

9785 

9789 

9792 

9796 

9799 

9803 

9806 

9810 

9813 

! 9816 

11 

79 

9816 

9820 

9823 

9826 

9829 

9833 

9836 

8839 

9842 

9845 

9848! 

10, 

80 

0.9848 

9851 

9854 

9857 

9860 

9863 

9866 

1 

9860 

9871 

9874 

I 9877 

0 - 

81 

9877 

9880 

9882 

9885 

9888 

9890 

9893 

9895 

9898 

: 9000 

; 9903 

8 

82 

9903 

9905 

9907 

9910 

9912 

9914 

9917 

9919 

9921 

9023 

9925 

7 

8S 

9925 

9928 

9930 

9932 

9934 

me 

9938 

9940 

9942 

9948 

9945 


84 

9945 

9947 

9949 

9951 

9952 

9954 

9956 

9957 

9959 

996(1 

9962 

5 

85 

0,9962 

9963 

9965 

9960 

9968 

9969 

9971 

9972 

0973 

0974 

9976 

4 

86 

9976 

9977 

9978 

9979 

9980 

9981 

9982 

9988 

9984 

9985 

i 9080 

3 ^ 

87 

9986 

9987 

9988 

9989 

9990 

9990 

9991 

9992 

9993 

9993 

i 9994 

2 

88 

0994 

9995 

9995 

9996 

9996 

9997 

9997 

9997 

9998 

9998 

j 9998 

1 

89" 

9998 

9999 

9999 

9999 

9999 

1.0000 

1.0000 

1,0000 

1.0000 

1.0000 

'iJiOOO 

0°« 

Complement 

.9 

.8 

.7 

.6 



.3 

.s 

.1 

.0 

Angie 


Natural Cosines 



APPEKDIS 


233 


Nattjeal Tangents 


Angle 

.0 

.1 

.2' 

.3 

A 

.5 

.6 

.7 

.8 

.9 

Complement 

Difference 

0- 

).0000 

0017 

0035 

0052 

0070 

0087 

0105 

0122 

0140 

01.57 

0175 

89" 

1 

0175 

0192 

0209 

0227 

0244 

0262 

0279 

0297 

0314 

0332 

0349 

88 

2 

0349 

0367 

0384 

0402 

0419 

0487 

0454 

0472 

0489 

0507 

,0524 

87 

S 

0524 

0542 

0559 

0577 

0594 

0612 

0629 

0647 

0664 

0682 

0699 

86 

■4 

0699 

0717 

0734 

0752 

0769 

0787 

0805 

0822 

0840 

0857 

0875 

85 

'5 ' 

0.0875 

0892 

0910 

0928 

0945 

0963 

0981 

0998 

1016 

1033 

1051 

84, 

t 

1051 

1069 

1086 

1104 

1122 

1139 

1157 

1175 

1192 

1210 

1228 

8S 

7 

1228 

1246 

1263 

1281 

1299 

1317 

1834 

1352 

1370 

1388 

1405 

m 

8 

1405 

1423 

1441 

1459 

1477 

1495 

1612 

1580 

1548 

1566 

1584 

81 

9 

1584 

1602 

1620 

1638 

1655 

1673 

1691 

1709 

1727 

1745 

1763 

8§ 

10 

0.1763 

1781 

1799 

1817 

1835 

1853 

1871 

1890 

1908 

1926 

1944 

79 38 

11. 

1944 

1962 

1980 

1998 

2016 

2085 

2053 

2071 

2089 

2107 

2126 

78 

12 

2126 

2144 

2162 

2180 

2199 

2217 

2235 

2254 

2272 

2290 

2309 

77 

IS 

2309 

2327 

2345 

2364 

2382 

2401 

2419 

2488 

2456 

2475 

2493 

76 

14 

2493 

2512 

2530 

2549 

2568 

2586 

2605 

2623 

■2642 

2661 

■ 2679 

75' 

15 

0.2679 

2698 

2717 

2736 

2754 

2774 

2792 

2811 

2830 

2849 

2867 

74 

U 

2867 

2886 

2905 

2924 

2943 

2962 

2981 

3000 

3019 

3038 

3057 

73 

17 

3057 

3076 

3090 

8115 

3184 

3153 

3172 

3191 

3211 

3230 

3249 

72 

18 

3249 

3269 

• 3288 

3307 

8327 

3346 

3365 

3385 

3404 

3424 

3443 

71 

19 

3443 

3463 

3482 

3502 

8522 

3541 

3561 

3581 

3600 

3620 

3640 

70 ' 

20 

0.3640 

3659 

3079 

3699 

3719 

3739 

3759 

3779 

3799 

3819 

3839 

69 

21 

3839 

3859 

3879 

3899 

3919 

3939 

3959 

3979 

4000 

4020 

4040 

eg 20 

22 

4040 

4061 

4081 

4101 

4122 

4142 

4163 

4183 

4204 

4224 

4345 

67 

2S 

4245 

4265 

4286 

4307 

4327 

4348 

4369 

4390 

4411 

4431 

4452 

66 

24 

4452 

4473 

4494 

4515 

4636 

4557 

4578 

: 4599 

4621 

4642 

4663 

65 

25 

0 4663 

4684 

4706' 

4727 

4748 

4770 

4791 

4813 

:''4834 

4856 

4877 

64 

20 

4877 

4899 

4921 

4942 

4964 

4986: 

5008 

5029 

5051 

5073 

5095 

6S 

27 

5095 

5117 

5139 

6161 

5184: 

5206 

5228 

■ 5250 

5272^ 

5295. 

5317: 

62 

28 

5317 

5340 

6362 

5884 

5407 

5480 

5452 

:5475' 

■ '5498 

5520 

5543 

61 

29 

5543 

5566 

5589 

6612 

5635 

5658 

5681; 

■ ■ ■ „ 

5704: 

5727 

5750 

: 6774 

60 23 

SO 

0.5774 

5797 

5820 

5844 

5867 

5890 

5914 

5938 

5961 

5985 

6099 

59' 

SI 

6009 

6032 

6056 

6080 

6104 

6128 

6152 

6176 

6200 

6224 

', 6249 

5g 24 

S2 

0249 

0273 

6297 

6822 

6346 

6371 

6395 

6420 

^6445 

6469 

6494 

57 

SS 

6494 

6519 

6544 

6569 

6594 

6619 

6644 

6669 

6694 

6720 

6745 

56, 25 

S4 

6745 

6771 

6796 

6822 

6847 

6873 

6899 

6924 

6950 

6976 

7002 

55. : 

S5 

0.7002 

7028 

7054 

7080 

7107 

7183 

7159 

7186 

7212 

7239 

7265 

54 26 

SO 

7265 

7292 

7319 

7346 

7873 

7400 

7427 

Y454 

7481 

7508 

7536 

5S 27 

S7 

7536 

7563 

7590 

7618 

7646 

7673 

7701 

7729 

7757 

7785 

: 7813 

■52-2S 

S8 

7813 

7841 

7869 

7898 

7926 

7954 

7983 

8012 

8040 

i 8069 

i 809g 

i 51 28 

SO 

8098 

8127 

8156 

8185 

8214 

8243 

8273 

^ :,8302 

' ,, 8332 

i 8361 

8391 

, 50 29 

40 

0.8391 

8421 

8451 

'■8481 

8511 

8541 

8571 

8601 

8682 

! 8662 

869? 

049 20 

41 

8693 

8724 

8754 

■ 8785 

1 8816 

8847 

' 8878 

i -8910 

1 8941 

8972 

900^ 

1; 48 21 

42 

9004 

9030 

9061 

9099 

> 9181 

9163 

i 9195 

i '9228 

1 , 926C 

> 9m 

932^ 

J 47 32 

4S 

9325 

9358 

9391 

9424 

F 9557 

’ 949(1 

► :9523 

1 9556 

; 9596 

) 962? 

965^ 

1 46 82 

44'^ 

9657 

9691 

9725 

i 9769 

1 9793 

! 9827 

' 9861 

9896 

} 093( 

) 996.' 

) 1.000( 

} 45"8^ 

Complement 

.9 

.8 

. 'j; 

.6 

.5 

"■'.'.4'""; 


, .2 ' 

,1 

'■'.0 

■■ 'Angle 


NATtFEAL Cotangents 
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Natural Tangents 


Angie 

.0 

.1 

.2, 

.3 

.4 

.5 

.6 

•'i' 

.8 

■ .9 ' 

Dif. 

W 

1.0000 

10035 

10070 

1.0105 

10141 

10176 

10212 

1.0247 

1.0283 

10319 

86 

m 

10355 

10392 

10428 

10464 

10501 

10538 

10575 

10612 

10649 

1.0686 

37 

47 

1.0734 

10761 

10799 

1.0837 

10875 

1.0913 

1.0951 

10990 

1.1028 

11067 

38 

48 

11100 

11145 

11184 

11224 

11263 
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Absolute expansion of mercnry, 218. 
humidity, 164. 
temperature, 136, 145. 
zero, 128. 

Acceleration, angular, 78, 85. 
linear, 9. 
uniform, 9. 

Acceleration machine, 11. 

Adjustment of cathetometer, 109. 

Air, correction in weighing, 173. 
table of density of dry, 227. 

Aliiiard, form of hygrometer, 167, 
170, 

Apparent expansion, 216. 

Archimedes’ principle, 172. 

Aspirator, 160. 

Atomic theory, 138. 
weights, 144. 

August, wet-and-dry bulb hygrom- 
eter, 169. 

Avogadro, law of, 131, 138, 143. 

Balance, analytical, 116. 

Mohr’s, 175., 

, simple, 36, 37,, 38. 
spring, 26. 

Barometer, 108. 

eorrections, table of, 229. 

Bernoiiilli, work on the kinetic the- 
., ory, '106. 

Black, theory of heat, 198. 

Blow-pipe, 149. 

Boiling temperature, 133, 156. 

Boyle’s Law, 105. 

departures from, 107. 

Brake, Prony, 48. 

Brunner, the chemical hygrometer, 
IGS. 

Bunsen ice calorimeter, 208. 

Buoyancy, correction for, 173. 


Cailletet, liquefaction ol gases 
128 

Caliper, micrometer, 223. 
vernier, 224. 

Caloric, 198. 

Calorie, definition of, 198, 203. 

Calorimeter, ice, 208 
steam, 208 

Calorimetric methods, 204, 

Calorimetry, 198. 

Capillary constant, measurement of, 
186, 194. 
correction, 159. 
depressions, table of, 229. 
phenomena, 182. 
tubes, change of level in, 185. 

Carbon dioxide, solid, 128. 

Cathetometer, 109. 

Center of gravity, 34, 35, 37. 
of inertia, 33, 35. 
of mass, definition of, 33, 34. 
of oscillation, 96. 

Centripetal force, 100. 

Chappuis, determinations of gas 
coefficients, 126, 

Charles’s Law, 122, 

Chemical hygrometer, 168. 

Circular motion, unifonn, 101. 

Clausius, development of the ki- 
netic theory, 106. 

Coefficient of expansion, definition 
■; of, 215. 

of solids and liquids, 216. 
of gases, 124. 
of glass, 133. 
table of, 230. 

Coefficient of restitution, 58, 59. 
of rigidity, definition of, 72. 
of elasticity, table of, 226. 

Coincidences, method of , 96. 

237 ,' ,, 
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Component of a force, definition of, 
B3. 

Composition and ■ resolution of 
forces, 21. 

Compound pendulum, 95, 
Oonservation of energy, 45. 

Constant proportions, law of, 138. 
Constant of radiation, 204. 

Constant- volume thermometer, 125. 
Contact angle, 187. 

Contractility of a surface film, 192. 
Cooling, curves of, 210. 
by evaporation, 155. 
law of, 205. 
method of, 206. 

Correction of a mercury thermome- 
ter, 135. 

Curve of saturated vapor, 152. 

Dalton, development of the atomic 
theory, 138. 

law of multiple proportions, 

■ 140, 

Daniell, dew-point hygrometer, 166. 
Density, of air, 114. 

of dry air, table of, 227. | 

of carbon dioxide, 145. 

of gases and vapors, 138. 

of gases, table of, 144. 

of a liquid, 174. 

of mercury, table of, 227. 

of a solid, 174. 

of solids, liquids, and gases, table 
of, 226. 

of water, table of, 227. 

Dewar, liquefaction of gases, 128. 
Dew-point, 165. 

Dew-point hygrometer, 166, 167. 
Dimensional formulae, 84,*^85. 

Disk, inertia, 82. 

Donny, superheating of water, 157. 
Double we^hing, 39, 173. 

Dufour, superheating of vrater, 157. 
Dulong and Petit, law of, 202. 

method for expansion of mer- 

Dyne, definition of, 17. 


Efficiency, definition of, 46. 

Elasticity, 65. 

coefficients of, 65. 
table of, 226. 

Energy, definition of, 42 
conservation of, 45 
and efficiency, 42 
kinetic, 42, 43. 
molecular, 129 
potential, 44. 
of rotation, 84 
unit of, 42. 

Equation of moments, 32, 37. 

Equilibrant, 33 

Equivalence, principle of, 139. 

Evaporation, 155. 

Expansion, apparent and absolute 
216 

I of mercury, absolute, 218. 

coefficient of, 215 
coefficient of gases, 123, 126, 215 

‘ coefficients of solids and liquids, 

215, 218, 

! coefficients, table of, 230. 


Faraday, liquefaction of gases, 
128. 

Field of force, uniform, 34. 

Films, theory of thin liquid, 189. 
Force, 13, 15 

absolute unit of, 17, 
centripetal, 100. 

composition and resolution of, 21 
22, 23. 

constant of a spring, 90. 
definition of, 17. 
gravitational unit of, 17. 
intermolecular, 182. 
table, 26. 

Freezing mixture, 135. 

determination of, 95. 

“gf,” value'of,13 
, GaHleo*s definition of force, IS. 

I Gases, theory of, 106. 
i Gas thermometers, 123., 
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{Jay-Ltissac, law of, 123. 

experiments on temperature of 
water and ifs vapor, 157. 

Glass,' coefficient of expansion^ of, 

. 133. ' 

Gram, definition of, 17. 

Gram-moleonle, 201. 

Gravitation, law of, 20. 

Gravity, center of, 34,. 35, 37. ■ 

Gyration, radius of, 96. ■ 

Heat capacity, definition of, 200, 
latent, 199. 
table of latent, 200. 
mechanical equivalent of, 45. 
molecular, 201. 
table of molecular, 201. 
definition of specific, 200. 
table of specific, 201, 230, 
early theory of, 198. 

Heats, specific, variation with tem- 
perature, 203. 

Henry, measurement of capillary 
constant, 196, 

Hooke’s Law, 66, 91. 

Horse-power, 51. 

Humidity, absolute, 164. 
relative, 164. 

Hydrogen, liquid, 128. 
soM, 128. 
thermometer, 127. 

Hydrometer, constant- weight, 178, 

Hygrometer, absorption, 165. 
chemical, 168. 
deW”X3oint, 166, 167, 
wet-and-dry bulb, 169. 

Hygrometry, 164. 

Ice calorimeter, 208. 

Ice, latent heat of, 199. 

Impact, elastic, 61. 
inelastic, 54. 
laws of, 62, 53. 

Inertia, 78. 

center of, 33, 35. 
moment of, 78, 79. 

Inertia disk, 82. 


International Bureau of. Weights and 
Measures, method . of meas 
uring. linear expansion, coeffi‘ . 
cients, 219. 

Johonnott, thickness of the black 
spot, 191. 

Joule, equivalent of heat, 45 , 46 . 
development of the kinetic the- 
ory, 106. 

relation between pressure and 
molecular energy of a gas, 
129. 

definition of, 51. 

Kinetic energy, 42, 43. 

energy in impact, loss of, 53, 59. 
energy of rotation, 84. 
energy of translation, 84. 
theory of gases, 106. 
theory of liquids, 152. 
theory and temperature, 127. 

Laplace, formula and its deduction, 
193. 

theory of molecular pressure, 
183. 

normal pressure, 185. 

Latent heat, 199. 
table of, 200. 

Lavoisier and Laplace, linear coeffi- 
cient, 219. 

LeRoy, dew-x)oint hygrometer, 166. 

Leslie, wet-and-dry bulb hygrom- 
eter, 169. 

Lever arm, definition of, 32, 

Lever, law of, 31, 32. 
optical, 68. 

Linear expansion coefficient, 218. 

Liquid, density of, 174. 

Logarithms, table of, 285. 

Manometer, 4 8 , 49, 

Mari otters Law, 105. * 

Mass, unit of, 17. 

gravitational unit of, 17, 
definition of center of, 33, 34. 

Maxwell, proof of Avogadro’s Law 
145. 
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Mayer, 'Conservation of energy, 45, 
Mean free path, 15S.„ , 

Mechanical equivalent of heat, 45. 
Mercury, table of densities of, 227. 
Method of coincidences, 96 
of cooling, 206. 
of mixture, 204, 211. 
of oscillation, 117. 

Micrometer caliper, 223. 

Modulus of torsion, 74, 

Modulus, volume, 66. 

Young’s, 67. 

Mohr’s balance, 175. 

Molecular energy and |)ressure of a 
gas, 129. 
force, 182. 
heat, 201. 

heats, table of, 201. 
pressure, 183. 

pressure, relation to surface ten- 
sion, 192. 

pressure, variation with curva- 
ture, 184. 
velocity, 106, 130. 
weights, 144, 201. 

Molecule, 139, 152. 

Moment of force, definition of, 32. 
of inertia, definition of, 78, 79 
of torsion, definition of, 75. 
Moments, equation of, 32, 37. 

principle of, 30, 31. 

Momentum, 15, 43. 

conservation of, 52, .53, 

Motion, rotary, 81. 

simple harmonic, 87. 
uniformly accelerated, 9. 
uniform circular, 101. 

Motor, water, 48. 

Multiple proportions, law of, 140* 

Neumann, law of, 202, 

Newton, interpretation ‘of Third Law, 

\ ' , ■■■■ , V . ■■ 

coefficient of restitution, 58. 
conservation of energy, 45. 
law of cooling, 205, 211. 
law of gravitation, 20. 


Newton, laws of motion, 15^ 17. 

Nitrous oxide, liquid, 128. 

Normal pressure, 185. 

Olszewski, liquefaction of gases, 128 
Optical lever, 68. 

Oscillation, center of, 96. 

method of, 117. 

Oxygen, liquefaction of, 128. 

Parallax, error of, 12. 

Parallelogram of forces, 22. 

Pascal’s Law, 181 
Pendulum, compound, 95. 
simple, 96. 
torsion, 92. 

Pictet, liquefaction of gases, 128. 
Potential energy, 44. 

Pressure coefficient of gases, 125, 126 
exerted by a gas, 129, 130. 
law of liquid, 181. 

Prony brake, 48. 

Pulleys, system of, 47. 

Pump, water, 160. 

Eadian, 68, 75, 79. 

Eadiation constant, 204. 

Eadius of gyration, 96. 

of influence of molecular force^ 
183. 

Eayleigh, measurement of thicknes.! 
of oil films, 190. 

Eeduction of vapor pressures, 159. 
Eegnault, experiments on .Boyle’s 
Law, 107. 

device of counterpoise in weigh- 
ing, 115. 

' experiments on hygrometers, 
166. 

coefficient of expansion of .men 
■ ' cury, 218. 

Eelative humidity, 164. 

Eepulsion theory of gases, 105. 
Eesolution of forces, 21. 

Resultant, definition of. 22. 
of forces, 23. 24 
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Eestitution, coefficient of, 58, 59, 61. 


Ei gidity , coefficient of, 65, 71, . 72. 
Rotary inotioii, 81. 

Rowland, experiments on specific 
heat of water, 203. 

vSanctoriiis, absorption hygrometer, 
... 165. 

Saturated vapor, 154. 

Saiissure, absorption hygrometer, 165. 
Schoiiuiii to tiiird law of motion, 29. 
Sensitiveness of a balance, 118, 177. 
Simple harmonic motion, 87, 90. 
pendiihiim 96. 

Specific heat, definition of, 200. 
table of, 201, 230. 
variation with temperature, 203. 
S])ring balance, 26. 

Steam calorimeter, 208. 

latent heat of, 199. 

Stevin, proof of Archimedes*’ princi- 
pie, 172. 

Substitution, principle of, 141. 
Superlieating of water, 157. 

Surface tension, 150, 190. 
measurement of, 195. 
relation to molecular pressure, 
192. 

talde of, 230. 
theory of, 190. 

Table of capillary depressions of 
mercury, 229, 

of coeffi(de-nts of expansion, 230, 
of dtmsities of dry air, 237. 
of densities of mercury, 227. 
of densities of solids, liquids, and 
gases, 22G. 

of densities and tensions of 
water vapor, 228. 
of densities of water, 227. 
of elastic coefficients, 226. 
of logarithms, 235. 
of reductions of barometer 
heights, 229. 
of specific heats, 230. 
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Table of surface tensions, 230. 

of trigonometric f unctions, 231 

Temperature, absolute, 136^ 145. 
boiling, 156. 
measurement of, 122. 

Tension in a cord, 19. 
surface, 156, 190. 
measurement of surface, 195. 
theory of surface, 190. 
table of surface, 230. 
of saturated vapor, 158, 165. 

Thermometer, gas, 123. 
corrections, 135, 158. 
corrections, curve of, 159. 
hydrogen, 127. 

Torsion, modulus of, 74. 
moment of, 75. 
pendulum, 93. ' 

Trigonometric functions, table of 
231. 

Uniform accelerated motion, 9, 10. 
circular motion, 101. 
field of force, 34. 

Vapor pressures, reduction of, 159. 
saturated, 154. 
tension, 158. 
tension, table of, 228. 

V apori zation, 153. 

I Variation of specific heats with teni* 

I perature, 203. 

i Vector, 100. 

i Velocity, 21 

I angular, 84. 
mean, 10. 

molecular, 106, 130. 

Vernier, 224. 
caliper, 225. 

Vinci, capillary phenomena, 182. 

Violle, specific heat of platinum, 313 

Volume coefficients of solids, 217. 
modulus, 66. 

Water density, table of, 227. 
motor, 48, 
pump, 160. 
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Watt, definition of, 51. Work, principle of, 29. 

Weighing, method of double, 39, 173, unit of, 42. 

with false balances, 38. Wrobiewski, liquefaction of gases 

Weight of body ii> vacuo, 172. 128. 

Weights, atomic and molecular, 144, 

Wet-and-dry bulb, hygrometer, 169. Young’s modulus, 67. 

Woestyn, law of, 203. 

Work, definition of, 29. Zero, absolute, 128. 




